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−BT (t)

(
AT (t)X (t)

)′
B (t) = BT (t)XT (t)C (t) + CT (t)X (t)B (t)

−BT (t)XT (t)R (t)X (t)B (t) +W (t)
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Ü�ÅÆÀz��ÄÆÀ?ÅÆþ	��Ã¬Ö¬× T Ì�ºÎÔ�UK��=.¾�Ö�Õq¿�À?åæÅ�É�ÄÑÁDØ�Ä»ÄÆÀ?Ö!É�Ú¬×.ÀæÛRÀ���À?Ö��¬Ö¬ÅÆþ��qÇyÜ�Ã¬½Rþ��|{MÃ�É�Ü�½AÉ�Ç8Ã¬½RÀ?Ö�Äx��Û8Ú�É�½UÅÆÛ8Ç�}5º�Õq¿�Ø�ÇRÀ?½
O�Ã¬½RÜ¬À?ÖPÖ¬ÅÆþ���ÇlÖqÃ¬½Z�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö�=.¾�ÂwÙZR0¿ T Ì�ºÎÔ�U|É�ÄÆÛZ~�j�_�_	a�`�j-���x�hjH_h��gm�����h�%ÚIÀ?å°À?ÅÆþ	�¬Ö�À?Ç2��ÛR¾�Ö�Ü¬À?½8Ö�É�Ã�þ	�
É�Ä»ÄÆÀ�É�Ö�Ü¬À?½RÀ?ÖòÕ�R0ÛRÇRÀ?ÂòÀ�=.¾�ÖÊ×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À?ÖïÞMÅ<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖòÂïÅ»Ç|ç�Ã�É�Ü�½AÉ�Ç8ÅÆÛRþ	��À?½|½RÀæþ	��ÇRÀ?½�Õ0À?Å»ÇRÀ�º
 
Ý¬½�Ü�É�Û�ã���ÛRÀ?Ö�=.¾�ÖäÄ»Å»Ö�À°É�½RÀ?Ö�Õ�R�Û8ÇRÀ?ÂòÀ?Öä½RÀ?×�Ã¬Ä�Ø�½RÀ?½�×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À?½MÞ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö|��É�Ú�À?Ö

Û8ÅÆþ	�3Å»Ö>Ü¬À?½d��À?½8×�É�Ö¬×.À?Ö$��À?Å»Ç!��À?½SÁDÉA�¬½RÀ?Ö`À?ÇAÉ�Ú¬Ä»ÅÆÀ?½8Ç2�*Ü�ÅÆÀPåæÃ¬Â Ù~À?Å»Ä�É�Ã�Á�Ü�É�Ûjã���ÛRÀ?Öu=.¾�Ö>Ö¬ÅÆþ���Ç8Ä»Å»Ö�À°É�½RÀ?Ö��
½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö Á�Ý$�¬½RÀ?Ö<º*ÞjÉ�åæÃ>×.À�����½RÀ?Ö`Ö�À?Ú�À?Ö`Ü¬À?½jýKÅÆþæþ°É�Ç8ÅÑû�Ï3À?ÇX��¾qÜ¬ÀôÉ�Ã�þ	�`Ü�ÅÆÀ
Ï3À?ÇX��¾qÜ¬À?Ö�=.¾�Ö�ßMÚ¬½AÉ�Âò¾2=+�¬êUÉ�Òm��=�É�ÄÆ¾2=ö¾0Ü¬À?½Y�j¾qÜ�Ã¬Ö�¾V= T =0×�ÄDº0Ü�É�åæÃ�Ü�ÅÆÀtßMÃ�ÛSÁ®Ý$�¬½8Ã¬Ö¬×.À?ÖäÅ»Öuo ß�Ï3ýv"�"rq��
o =�ã�"��rq~Ã¬Ö�Ü�o ¼|À?ÇAë�"�q9Ueº�à1Å»Ö���½8Ã¬Ö�ÜäÁ®Ý¬½MÜ�ÅÆÀZßyÖ�O,À?Ö�Ü�Ã¬Ö¬×äÛR¾�ÄÆþ	��À?½v��À?½SÁDÉA�¬½RÀ?Ö�ÅÆÛRÇ2�¬Ö�À?ÚIÀ?Ö3Ü¬À?Ö3¾�Á®ÇKÚ�ÀæÛSû
ÛRÀ?½RÀ?Ö3ÕqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛAÀ?Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?Ö���Ü�ÅÆÀjÂòÀ?ÅÆÛ8ÇyÀ?Å»Ö�ÁDÉ�þ���À?½RÀZÖ�Ã¬ÂòÀ?½8ÅÆÛRþ	��ÀZã���Û8Ú�É�½8Ò.À?Å»ÇMÜ¬À?½K½RÀæÛRÃ¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬À?Ö��
Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ?Ö���ÄÆÀ?ÅÆþ	��Ã¬Ö¬×�º|ßyÄ»ÄÆÀ?½RÜ�Å»Ö¬×.ÛjÂZÃ�ÛRÛtÚ�À?Å»Â��MÚ�À?½8×�É�Ö¬×J=.¾�Ö3Ä»Å»Ö�À°É�½RÀ?Ö åæÃ3Ö¬ÅÆþ	��Ç8Ä»Å»Ö�À°É�½RÀ?Ö���ÄÆÀ?ÅÑû
þ��qÃ¬Ö¬×.À?ÖzÉ�Ã�ÁjÜ�ÅÆÀ�ã���ÛRÚ�É�½8Ò.À?Å»Ç%Ü¬À?½òÇ8½AÉ�Ö�ÛSÁ�¾�½8ÂïÅÆÀ?½8ÇRÀ?Ö��tÄÆÀ?ÅÆþ���Ã¬Ö¬×ñ×.À°É�þ��qÇRÀ?ÇwO�À?½RÜ¬À?Ö<º�Þ�ÅÆÀæÛRÀäÒ�É�Ö¬Ö�Å»Â
ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö Ö¬ÅÆþ��qÇPÉ�Ã�Á�Ü¬À?Â ×.ÀæÛAÉ�ÂZÇRÀ?Ö�#&Ö�ÇRÀ?½X=�É�Ä»Ä�×.ÀæÛ8ÅÆþ���À?½8ÇtO,À?½RÜ¬À?Ö<º|ÈyÅ»Ö¬åæÃ>Ò.¾�ÂïÂòÀ?ÖñÚIÀ?Å1ÂôÉ�Ç8½8ÅÑÐ0û
O,À?½8Ç8Å»×.À?Ö|�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö3Ü�ÅÆÀtßyÃ�ÛXO�Å»½8Ò0Ã¬Ö¬×.À?Ö�É�Ã�Á
ýMÀæþ���À?Ö¬å°À?Å»Ç�Ã¬Ö�Ü�Õq¿IÀ?ÅÆþ	��À?½8¿¬Ä�É�Ç8åÊÚ�À?½RÀ?Å»ÇRÛ,Ú�À?Å�ÄÆÀ?ÅÆþ��qÇRÀ?½
à1½X���I�qÃ¬Ö¬×GÜ¬À?½KÞ�Å»ÂòÀ?Ö�Û8ÅÆ¾�Ö�À?Ö�o ¼|À?ÇAë�"�q�º
ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö T ÞKß�à�Û�ûÊÀ?Ö¬×�ÄDº1Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�ÄyßMÄ»×.À?Ú¬½AÉ�ÅÆþäà�ç�Ã�É�Ç8ÅÆ¾�Ö�ÛhUPÛ8Å»Ö�Ü���ÄÆÀ?ÅÑû

þ��qÃ¬Ö¬×.À?Ö|=.¾�ÂÓÙSRq¿
f
(
x′ (t) , x (t) , t

)
= 0.

�b�f�h�����L�r�b�����h�H�A�r�� M¡/�H��¢+�H�L£����A�L£��K¢�¤V�r�b£����¥�A¤r L�L£¦��§2�L�¥ L���A�L�K¢b�¨�b�¥�L�I©	�I¤r�¦��©	�A�H�/�¨ª<«r�r�H¢b��¬9�K¢b�¥�	��©	¢b�Lh�r�¥��®I�A¤r�¥��¯ °+±r²�³�´µ�

Ô
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ÕqÅÆÀGÄ�É�ÛRÛRÀ?Ö Û8ÅÆþ����
Å»Âº�tÀ?×.À?Ö�ÛAÉ�Ç8åöåæÃ ½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö:×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À?Ö�Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö���Ö¬Å»½8×.À?Ö�ÜPO�¾
Ö�É�þ��

x′
É�ÃP»¼��ÛRÀ?Ö��lÜ�É!ÛRÅÆÀôåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ	��É�Ä»×.À?Ú¬½AÉ�ÅÆÛRþ���À?��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�À?ÖqÇX��É�Ä»ÇRÀ?Ö<º1ÞtÉA��À?½�Ä�Ø�ÛRÛRÇPÛ8ÅÆþ	� É�Ã�Á

ÞKß�à�ÛyÜ�ÅÆÀËÕqÇAÉ�Ö�Ü�É�½RÜ�ÇX��Àæ¾�½8ÅÆÀËÁ®Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀÊ×.À�O^�I�¬Ö¬Ä»ÅÆþ	��ÀZÞ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö>Ö¬ÅÆþ��qÇ�É�Ö�O,À?Ö�Ü¬À?Ö<º
ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖäÇ8½RÀ?ÇRÀ?ÖïÅ»ÖòÀ?Å»Ö�À?½���ÅÆÀ?Ä»å5ÉA�¬Ä�=.¾�Öò¼1½R¾�Ú¬ÄÆÀ?ÂòÛ8ÇRÀ?Ä»Ä»Ã¬Ö¬×.À?ÖöÉ�Ã�ÁSº�ÞjÉ�½8Ã¬ÖqÇRÀ?½

½ Ö�Ü¬À?ÇòÂôÉ�Ö:Ö�À?Ú�À?ÖkÜ¬À?½%ÕqÅ»ÂËÃ¬Ä�É�Ç8ÅÆ¾�ÖÿÀ?ÄÆÀ?ÒqÇ8½8ÅÆÛAþ���À?½ n À?Ç8åKO,À?½8Ò.À!Ã¬Ö�Ü:Ü¬À?½ôÏ�¾0Ü¬À?Ä»Ä»ÅÆÀ?½8Ã¬Ö¬×Q=.¾�Ö:ÇRÀæþ	�¬Ö¬ÅÑû
ÛRþ	��À?Ö%Ã¬Ö�ÜôÖ�É�Ç8Ý¬½8Ä»ÅÆþ���À?Öä¼1½R¾�å°ÀæÛRÛRÀ?Ö��0É�Ã�þ��ö¾�¿¬Ç8Å»ÂôÉ�ÄÆÀtÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ��¬Ü�ÅÆÀMÉ�Ã�Á~à1Ã¬ÄÆÀ?½Sû�ã~É�×�½AÉ�Ö¬×.Àeû
��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö>Á®Ý$�¬½RÀ?Ö<º<Õ0À?Å»ÇtÜ¬À?ÖQ"�Ì�À?½ [ ÉA�¬½RÀ?ÖuO�Å»½RÜ6Ü�ÉA��À?½ÊÉ�Ö6À?Å»Ö�À?½jÙ���Àæ¾�½8ÅÆÀPÁ®Ý¬½�ßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8ÅÑû
É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö�×.À°É�½8Ú�À?Å»ÇRÀ?Ç°º
#&ÖJo ê�Ï6Ì�ÍAq$O�Å»½RÜ�Á®Ý¬½lÄ»Å»Ö�À°É�½RÀKÞKß�à�Û�À?Å»Ö�À�Ö�À?Ã�À\ �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×��qÜ�ÅÆÀ�ÛA¾M×.À?Ö�É�Ö¬ÖqÇRÀK¿¬½R¾�¿�À?½RÀY �¾�½8ÂZÃ¬Ä»ÅÆÀeû

½8Ã¬Ö¬×��+=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»Ç°º<ã<Å»Ö�À°É�½RÀòßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö:Ä�É�ÛRÛRÀ?Ö`Û8ÅÆþ	�>Ö�Ã¬ÖñÉ�ÄÆÛz�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö Ü¬À?½
 �¾�½8Â

A (t) (D (t)x (t))′ +B (t) x (t) = q (t)
ÛRþ	�¬½RÀ?Å»ÚIÀ?Ö<º�ÞjÉ�Ú�À?Å�O,À?½RÜ¬À?Ö!Ü�ÅÆÀdDM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö�ÛR¾�×.À�OUØA�¬Ä»Ç2��Ü�É�ÛRÛ

A
Ã¬Ö�Ü

D
Å»ÖäÀ?Å»Ö�À?ÂÓ×.À�O�ÅÆÛRÛAÀ?Ö�ÕqÅ»Ö¬Ö�À

×�Ã¬ÇöåæÃ�ÛAÉ�ÂïÂòÀ?Ö¬¿�É�ÛRÛRÀ?Ö<ºyßyÖ
D
Ä�Ø�ÛRÛ8ÇäÛ8ÅÆþ	�zÖ�Ã¬Öá×.À?Ö�É�Ã-É�Ú¬ÄÆÀæÛRÀ?Ö��f=.¾�Ö¿O,À?ÄÆþ	��À?ÖÀDy¾�Âï¿�¾�Ö�À?Ö�ÇRÀ?ÖnÜ�ÅÆÀ

ßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.À?Ö�ÇAÉ�ÇRÛAØ�þ	�¬Ä»ÅÆþ��zÚ�À?Ö���Ç8Å»×�ÇsO,À?½RÜ¬À?Ö<º�ÞtÀæÛÂÁ`À?Å»ÇRÀ?½RÀ?ÖW��É�Ç%Ü�ÅÆÀ3É�ÜA@pÃ¬Ö¬×�ÅÆÀ?½8ÇRÀu��ÄÆÀ?ÅÆþ��qÃ¬Ö¬× ÖqÃ¬Ö
Ü�ÅÆÀæÛRÀ?Ä»Ú�Àu �¾�½8ÂÃO�ÅÆÀ6Ü�ÅÆÀ>ÞKß�àÓÛRÀ?Ä»Ú�Û8Ç°ºUÞ�ÅÆÀæÛRÀu �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×WO�Å»½RÜÿÅ»Ö%o ÈMÏ6Ì�ÌrqjÃ¬Ö�Ü�o Ï3Ø�½AÌ�¹æþKqÊÉ�Ã�Á
çqÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀöÃ¬Ö�Ü Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ�ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖáÀ?½XO,À?Å»ÇRÀ?½8Ç°º^ 
Ý¬½Â�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö�ÂïÅ»Ç
çqÃ�É�Ü�½AÉ�Ç8ÅÆÛRþ���À?Â

G0 = AD
O�Ã¬½RÜ¬À�Ü¬À?½òêUÀ?×�½8Å<;áÜ¬ÀæÛï½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�ÀæÛGÀ?Ö�Ç¦O�ÅÆþRÒ.À?Ä»Ç°º

à1½MÒ.À?Ö¬Ö¬å°À?ÅÆþ��¬Ö�À?ÇjÜ¬À?Ö6Õ0þ	��O�ÅÆÀ?½8Å»×�Ò.À?Å»ÇRÛ8×�½AÉ�Ü>Ü¬À?½MÖ�Ã¬ÂòÀ?½8ÅÆÛRþ	��À?Ö6êUÀ���É�Ö�Ü¬À?Ä»Ú�É�½8Ò.À?Å»Ç T À?Ö¬×�ÄDº"Ç8½AÉ�þ?ÇAÉ�Ú¬Å»Ä»Å»Ç�R�U
=.¾�ÖôÄ»Å»Ö�À°É�½RÀ?ÖGÃ¬Ö�Ü%Ö¬ÅÆþ���Ç8Ä»Å»Ö�À°É�½RÀ?Ö���¿¬½R¾�¿�À?½�Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8ÇRÀ?ÖäßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö<º�#�ÖÄo ê�Ï6Ì�Írq
O�Ã¬½RÜ¬À?Ö!À?½RÛ8Ç8ÂôÉ�ÄÆÛyÞKßMà�Û�ÂïÅ»ÇKÛ8ÇRÀ?Ç8Å»×.À?ÖyDy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?Ö3Ã¬Ö�ÜäÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹tÃ¬Ö�Ü�Í�À?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç
Ã¬Ö�Ü!É�Ö�É�Ä
R�Û8ÅÆÀ?½8Ç°º
¼lÉ�½AÉ�Ä»ÄÆÀ?Ä�åæÃ¬½ïà1Ö�Ç¦O�ÅÆþRÒ0Ä»Ã¬Ö¬× Ü¬À?½ïÙ���Àæ¾�½8ÅÆÀw=.¾�Ö:ÞKß�à�Û�Ú�À?×�Å»Ö¬Ö�ÇïÜ�ÅÆÀ�>yÖqÇRÀ?½RÛ8Ã�þ��qÃ¬Ö¬×Q=.¾�Ö�úM¿¬Ç8Å»ÂôÉ�ÄÑû

Û8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?ÖkÂïÅ»ÇP×.ÀæÛRÇRÀ?Ã�À?½8ÇRÀ?Ö�ÞKßMà�Û T å.º
êtº
Å»Ö�oÅDtÃ¬½Aë�ÔAq9UeºÆ#�Ö¿o ê�DjÏ3Ì�Ôrq\O�À?½RÜ¬À?Ö Á�Ý¬½P×.Àeû
Û8ÇRÀ?Ã�À?½8ÇRÀÊßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö

A (t) (B (t) x (t))′ =C (t)x (t) +D (t)u (t)

ÂïÅ»ÇyÜ¬À?ÂÇDM¾�Û8ÇRÀ?Ö�Á®Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�É�Ä

J (u, x) :=
1

2
〈x (T ) , V x (T )〉

+
1

2

∫ T

0

〈(
x (t)
u (t)

)
,

(
W (t) S (t)

ST (t) R̃ (t)

)(
x (t)
u (t)

)〉
dt

êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö���À?½8×.À?ÄÆÀ?Å»ÇRÀ?Ç2��Ü�ÅÆÀ�Á®Ý¬½
½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐö¹�Ü¬À?½|åæÃ¬×.À�����½8Å»×.À?Ö%úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û
ÞKß�à




A (t) (B (t)x (t))′

−BT (t)
(
AT (t)ψ (t)

)′

0


 =



C (t) 0 D (t)
W (t) CT (t) S (t)

ST (t) DT (t) R̃ (t)





x (t)
ψ (t)
u (t)


 T Ì�º â�U

�¬Å»Ö¬½RÀ?ÅÆþ���À?Ö�Ü Ã¬Ö�ÜñÖ�¾�Ç�O�À?Ö�Ü�Å»×`Û8Å»Ö�Ü*º N Ã�ÛAØ�Ç8åæÄ»ÅÆþ���O�Ã¬½RÜ¬ÀôÁ�Ý¬½�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ��|¿¬½R¾�¿IÀ?½ZÁ®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8ÇRÀ��lÄ»Å»Ö�À°É�½RÀ
ÞKß�à�ÛyÀ?½RÛRÇ8ÂôÉ�ÄÆÛKÀ?Å»Ö?#&Ö�Ü¬ÀeÐ0Ú�À?×�½8Å<;6Ü¬À ½ Ö¬ÅÆÀ?½8Çyû�Ü¬À?½yÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀÊÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�º
êUÀ?Å|ßMÖ�O�À?Ö�Ü�Ã¬Ö¬×�Ü¬À?½MýyÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�Ö É�Ã�Á T Ì�º â�UyÀ?½X��Ø�Ä»ÇMÂôÉ�Ö6À?Å»Ö�ÀC��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×äÜ¬À?½p �¾�½8Â

T Ì�º»¹VU?º� 
Ý¬½
A = B = I

ÅÆÛ8Ç
X
ÛXR0ÂïÂòÀ?Ç8½8ÅÆÛRþ��áÃ¬Ö�Ü T Ì�º»¹VUw��É�ÇäÜ�ÅÆÀu �¾�½8Â À?Å»Ö�À?½öÂôÉ�Ç8½8ÅÑÐmO�À?½8Ç8Å»×.À?Ö��

ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?Ö��¬×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À?Ö6Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×�=.¾�Â ýKÅÆþæþ°É�Ç8ÅÑû�ÙSRq¿
X ′ (t) = X (t)C (t) + CT (t)X (t)−X (t)R (t)X (t) +W (t)

â
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O�ÅÆÀÊÛ8ÅÆÀtåæÃ¬Â ê�À?ÅÆÛR¿¬ÅÆÀ?Ä*Å»ÖÈo ýyÀ?Å·��Írq<Ú�À���É�Ö�Ü¬À?Ä»Ç�O�Å»½RÜ*º
à�Û3Û8ÇRÀ?Ä»Ä»Ç6Û8ÅÆþ��nÖ�Ã¬ÖüÜ�ÅÆÀÈ �½AÉ�×.À��MÅ»Ö�O�ÅÆÀeÁ®À?½8ÖwÛ8ÅÆþ	� Ü�ÅÆÀ ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ®¾�½8ÂôÉ�Ç8ÅÆ¾�ÖüåæÃ¬Â ã���ÛRÀ?ÖÉ=.¾�Ö

úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�Û�À?Å»×�Ö�À?ÇËÃ¬Ö�Ü Ü�É�ÂïÅ»ÇZ¾�Ú Ü�ÅÆÀs��¾�½8ÇRÀ?Å»ÄÆÀôÜ�ÅÆÀæÛRÀ?½ËÏ3À?ÇX��¾0Ü¬ÀôÉ�Ã�þ����¬ÅÆÀ?½ËåæÃ¬Â Ù~½AÉ�×.À?Ö
Ò.¾�ÂïÂòÀ?Ö<º�ÞjÉ�åæÃÊO�À?½RÜ¬À?Ö�Ï�ýKû�ÞKß�à�Û�Ú�À?Ç8½AÉ�þ��qÇRÀ?Ç2��Ü�ÅÆÀtÉ�Ã�Û�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà�Û�ÂïÅ»Ç8ÇRÀ?ÄÆÛ�Ü¬À?½�ýyÅÆþæþ°É�Ç8ÅÑû
Ù<½AÉ�Ö�Û8Á®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö3À?Ö�ÇRÛ8ÇRÀ���À?Ö<º
#&Ö�Ü�ÅÆÀæÛRÀ?½%ßM½8Ú�À?Å»Ç�O�Å»½RÜ�×.À?å°À?Å»×�Ç2��Ü�É�ÛAÛòÜ�ÅÆÀ�½RÀæÛ8Ã¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬À!ÂôÉ�Ç8½8ÅÑÐmO�À?½8Ç8Å»×.À�ýyÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿�ßMÄ»×.À?Ú¬½R¾�û

Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬× T Ï3ý�û�ÞKß�à^UPÅ»Â_ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?ÖÿÖ¬ÅÆþ���ÇG½RÀ?×�Ã¬Ä�Ø�½ôÅÆÛRÇ°º�ßyÃ�Û%Ü�ÅÆÀæÛRÀ?ÂË�t½8Ã¬Ö�ÜÌO�Å»½RÜ
Ü¬À?½ôÚ�ÀæÛ8ÇRÀ���À?Ö�Ü¬À�ê�À?×�½8Å<;-Ü¬ÀæÛGÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛöÛR¾ À?½XO�À?Å»ÇRÀ?½8Ç2�,Ü�É�ÛRÛöÉ�Ã�þ��ÿÜ�ÅÆÀæÛRÀÄ�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö
þ���É�½AÉ�Ò0ÇRÀ?½8ÅÆÛ8ÅÆÀ?½8ÇtO,À?½RÜ¬À?Ö Ò���Ö¬Ö�À?Ö<º�Á�ÅÆÀòÚIÀ?Å»Â ½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ×.ÀæÛRþ	��À���À?Ö�o Ï6Ø�½AÌ�Í�ÉAq��
O�Å»½RÜGÜ¬À?½�#&Ö�Ü¬ÀeÐòÖ¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ?½Í��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö!É�Ã�þ����¬ÅÆÀ?½�Ý¬ÚIÀ?½�Å
�¬½RÀ�ã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×òÜ¬À ½ Ö¬ÅÆÀ?½8Ç°º�à�ÛfO�Å»½RÜ
×.À?å°À?Å»×�Ç2��O�ÅÆÀäÜ�ÅÆÀæÛRÀæÛÎ��¾�½8×.À���À?ÖÿÜ�É�Û�Dy¾�Ö¬å°À?¿¬ÇôÜ¬ÀæÛôÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÀæÛôÁ®Ý¬½ïÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À!½RÀ?×�Ã¬Ä�Ø�½RÀ
ÞKß�à�Ûyo Ï6Ø�½AÌ�¹æþ�q��\o Ï6Ø�½AÌ�Í�ÉAqKÃ¬Ö�Ü Á�Ý¬½òÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀäÄ»Å»Ö�À°É�½RÀ�ÞKß�à�Ûyo ê�DjÏ6Ì�ÔAqyÛAÉ�þ��¬×.À?ÂôØAÏ É�Ã�ÁÍO�À?Å»ÇRÀ?½RÀ
Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀòÞyßMà�ÛZÀ?½XO,À?Å»ÇRÀ?½8Ç°º
Þ�ÅÆÀïÞ�À ½ Ö¬Å»Ç8ÅÆ¾�ÖñÃ¬Ö�Ü`Ü�ÅÆÀôÉ�Ö�ÛRþ	�¬Ä»ÅÆÀ�Ï.À?Ö�Ü¬Àw>MÖ�ÇRÀ?½RÛRÃ�þ���Ã¬Ö¬×3Ò.¾�Ö¬å°À?Ö�Ç8½8ÅÆÀ?½RÀ?Ö
Û8ÅÆþ	�ïÉ�Ã�ÁIÜ¬À?ÖPÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖòÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�À?Å»Ö�À?½1Û8¿�À?åæÅÆÀ?Ä»ÄÆÀ?Ö� �¾�½8Âüç�Ã�É�Û8Å»Ä»Å»Ö�À°É�½RÀ?½1ÞKß�à�Û2��åæÃ�Ü¬À?Ö�À?Ö
Ü�ÅÆÀ�Ï�ýKû�ÞKßMà�Û,×.À�����½RÀ?Ö<º�à�ÛfO�Å»½RÜ%×.À?å°À?Å»×�Ç2��Ü�É�ÛRÛUÜ�ÅÆÀMã���ÛRÚ�É�½8Ò.À?Å»ÇRÛAÉ�Ã�ÛRÛAÉ�×.À?ÖäÜ¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖäÙ<½AÉ�Ò0ÇAÉ�Ú¬ÅÑû
Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛtÖ¬ÅÆþ��qÇËÉ�Ã�Á�ÞKß�à�Û�ÂïÅ»ÇjÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Â Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ>Ý¬ÚIÀ?½8Ç8½AÉ�×.À?Ö�O�À?½RÜ¬À?Ö>Ò���Ö¬Ö�À?Ö<º
ßMÖJ=.À?½RÛRþ��¬ÅÆÀæÜ¬À?Ö�À?Ö6êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?ÖyO�Å»½RÜ�Ü�ÅÆÀæÛRÀj¼�½R¾�Ú¬ÄÆÀ?ÂôÉ�Ç8Å»Ò�À?½8Ä�Ø�Ã¬ÇRÀ?½8Ç°º
#&Ö Ü¬À?½!=.¾�½8Ä»ÅÆÀ?×.À?Ö�Ü¬À?Ö:ßM½8ÚIÀ?Å»Ç!O�À?½RÜ¬À?Ö Ü�ÅÆÀGúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àwÃ¬Ö�Ü`Ü�ÅÆÀò½RÀæÛ8Ã¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬ÀGÏ3ý�û�ÞKß�à

É�Ã�Á�¿¬½R¾�¿IÀ?½RÀ\ �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×ËÃ¬Ö�ÜïÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐò×.À?¿¬½8Ý�Á®Ç°º.à�Û1ÛA¾�Ä»ÄÆÀ?Öòê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖôÁ�Ý¬½1Ü�ÅÆÀ�ßMÃ�ÛSû
×�É�Ö¬×.Û8×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×ä×.ÀeÁ®Ã¬Ö�Ü¬À?Ö?O,À?½RÜ¬À?Ö���Ü�ÅÆÀZÀ?Å»Ö�ÀÊ×�Ã¬ÇRÀZÖ�Ã¬ÂòÀ?½8ÅÆÛRþ	��ÀPêUÀ���É�Ö�Ü¬À?Ä»Ú�É�½8Ò.À?Å»ÇjÜ¬À?½MÏ3ý�û�ÞyßMàÿÛ8ÅÑû
þ���À?½RÛRÇRÀ?Ä»ÄÆÀ?Ö<º�ßMÄÆÛòÀ?½RÛ8ÇRÀ?½ïÃ¬Ö�ÜÌO�ÅÆþ	��Ç8Å»×.À?½�Õ0þ��¬½8Å»Ç8ÇòÅ»ÖkÜ�ÅÆÀæÛAÀäýKÅÆþ��qÇ8Ã¬Ö¬×���Ò.¾�Ö¬ÖqÇRÀ?Ö�Á®Ý¬½òÏ�ýKû�ÞKßMà�Û2�1Ü�ÅÆÀ
É�Ã�Û�úM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?Ö!ÂïÅ»Ç�×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö���ÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?ÖäÞKßMà�Û,ÂïÅ»Ç�½RÀ?×�Ã¬Ä�Ø�½RÀ?Â Ù<½AÉ�Òqû
ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!¹Ä��À?½8×.À?ÄÆÀ?Å»ÇRÀ?ÇyO�Ã¬½RÜ¬À?Ö���êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖnÉ�Ã�Á®×.ÀæÛ8ÇRÀ?Ä»Ä»ÇJO,À?½RÜ¬À?Ö��yÜ�ÅÆÀ>Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Òqû
ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!¹ZÛ8ÅÆþ���À?½RÛ8ÇRÀ?Ä»ÄÆÀ?Ö<º<Õ0þ	�¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ��QO�Å»½RÜ3À?Å»Ö3ßMÖ�ÛAÉ�Ç8åPÛ8ÒqÅ»åæåæÅÆÀ?½8Ç2��O�ÅÆÀPÜ�Ã¬½Rþ��>à1Ö�ÇSÁ�À?½8Ö�À?Öu=.¾�Ö
��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖïÃ¬Ö�ÜPßyÃ�Á�Û8ÇRÀ?Ä»ÄÆÀ?ÖC=.¾�ÖCDM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖôÀ?Å»Ö�À�½RÀ?×�Ã¬Ä�Ø�½RÀUÞKß�à3ÂïÅ»Ç
Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8û
Å»Ö�Ü¬ÀeÐ ¹ïÉ�Ã�ÛjÜ¬À?½jÏ3ý�û�ÞKß�à���À?½AÉ�Ã�Û8×.À ½ Ä»ÇRÀ?½8ÇdO,À?½RÜ¬À?Ö Ò���Ö¬Ö�ÇRÀ��*Ü�ÅÆÀ�Ü�ÅÆÀæÛRÀ?Ä»Ú�ÀPã���Û8Ã¬Ö¬×.Û8ÂòÀ?Ö¬×.ÀïÚ�ÀæÛ8Å»Ç8åæÇ2�
O�ÅÆÀÊÜ�ÅÆÀtÃ¬½RÛ8¿¬½8Ý¬Ö¬×�Ä»ÅÆþ	��ÀZÏ3ý�û�ÞyßMàKº
êUÀ?ÅKÜ¬À?½òßMÖ�O,À?Ö�Ü�Ã¬Ö¬×ñÜ¬À?½òýKÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�Û8Á®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö�åæÃ¬Â_ã���ÛRÀ?ÖÌ=.¾�Ö�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà�ÛôÒ���Ö�û

Ö�À?Ö!Ü�ÅÆÀjã���ÛRÚ�É�½8Ò.À?Å»ÇRÛRÀ?Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?Ö6Ö¬ÅÆþ��qÇ�É�Ã�Á1Ü�ÅÆÀt½RÀæÛ8Ã¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬ÀC��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×GÝ¬ÚIÀ?½8Ç8½AÉ�×.À?Ö?O,À?½RÜ¬À?Ö<º¼#&Ö
oÅDjÏ6ë��rqmO�À?½RÜ¬À?Ö%É�ÖïÀ?Å»Ö�À?Â êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä¬À?Å»Ö¬Å»×.ÀyÕ0þ���O�ÅÆÀ?½8Å»×�Ò.À?Å»ÇRÀ?ÖöÀ?½8Ä�Ø�Ã¬ÇRÀ?½8Ç2��Ü�ÅÆÀ�ÚIÀ?Å»Âüã���ÛAÀ?Ö�=.¾�Ö�ýyÅÆþæþ°É�Ç8ÅÑû
Ç8½AÉ�Ö�ÛSÁ�¾�½8ÂïÅÆÀ?½8ÇRÀ?Ö>ÞKßMà�ÛtÉ�Ã�Á®Ç8½RÀ?ÇRÀ?Ö<º�ÁzØA�¬½RÀ?Ö�Ü3Ü�ÅÆÀ�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà ½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö6Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�û
Ü¬ÀeÐ:¹òÉ�Ã�Á9O�À?ÅÆÛ8Ç2�*Ã¬Ö�Ü`Ü�É�ÂïÅ»ÇËÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×�Äx��Û8Ú�É�½jÅÆÛ8Ç2��ÅÆÛ8ÇÊÜ�ÅÆÀòåæÃ¬×.À�����½8Å»×.ÀôÏ3ý�û�ÞKß�àáÅ»Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö
Ö¬ÅÆþ��qÇM¾0Ü¬À?½�Ö¬ÅÆþ��qÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÄx��ÛRÚ�É�½°º
ÞtÀ?½U¿¬½AÉ�ÒqÇ8ÅÆÛAþ���ÀjÙ~À?Å»Ä*Ü�ÅÆÀæÛRÀ?½�Þ�Å»¿¬ÄÆ¾�ÂôÉ�½8Ú�À?Å»Ç�ÚIÀeÁDÉ�ÛRÛ8ÇUÛ8ÅÆþ��öÂïÅ»Ç�Ü¬À?½�à1½AÉ�½8Ú�À?Å»Ç8Ã¬Ö¬×òÃ¬Ö�Ü�#�Âï¿¬ÄÆÀ?ÂòÀ?ÖqÇ8ÅÆÀeû

½8Ã¬Ö¬×�À?Å»Ö�ÀæÛ,ßMÄ»×.¾�½8Å»ÇX�¬ÂËÃ�ÛRÀæÛ�åæÃ¬½UêUÀæÛ8Ç8Å»ÂïÂËÃ¬Ö¬×ïÜ¬ÀæÛ,½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö%Ã¬Ö�ÜGÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖöÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÀæÛ
0 ≤ µ ≤ 1

Ä»Å»Ö�À°É�½RÀ?½tÞKßMà�Û°º�à�ÛÍO�Å»½RÜ�À?Å»Ö�ÀZêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×���À?½8×.À?ÄÆÀ?Å»ÇRÀ?Ç2��Ü�ÅÆÀËÜ�ÅÆÀCDy¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�Ö3Ü¬À?½t¼1½R¾�û
@8À?ÒqÇR¾�½RÀ?ÖñÁ�Ý¬½PÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀöÞKß�à�ÛZÀ?½8ÂÂ��×�Ä»ÅÆþ	��Ç°º�ßMÄÆÛ���½8Ã¬Ö�Ü�Ä�É�×.ÀòÁ®Ý¬½�Ü�ÅÆÀw#&Âï¿¬ÄÆÀ?ÂòÀ?Ö�Ç8ÅÆÀ?½8Ã¬Ö¬×`Ü�ÅÆÀ?Ö�À?Ö Ü�ÅÆÀ
=.¾�ÖöýËº�ã|É�Âò¾�Ã¬½UÀ?ÖqÇ�O�ÅÆþAÒ.À?Ä»ÇRÀ?Ö�¼1½R¾�×�½AÉ�ÂïÂòÀ�åæÃ¬½�êUÀæÛ8Ç8Å»ÂïÂËÃ¬Ö¬×ïÜ¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖäÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÀæÛ
o ã~É�ÂôÌ�¹�q�º
ÞjÉ�Û ¹�ºÍDÊÉ�¿¬Å»ÇRÀ?ÄZÜ�ÅÆÀæÛAÀ?½3ßM½8ÚIÀ?Å»Ç!ÚIÀæÛRþ	��Ø�Á�Ç8Å»×�Ç6Û8ÅÆþ	�-ÂïÅ»Ç�À?Å»Ö�À?½6à1Å»Ö�Á®Ý$�¬½8Ã¬Ö¬×�Å»Ö Ü�ÅÆÀ Ù���Àæ¾�½8ÅÆÀ�=.¾�Ö

ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö<ºY��½8Ã¬Ö�Ü�ÄÆÀ?×.À?Ö�Ü¬ÀäêUÀ?×�½8Å<;�À%Ã¬Ö�Ü êUÀ?å°À?ÅÆþ��¬Ö�Ã¬Ö¬×.À?ÖkÃ¬Ö�Ü Ü�É�ÛÎDM¾�Ö¬å°À?¿¬Ç
Ü¬ÀæÛ�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛ�O,À?½RÜ¬À?ÖÌ=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»Ç°ºlÞ�ÅÆÀöÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö Ü¬ÀæÛ�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�û
Ü¬ÀeÐ¬ÀæÛpO�Å»½RÜ`É�Ã�Á�À?Å»Ö�ÀïÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀÎ �¾�½8Â ç�Ã�É�ÛRÅ»Ä»Å»Ö�À°É�½RÀ?½ËÞKß�à�ÛjÀ?½XO,À?Å»ÇRÀ?½8Ç°º<à�ÛdO�Å»½RÜ3×.À?å°À?Å»×�Ç2��O�ÅÆÀ�Ü�ÅÆÀæÛRÀ?½
Ö�À?Ã�À\#&Ö�Ü¬ÀeÐ0Ú�À?×�½8Å<;öÜ�É�ÛlÚ�ÀæÛ8ÇRÀ���À?Ö�Ü¬ÀYDM¾�Ö¬å°À?¿¬Ç�Ò.¾�Ö�ÛRÀæçqÃ�À?Ö�Ç�À?½8×�Ø�Ö¬åæÇ°º�ßyÖ$��É�Ö�ÜÎ=.¾�ÖòêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?Ö�O�À?½RÜ¬À?Ö
ÛRþ	�¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ��%Ü�ÅÆÀUÃ¬ÖqÇRÀ?½RÛRþ��¬ÅÆÀæÜ�Ä»ÅÆþ	��À?ÖGà�Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?ÖÂ=.¾�ÖòÞKß�à�Û1ÂïÅ»Ç�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Â)Ã¬Ö�Ü�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÂÐ#�Ö�Ü¬ÀeÐ
Ü¬À?Âò¾�Ö�Û8Ç8½8ÅÆÀ?½8Ç°º0ßyÖ�ÛAþ��¬Ä»ÅÆÀ�Ï.À?Ö�ÜöÀ?½SÁ®¾�Ä»×�Ç,Å»ÖwDÊÉ�¿¬Å»ÇRÀ?Ä*ÍjÜ�ÅÆÀÍ>yÖqÇRÀ?½RÛ8Ã�þ��qÃ¬Ö¬×PÃ¬Ö�Ü%ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö
Ü¬À?½�É�Ã�Û�úM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?Ö-ÂïÅ»ÇG×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��UÄ»Å»Ö�À°É�½RÀ?ÖáßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö�û

é
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×.À?Ö�À?Ö�ÇRÛRÇAÉ�Ö�Ü¬À?Ö�À?Ö6úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�Û°º"Þ�ÅÆÀjà1Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?Ö!Ü¬À?½KÜ�É�½AÉ�Ã�Û�½RÀæÛRÃ¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬À?Ö�Ï3ý�û�ÞKß�à
O,À?½RÜ¬À?Ö:Å»Ö�DÊÉ�¿¬Å»ÇRÀ?ÄyÔ3É�Ö�É�Ä
R0Û8ÅÆÀ?½8Ç°ºÆ#&Â â�º-DÊÉ�¿¬Å»ÇRÀ?Ä\O,À?½RÜ¬À?Ö�Ü�ÅÆÀ%ÂïÅ»ÇôúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?Ö
ÂïÅ»Çy×.ÀæÛRÇRÀ?Ã�À?½8ÇRÀ?Ö���ÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?Ö3ÞyßMà�ÛtÉ�ÛRÛR¾�åæÅ»ÅÆÀ?½8ÇRÀ?Ö3Ï�ýKû�ÞKß�à�ÛKÚ�À?Ç8½AÉ�þ��qÇRÀ?Ç°º�DM¾�Ö¬Òq½RÀ?ÇRÀZêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ
=.À?½RÜ¬À?Ã¬Ç8Ä»ÅÆþ���À?Ö�Ü�ÅÆÀ�¼�½R¾�Ú¬ÄÆÀ?ÂôÉ�Ç8Å»ÒöÜ¬ÀæÛUã���ÛAÀ?Ö�Û�=.¾�ÖGÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?Ö�ýKÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿�ÞKß�à�Û°º N Ã�ÛAØ�Ç8åæÄ»ÅÆþ	��À
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö`Á®Ý¬½ÊÜ�ÅÆÀæÛRÀò¼1½R¾�Ú¬ÄÆÀ?ÂòÀ��|Ü�ÅÆÀòÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�¹ïÜ¬À?½ËÏ3ý�û�ÞKß�à�ÛÊÛ8ÅÆþ	��À?½Sû
Û8ÇRÀ?Ä»ÄÆÀ?Ö��$O�À?½RÜ¬À?Ö?=.¾�½8×.ÀæÛRþ	�¬Ä�É�×.À?Ö<º
Þ�ÅÆÀ�Dy¾�Ö�ÛRÇ8½8Ã¬ÒqÇ8ÅÆ¾�Ö Ü¬À?½Ê¼1½R¾A@SÀ?Ò0ÇR¾�½RÀ?Ö`åæÃ¬½z#&Ö�Ü¬ÀeÐ�ÚIÀæÛ8Ç8Å»ÂïÂZÃ¬Ö¬×yO�Å»½RÜ>Å»Â é�º�DÊÉ�¿¬Å»ÇRÀ?Ä�Ü�ÅÆÀæÛRÀ?½Êßy½8Ú�À?Å»Ç

��À?½8×.À?ÄÆÀ?Å»ÇRÀ?Ç°º�ßMÖ!À?Å»Ö�À?Â êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�O�Å»½RÜ�Ü�ÅÆÀ! ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö�ÛXO,À?ÅÆÛAÀËÜ¬ÀæÛ�#&Ö�Ü¬ÀeÐ�ÇRÀæÛ8ÇRÀ?½RÛKÜ¬À?Âò¾�Ö�Û8Ç8½8ÅÆÀ?½8Ç°º�#�Ö�ßMÖ�û
��É�Ö¬×ñê ÛRÅ»Ö�ÜkÜ�ÅÆÀ!À?ÖqÇRÛ8¿¬½RÀæþ���À?Ö�Ü¬À?Öá¼1½R¾�×�½AÉ�ÂïÂòþæ¾0Ü¬ÀæÛäÉ�Ã�Á�×.ÀeÁ®Ý$�¬½8Ç°ºf |Ý¬½%Ü�ÅÆÀ!ßMÖ�O,À?Ö�Ü�Ã¬Ö¬×:Ü¬ÀæÛ%¼1½R¾�û
×�½AÉ�ÂïÂòÛ,ÚIÀ ½ Ö�Ü¬À?ÖGÛ8ÅÆþ��%É�Ä»ÄÆÀyÖ�¾�Ç�O�À?Ö�Ü�Å»×.À?ÖöÞjÉ�ÇRÀ?ÅÆÀ?ÖöÉ�Ã�Á*Ü¬À?Â ÞtÉ�ÇRÀ?ÖqÇ8½AØ�×.À?½2��Ü¬À?½�Ü�ÅÆÀæÛRÀ?½�Þ�Å»¿¬ÄÆ¾�ÂôÉ�½8Ú�À?Å»Ç
Ú�À?Å»Ä»ÅÆÀ?×�Ç°º

ßMÖ:Ü�ÅÆÀæÛRÀ?½%ÕqÇRÀ?Ä»ÄÆÀöÂÂ�qþ	��ÇRÀäÅÆþ	��ÂïÅÆþ��:Ú�À?ÅyÉ�Ä»ÄÆÀ?Ö:Ú�ÀæÜ�É�Ö¬Ò.À?Ö���Ü�ÅÆÀGÂïÅÆþ���OUØA�¬½RÀ?Ö�Ü:ÂòÀ?Å»Ö�À?½ôÞ�Å»¿¬ÄÆ¾�Â�û
É�½8Ú�À?Å»ÇRÛ8¿$��É�ÛRÀ�Ã¬Ö�ÇRÀ?½RÛ8Ç8Ý¬Ç8åæÇJ��É�Ú�À?Ö<º^#&Ö�Û8Ú�ÀæÛR¾�Ö�Ü¬À?½RÀ3Ü�É�Ö¬Ò.À�ÅÆþ	�W �½AÉ�Ãz¼�½R¾�ÁSº�ýËº,Ï3Ø�½8å�Á�Ý¬½GÅ
�¬½RÀ3Û8ÇRÀ?ÇRÛ
Á®½RÀ?Ã¬Ö�Ü�Ä»ÅÆþ���À?ÖäÃ¬Ö�ÜGÒ.¾�Ö�Û8Ç8½8Ã¬Ò0Ç8Å
=.À?ÖöÈMÅ»Ö�O�À?ÅÆÛRÀ��¬ÛR¾VO�ÅÆÀMÜ�ÅÆÀ�Ò0Ä�Ø�½RÀ?Ö�Ü¬À?ÖöÞ�ÅÆÛ8Ò0Ã�ÛRÛ8ÅÆ¾�Ö�À?Ö<º0È�À?½8½8ÖGÞ�½°º�ýËºqã~É�û
Âò¾�Ã¬½�Ú¬Å»ÖôÅÆþ��GÚ�ÀæÛR¾�Ö�Ü¬À?½RÛ�Á®Ý¬½,ÛAÀ?Å»Ö�À�>MÖ�ÇRÀ?½RÛ8Ç8Ý¬Ç8åæÃ¬Ö¬×�Ú�À?Å"Ü¬À?½^#&Âï¿¬ÄÆÀ?ÂòÀ?Ö�Ç8ÅÆÀ?½8Ã¬Ö¬×ïÅ»ÖGÏ3É�ÇRã|É�ÚGÜ�É�Ö¬Ò0Ú�É�½°º

�
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Þ�ÅÆÀtÙ���Àæ¾�½8ÅÆÀd=.¾�Ö�ßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?ÖuO�Å»½RÜäÛR¾�À?Å»Ö¬×.ÀeÁ�Ý$�¬½8Ç2�¬Ü�É�ÛRÛ�Ü�ÅÆÀ n ¾�ÇAÉ�Ç8ÅÆ¾�ÖäÂïÅ»Ç�Ü¬À?Ö
À?Ö�ÇRÛR¿¬½RÀæþ���À?Ö�Ü¬À?Ö��"ÚIÀ?½RÀ?Å»ÇRÛMÀ?½RÛRþ��¬ÅÆÀ?Ö�À?Ö�À?Ö3ßy½8Ú�À?Å»ÇRÀ?ÖäÒ.¾�½8½RÀæÛ8¿�¾�Ö�Ü�ÅÆÀ?½8Ç°º¼>MÂ Å»Ö!Ü¬À?ÖöÁ®¾�Ä»×.À?Ö�Ü¬À?ÖÄDÊÉ�¿¬Å»ÇRÀ?Ä»Ö
��À?½XO,Àæþ	��Û8Ä»Ã¬Ö¬×.À?Ö!ÂïÅ»Ç�Ü¬À?ÖJDy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?Ö�Ü¬À?½KúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMàkåæÃ�=.À?½8ÂòÀ?ÅÆÜ¬À?Ö���Ò���Ö¬Ö�À?Ö�Ü�ÅÆÀÍDM¾qÀeÁ�û
½ åæÅÆÀ?Ö�ÇRÀ?ÖñÜ¬À?½tÞyßMàzÖ¬ÅÆþ	��ÇdO�ÅÆÀ�Ý¬Ú¬Ä»ÅÆþ��>ÂïÅ»Ç

A
Ã¬Ö�Ü

D
Ú�À?å°À?ÅÆþ��¬Ö�À?ÇdO�À?½RÜ¬À?Ö<º<ÈMÅÆÀ?½ÍO�Å»½RÜ6Ü�ÅÆÀ n ¾�ÇAÉ�Ç8ÅÆ¾�Ö

A0
Ã¬Ö�Ü

D0
×.À�O�ØA�¬Ä»Ç°º¬Þ�ÅÆÀpDy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?Ö!Ü¬À?½MúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà�O,À?½RÜ¬À?Ö�ÛR¾ZÚ�À?å°À?ÅÆþ��¬Ö�À?Ç2�$O�ÅÆÀtÛ8ÅÆÀ�Å»Ö

o ê�DjÏ3Ì�ÔIq~À?Å»Ö¬×.ÀeÁ�Ý$�¬½8ÇYO�Ã¬½RÜ¬À?Ö<º
ÞtÀæÛÎÁ`À?Å»ÇRÀ?½RÀ?ÖÌO�Å»½RÜ Á®Ý¬½�Ü�ÅÆÀöêUÀ?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×È=.¾�Ö�Ï6É�Ç8½8ÅÑÐqÁ®Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö�À?Ö�À?Å»Ö�Àw=.À?½8Ò0Ý¬½8åæÇRÀ�Õ0þ	�¬½RÀ?Å»Ú�O,À?ÅÑû

ÛRÀä×.À�OUØA�¬Ä»Ç°ºUà�Û%ÛAÀ?Å
A : Ò → L ( Ò m, Ò n)

À?Å»Ö�À!Ï6É�Ç8½8ÅÑÐqÁ®Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�ÂïÅ»Ç
t 7→ A (t)

º�ßyÖ�ÛRÇRÀ?Ä»ÄÆÀ!Ü¬À?½
ÂôÉ�ÇX��À?ÂôÉ�Ç8ÅÆÛRþ	��Ò.¾�½8½RÀ?Ò0ÇRÀ?Ö!êUÀ?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×

A (t) ∈ L ( Ò m, Ò n)
ÛRÇRÀ���Çy¾�Á®Ç

A ∈ L ( Ò m, Ò n)
º

Á`À?Å»ÇRÀ?½RÀ��¬Å»Ö�Ü�ÅÆÀæÛRÀ?½yßM½8ÚIÀ?Å»Ç\=.À?½XO�À?Ö�Ü¬À?ÇRÀËêUÀ?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×.À?Ö6ÛRÅ»Ö�ÜöÅ»ÂÇ �¾�Ä»×.À?Ö�Ü¬À?Ö3É�Ã�Á®×.À?Ä»ÅÆÛ8ÇRÀ?Ç°º
· |«�Ó|© £q�|�| ��0�
ß4Á3ß ßMÖ�ÁDÉ�Ö¬×.ÛXO,À?½8ÇAÉ�Ã�Á®×�É�ÚIÀ
ý�Á6ß ý�É�Ö�ÜPO,À?½8ÇAÉ�Ã�Á®×�É�ÚIÀ
ÞKß�à Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä
ßyÄ»×.À?Ú¬½AÉ�ÅÆþÊà�ç�Ã�É�Ç8ÅÆ¾�Ö T À?Ö¬×�ÄDº�Á�Ý¬½KßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×�U
Ï3ý�û�ÞKß�à Ï6É�Ç8½8ÅÑÐ0û�ýKÅÆþæþ°É�Ç8ÅÑû�ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×
Õ��tÞ ÕqÅ»Ö¬×�Ã¬Ä�É�½Sûb��É�Ä»Ã�ÀPÞtÀæþæ¾�Âï¿I¾�ÛRÅ»Ç8ÅÆ¾�Ö T À?Ö¬×�ÄDº�Á®Ý¬½MÕqÅ»Ö¬×�Ã¬Ä�Ø�½XO,À?½8Ç8å°À?½8ÄÆÀ?×�Ã¬Ö¬×�U
¾¬º êtº Ü*º ßZº ¾I�¬Ö�ÀËê�ÀæÛAþ��¬½AØ�Ö¬Ò0Ã¬Ö¬×%Ü¬À?½KßMÄ»Ä»×.À?ÂòÀ?Å»Ö$��À?Å»Ç
=0×�ÄDº =.À?½8×�ÄÆÀ?ÅÆþ	��À
Û°º�É�º ÛRÅÆÀ���ÀÊÉ�Ã�þ��
Ã<º�É�º Ã¬ÖqÇRÀ?½MÉ�Ö�Ü¬À?½RÀ?Ö
å.º¬êtº åæÃ¬Â ê�À?ÅÆÛR¿¬ÅÆÀ?Ä
Ú¬åKOÊº Ú�À?åæÅÆÀ���Ã¬Ö¬×.Û�O,À?ÅÆÛRÀ
Ü*ºP�<º Ü�É�ÛY��À?Å
Ï�Ç
O�×�º O�À?×.À?Ö
À?Ö¬×�ÄDº À?Ö¬×�Ä»ÅÆÛAþ��
ÕIº Õ0À?Å»ÇRÀ
Á8º Á�¾�Ä»×.À?Ö�Ü¬ÀÂo Õ0À?Å»ÇRÀhq
;1º Á�¾�Ä»×.À?Ö�Ü¬ÀÂo Õ0À?Å»ÇRÀ?ÖPq

·G���� "�qð`�0�®�~�QÔ � ð  µI���
∃ Õ ÀæÛKÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8Ç Õ
∀ Õ Á®Ý¬½yÉ�Ä»ÄÆÀ Õ
δij =

{
1

�0Á®Ý¬½
i = j

0
�0Á®Ý¬½

i 6= j.

µ ∈ Ö 0
Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ

�
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Ô î ��£����0�����|�n�0�~ "�q�ÿ�|�|²kõG¯��|ð ��Ø í�î � ©�ª �5��µI�~�0�
∅

ÄÆÀæÀ?½RÀÊÏ3À?Ö¬×.À
⊆

Àæþ��qÇRÀËÙ~À?Å»Ä»ÂòÀ?Ö¬×.ÀZ¾qÜ¬À?½p��ÄÆÀ?ÅÆþ��$��À?Å»Ç
∩

Õ0þ��¬Ö¬Å»Ç8Ç8ÂòÀ?Ö¬×.À
∪

��À?½RÀ?Å»Ö¬Å»×�Ã¬Ö¬×.Û8ÂòÀ?Ö¬×.À
∈

à1ÄÆÀ?ÂòÀ?Ö�Çv=.¾�Ö
Ö Ï3À?Ö¬×.ÀÊÜ¬À?½�Ö�É�Ç8Ý¬½8Ä»ÅÆþ���À?Ö N ÉA�¬ÄÆÀ?Ö
Ö 0 := Ö ∪ {0}
Ö ≤n := {m ∈ Ö |m ≤ n}
Ò n ýMÉ�Ã¬ÂÓÜ¬À?½

n
û�Ü�Å»ÂòÀ?Ö�ÛRÅÆ¾�Ö�É�ÄÆÀ?Ö6Õq¿�É�Ä»ÇRÀ?Ö�=.À?Ò0ÇR¾�½RÀ?Ö��

n ∈ Ö , n ≥ 1
Ò >0 := {x ∈ Ò | x > 0}
L ( Ò m, Ò n)

ýMÉ�Ã¬ÂÓÜ¬À?½KÄ»Å»Ö�À°É�½RÀ?Ö�ßyÚ¬Ú¬Å»ÄÆÜ�Ã¬Ö¬×.À?Ö6É�Ã�Û Ò m Å»Ö!Ü¬À?Ö Ò n

L ( Ò n)
ýMÉ�Ã¬ÂÓÜ¬À?½KÄ»Å»Ö�À°É�½RÀ?Ö�ßyÚ¬Ú¬Å»ÄÆÜ�Ã¬Ö¬×.À?Ö6É�Ã�Û Ò n Å»Ö�Ü¬À?Ö Ò n

C (I, Ò n)
ýMÉ�Ã¬ÂÓÜ¬À?½yÛRÇRÀ?Ç8Å»×.À?Ö? ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö�À?Ö

f : I → Ò n

Ck (I, Ò n) , k ≥ 1
ý�É�Ã¬ÂÓÜ¬À?½

k
ûDÂôÉ�Ä~Û8ÇRÀ?Ç8Å»×�û�Ü�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½RÀ?Öu ¬Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�À?Ö

f : I → Ò n

C1
D0

(I, Ò n) :=
{
x ∈ C (I, Ò n) | D0x ∈ C

1 (I, Ò n)
}

M0 (t)
Ï3É�Ö¬Ö¬Å»×�ÁDÉ�Ä»Ç8Å»×�Ò.À?Å»Ç2��Ü�ÅÆÀäÜ�Ã¬½Rþ	�kÜ�ÅÆÀ n À?Ú�À?Ö�Ú�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Ü¬À?½%ÞKßMà ÚIÀeû
Û8Ç8Å»ÂïÂZÇYO�Å»½RÜ T ¹�ºÎÍ�U

Ni, Si, i ∈ Ö 0
>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀËÜ¬À?½MÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ��$=0×�ÄDº�Õ0À?Å»ÇRÀò¹�¹

⊕,	
ÞMÅ»½RÀ?Ò0ÇRÀZÕqÃ¬ÂïÂòÀjÃ¬Ö�Ü!ÞMÅ<;*À?½RÀ?Ö¬å��$=0×�ÄDº¬ßyÚ�ÛAþ��¬Ö¬Å»Ç8ÇyßPº»¹

imA := {x ∈ Ò n|∃w ∈ Ò m : Aw = x}
kerA := {x ∈ Ò m|Ax = 0}
dimV

ÞMÅ»ÂòÀ?Ö�ÛRÅÆ¾�Ö!Ü¬ÀæÛKýMÉ�Ã¬ÂòÀæÛ
V

V ⊥ ¾�½8ÇX��¾�×.¾�Ö�É�ÄÆÀæÛÍDy¾�Âï¿¬ÄÆÀ?ÂòÀ?Ö�Ç�åæÃ¬Â ý�É�Ã¬Â
V

<,>
ÕqÒ�É�Ä�É�½8¿¬½R¾0Ü�Ã¬ÒqÇ

Ô î ��£����0�����|� ª � © ��£.�q�SØ í�î � ©�ª �5��µI�~�0� ª �|ø  £��äól£��ô��±°¤�¥|�q��� ª � © ��£.�0�

AT Ç8½AÉ�Ö�Û8¿�¾�Ö¬ÅÆÀ?½8ÇRÀÊÏ6É�Ç8½8ÅÑÐ�=.¾�Ö
A

A− ½RÀh»�ÀeÐ�Å
=.À!#�Ö�=.À?½RÛRÀÊÜ¬À?½KÏ6É�Ç8½8ÅÑÐ
A

A+ Ï3¾q¾�½RÀeû�¼
À?Ö¬½R¾�ÛRÀeû�#&Ö�=.À?½RÛRÀPÜ¬À?½KÏ3É�Ç8½8ÅÑÐ
A

A = [aij ] 1≤i≤n
1≤j≤m

∈ L ( Ò m, Ò n)
�
n ×m

Ï6É�Ç8½8ÅÑÐ!ÂïÅ»ÇjÜ¬À?Ö6à�Å»Ö�Ç8½AØ�×.À?Ö
aij

É�Ö6Ü¬À?½ÊÕqÇRÀ?Ä»ÄÆÀ
i, j

A = diag (a1, . . . , an) :=

(
a1 0º º º
0 an

)
∈ L ( Ò n)

ÞMÅ�É�×.¾�Ö�É�Ä»ÂôÉ�Ç8½8ÅÑÐ

rgA
ýMÉ�Ö¬×òÜ¬À?½yÏ6É�Ç8½8ÅÑÐ

A
vecA

=.À?ÒqÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀz �¾�½8Â Ü¬À?½yÏ6É�Ç8½8ÅÑÐ
A
��Û8ÅÆÀ���ÀÊÉ�Ã�þ	��ßMÖ$��É�Ö¬×ôß

I, In
à1Å»Ö$��À?Å»ÇRÛ8ÂôÉ�Ç8½8ÅÑÐ T Å»Â

L ( Ò n)
U

0, 0n, 0n×k

n Ã¬Ä»Ä ( ûb=.À?Ò0ÇR¾�½KÅ»Â Ò n Ú¬åKOÊº�ûDÂôÉ�Ç8½8ÅÑÐäÅ»Ö L ( Ò k, Ò n
))

Gi, Bi, i ∈ Ö 0
Ï6É�Ç8½8Å»å°À?Ö!Ü¬À?½yÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ��$=0×�ÄDº�Õ0À?Å»ÇRÀò¹�¹

Qi,Pi,R, i ∈ Ö 0
¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö�Ü¬À?½yÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ��$=0×�ÄDº"Õ0À?Å»ÇRÀò¹�¹

P (m,n)
¼
À?½8ÂËÃ¬ÇAÉ�Ç8ÅÆ¾�Ö�ÛRÂôÉ�Ç8½8ÅÑÐ T =0×�ÄDº¬ßyÖ$��É�Ö¬×ôßdU

⊗
Dt½R¾�Ö�ÀæþRÒ.À?½�¼1½R¾qÜ�Ã¬Ò0Ç2��Ï6É�Ç8½8ÅÑÐ�¾�¿�À?½AÉ�Ç8ÅÆ¾�Ö?=0×�ÄDº¬ßMÖ$��É�Ö¬×ôß É�Ú�Õ0À?Å»ÇRÀt"�Í

f ′
ßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×Â=.¾�Ö

f
Ö�É�þ��

t
[f ]x

Ú¬åKOÊº
fx

ßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×ôÜ¬À?½� ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö
f
Ö�É�þ��

x
‖.‖∞

Ï6É�Ð0Å»ÂZÃ¬Â�û n ¾�½8Â Å»Â Ò n

"



Ù EGF�H�J�L"H�N�ORQROSLITUL"V�OAWZXPY
[_fKgKW FIY1ay\ZQRTKFIY1W \ZWPX_V"ORWZay\ZQRTKFIY1W
uwQRaKYlNPF�gjXZO8xGYlFIY1WML"OAHKQRaKQRY1OAbIct\PWZayY1W

#&Ö Ü�ÅÆÀæÛRÀ?Â ßMÚ�ÛRþ��¬Ö¬Å»Ç8ÇtO,À?½RÜ¬À?Öñ×�½8Ã¬Ö�Ü�ÄÆÀ?×.À?Ö�Ü¬À%êUÀ?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×.À?Ö Ã¬Ö�Ü ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö åæÃ¬½ËÙ���Àæ¾�½8ÅÆÀs=.¾�Ö
ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö T ÞKßMà�Û�ûUÀ?Ö¬×�ÄDº�Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�ÄÑû�ßyÄ»×.À?Ú¬½AÉ�ÅÆþôà�ç�Ã�É�Ç8ÅÆ¾�Ö�ÛhUKåæÃ�Û É�ÂïÂòÀ?Ö¬×.Àeû
Û8ÇRÀ?Ä»Ä»Ç°º|ÞMÅÆÀôÞ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö:Ü¬À?½Ê¿¬½R¾�¿�À?½RÀ?Ö� �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×6Ã¬Ö�Ü Ü¬ÀæÛZÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÀæÛ
Á®Ý¬½�Ä»Å»Ö�À°É�½RÀÊÞKß�à�ÛYO�À?½RÜ¬À?Ö!åæÅ»Ç8ÅÆÀ?½8Ç°º
à1Å»Ö�ÀËà1½XO,À?Å»ÇRÀ?½8Ã¬Ö¬×öÜ�ÅÆÀæÛRÀæÛ�#&Ö�Ü¬ÀeÐ�ÚIÀ?×�½8Å<;*ÀæÛyÉ�Ã�Á1À?Å»Ö�ÀÊÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀ! �¾�½8Â çqÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀ?½MÞyßMà�Û�O�Å»½RÜäÅ»Â

åKO,À?Å»ÇRÀ?ÖñÙ~À?Å»Ä�Ü�ÅÆÀæÛRÀæÛdDÊÉ�¿¬Å»ÇRÀ?ÄÆÛd=.¾�½8×.ÀæÛRÇRÀ?Ä»Ä»Ç°º<à�ÛpO�Å»½RÜ>À?½8Ä�Ø�Ã¬ÇRÀ?½8Ç2�*Å»Ö�O�ÅÆÀ�O,À?Å»ÇZÜ�ÅÆÀæÛAÀ?½têUÀ?×�½8Å<;:Ü¬ÀæÛjÙ<½AÉ�Òqû
ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛtÜ�É�ÛyÚ�ÀæÛ8ÇRÀ���À?Ö�Ü¬ÀCDy¾�Ö¬å°À?¿¬ÇtÀ?½8×�Ø�Ö¬åæÇ°º�#&Â ßMÖ�ÛRþ��¬Ä»Ã�ÛAÛyÚ�À?Ç8½AÉ�þ��qÇRÀ?ÖÄO�Å»½Í=.À?½RÛRþ	�¬ÅÆÀæÜ¬À?Ö�À
À?Å»Ö�ÁDÉ�þ���ÀäêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀäÉ�Ö�Ü¬À?Ö�À?Ö:À?½8Ä�Ø�Ã¬ÇRÀ?½8Ç�O�Å»½RÜ��ÆO,À?ÄÆþ���À3Õ0þ���O�ÅÆÀ?½8Å»×�Ò.À?Å»ÇRÀ?Ö�ÚIÀ?Å�Ü¬À?½ïêUÀ���É�Ö�Ü�Ä»Ã¬Ö¬×�=.¾�Ö
Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö!ÞyßMà�ÛKû�Å»ÂÚ��À?½8×�ÄÆÀ?ÅÆþ���åæÃ�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!ÞKß�à�ÛKû,É�Ã�Á�Ç8½RÀ?ÇRÀ?Ö<º
{MÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀZßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö�O,À?½RÜ¬À?Ö�Å»ÖQo ÈMÏ6Ì�ÌAq|É�ÄÆÛv��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö6Ü¬À?½Y �¾�½8Â

A (x (t) , t) (D (t) x (t))′ + b (x (t) , t) = 0

À?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç°º|ÞjÉ�Ú�À?Å�Û8Å»Ö�Ü
A (t) ∈ L ( Ò n, Ò m) , D (t) ∈ L ( Ò m, Ò n) , b (x, t) ∈ Ò m Ã¬Ö�Ü

x (t) ∈
Ò m º¬ÞMÅÆÀ!=.¾�½8Ä»ÅÆÀ?×.À?Ö�Ü¬ÀËßM½8ÚIÀ?Å»Ç�Ú�ÀeÁ�É�ÛAÛ8Ç�Û8ÅÆþ���ÂïÅ»ÇMÀ?Å»Ö�À?½yÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀ?Ö? �¾�½8Â çqÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀ?½yÞKß�à�Û

A0 (t) (D0 (t)x (t))′ + b (x (t) , t) = 0.
T ¹�º»¹VU

ÞjÉ�ÚIÀ?Å�ÅÆÛ8Ç
A (x, t) = A0 (t)

ÄÆÀæÜ�Å»×�Ä»ÅÆþ���=.¾�Ö
t
É�Ú$��Ø�Ö¬×�Å»×��

A0D0
Ö¬ÅÆþ���ÇPÃ¬Ö�Ú�ÀæÜ�Å»Ö¬×�Ç�ç�Ã�É�Ü�½AÉ�Ç8ÅÆÛRþ	���

t ∈
I ⊆ Ò , I #&Ö�ÇRÀ?½X=�É�Ä»Äb��Ã¬Ö�Ü x ∈ D ⊆ Ò m, D

¾A;*À?ÖôÃ¬Ö�Ü%åæÃ�ÛAÉ�ÂïÂòÀ?Ö$��Ø�Ö¬×.À?Ö�Ü*º¬Þ�ÅÆÀ�DM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö�Û8Å»Ö�Ü
ÂïÅ»Ç

A0 (t) ∈ L
( Ò n, Ò k

)
, D0 (t) ∈ L ( Ò m, Ò n)

Ã¬Ö�Ü
b (x, t) ∈ Ò k

×.À?×.À?Ú�À?ÖGÃ¬Ö�ÜäÛRÇRÀ?Ç8Å»×�º�Á`À?Å»ÇRÀ?½X�¬Å»Ö�ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½RÀtÜ�ÅÆÀtÛ8ÇRÀ?Ç8Å»×.À���¿�É�½8Ç8ÅÆÀ?Ä»ÄÆÀjßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×
bx (x, t) ∈ L

( Ò m, Ò k
) º

��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö Ü¬À?½� �¾�½8Â T ¹�º»¹VU3À?ÖqÇRÛ8ÇRÀ���À?ÖüåæÃ¬Â êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�ÚIÀ?ÅïÜ¬À?½>Û8¿�Ø�ÇRÀ?½�=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»ÇRÀ?Ö ýyÅÆþæþ°É�Ç8ÅÑû
Ù<½AÉ�Ö�Û8Á®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö|=.¾�Ö�Ä»Å»Ö�À°É�½RÀ?Ö�����¾�Âò¾�×.À?Ö�À?Ö��"ç�Ã�É�Ü�½AÉ�Ç8ÅÆÛRþ	��À?Ö�ÞKß�à�Û°º
¶ä��Û1�
���5��µI� § ó § ó o È�Ï3Ì�Ìrq�à1Å»Ö�ÀÂ ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö

x : Ix → Ò m � Ix ⊆ I ����À?Å
Ï�ÇCÜ�ÝAÞ/gm���6Ü¬À?½C�tÄÆÀ?ÅÆþ���Ã¬Ö¬×T ¹�º»¹VU�É�Ã�Á1Ü¬À?ÂÇ#&Ö�ÇRÀ?½X=�É�Ä»Ä
Ix
�¬Á�É�Ä»ÄÆÛ

∀t ∈ Ix : x (t) ∈ D
Ã¬Ö�Ü

x ∈ C1
D0

(Ix, Ò m) :=
{
x ∈ C (Ix, Ò m) | D0x ∈ C

1 (Ix, Ò m)
}

Ã¬Ö�Ü�Ü�ÅÆÀz��ÄÆÀ?ÅÆþ	��Ã¬Ö¬× T ¹�º»¹VU�¿¬Ã¬Ö¬Ò0Ç�O�À?ÅÆÛRÀZÉ�Ã�Á
Ix
À?½SÁ�Ý¬Ä»Ä»ÇKÅÆÛRÇ°º

 
Ý¬½Æ@8ÀæÜ¬À�ã���Û8Ã¬Ö¬×�=.¾�Ö T ¹�º»¹VU�×�Å»Ä»Ç�Ö�À?Ú�À?Ö
x ∈ C1

D0
(Ix, Ò m)

É�Ã�þ��
x (t) ∈M0 (t)

�qÁ�Ý¬½KÉ�Ä»ÄÆÀ
t ∈ Ix,O,¾�Ú�À?Å

M0 (t) := {x ∈ D | b (x, t) ∈ imA0 (t)} , t ∈ I.
T ¹�ºÎÍ�U

ë
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é�ê�éÇësì�í�î\ï�ì|ð¥í�ì�ñ�òSó¦ôbï�ì�õ�ï�ì|öÈ÷�òZîSõIõIï¼ì�ñ
Þ�ÅÆÀyÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�ÖäÜ¬ÀæÛ�¿¬½R¾�¿�À?½,Á®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8ÇRÀ?ÖöÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8ÂòÛ�É�Ã�Ûvo È�Ï6Ì�ÌrqIÄ�Ø�ÛRÛRÇ�Û8ÅÆþ��öÜ�Å»½RÀ?Ò0ÇUÉ�Ã�Á~ÞKß�à�Û�Ü¬À?½
 �¾�½8Â T ¹�º»¹VUUÝ¬ÚIÀ?½8Ç8½AÉ�×.À?Ö<º
¶ä��Û1�
���5��µI� § ó ì�ø¥ùÊ© µ î � © ø�µ © ð6�
�®��� © �°� ©súäª � î �æ�°� © ðÌû°ó ÞtÀ?½yÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â Ü¬À?½yÞKß�à T ¹�º»¹VUf��À?Å
Ï�Ç
ü eXk ü �he^ý�k�e/lÎgm�þjb�he�`H�0Á�É�Ä»ÄÆÛUÁ�¾�Ä»×.À?Ö�Ü¬ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�À?½SÁ®Ý¬Ä»Ä»ÇyÛ8Å»Ö�Ü
¹�º
∀t ∈ I :

kerA0 (t)⊕ imD0 (t) = Ò n,
T ¹�ºÎÔ�U

Í�º
∃R ∈ C1 (I, L ( Ò n))

ÛR¾0Ü�É�ÛRÛUÁ®Ý¬½yÉ�Ä»ÄÆÀ
t ∈ I :

R (t)2 = R (t)
Ã¬Ö�Ü

{
imR (t) = imD0 (t) ,

kerR (t) = kerA0 (t) .

T ¹�º â�U

ÕqÅ»Ö�Ü Ü�ÅÆÀöê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T ¹�ºÎÔ�UËÃ¬Ö�Ü T ¹�º â�UËÀ?½SÁ®Ý¬Ä»Ä»Ç2�
ÛR¾!Ö�À?Ö¬ÖqÇ�ÂôÉ�Ö Ü�É�ÛP×.Àæ¾�½RÜ�Ö�À?ÇRÀö¼
É�É�½
(A0, D0)É�Ã�þ����IgP`vÿKg�ÞKaIlÎlÂ��� ü aAÞ/ÞK�h��i.º
ÞjÉ�Ú�À?Å,½RÀ°É�Ä»ÅÆÛRÅÆÀ?½8Ç�Ü¬À?½ï¼1½R¾A@8À?Ò0ÇR¾�½ R Ü�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬× T ¹�ºÎÔ�U?º4ÁÿÅÆþ���Ç8Å»×.À

à1Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?Ö|=.¾�Ö!¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö�Û8Å»Ö�ÜäÅ»ÂÓßMÖ$��É�Ö¬×ôßZºÎÍïåæÃ�ÛAÉ�ÂïÂòÀ?Ö¬×.ÀæÛ8ÇRÀ?Ä»Ä»Ç°º
��¾�Ö Ö�Ã¬ÖkÉ�Ö ÛRÀ?Å�Ü¬À?½ïÈ�É�Ã¬¿¬Ç8ÇRÀ?½8ÂE=.¾�Ö T ¹�º»¹VUY@8À�O,À?Å»ÄÆÛ�¿¬½R¾�¿�À?½ZÁ�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ç°º�ÞtÉ�Ö¬Ö���É�Ú�À?Ö:Ü�ÅÆÀGÏ6É�û

Ç8½8Å»å°À?Ö
A0 (t)

�
D0 (t)

Ã¬Ö�ÜkÜ�É�ÂïÅ»ÇöÉ�Ã�þ��
G0 (t)

Ò.¾�Ö�Û8ÇAÉ�Ö�ÇRÀ?Öáý�É�Ö¬×�o Ï6Ø�½AÌ�¹æþhq�ºZÁ`À?Å»ÇRÀ?½X�¬Å»ÖzÚIÀæÛRÅ»Ç8å°À?Ö
Ü�ÅÆÀ�>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ

kerA0 (t)
Ã¬Ö�Ü

imD0 (t)
Û8ÇRÀ?Ç8Å»×�Ü�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½RÀ`ê�É�ÛRÀ?Ö<º� |Ý¬½!É�Ä»ÄÆÀ

t ∈ I
×�Å»Ä»Ç

A0 (t)R (t) = A0 (t)
Ã¬Ö�Ü
R (t)D0 (t) = D0 (t)

º
#&Ö�DÊÉ�¿¬Å»ÇRÀ?ÄMÔ6Ã¬ÖqÇRÀ?½RÛ8Ã�þ���À?Ö�O�Å»½ôÜ¬À?ÖkÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â_Ü¬À?½òÇ8½AÉ�Ö�ÛSÁ�¾�½8ÂïÅÆÀ?½8ÇRÀ?Ö���ÄÆÀ?ÅÆþ	��Ã¬Ö¬× É�Ã�Á�¿¬½R¾�¿�À?½RÀ

 �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×�º"ÞjÉ�Ú�À?Å�O�Å»½RÜ�Ü�É�ÛUÁ�¾�Ä»×.À?Ö�Ü¬ÀÊã<À?ÂïÂôÉÎ�¬Å»ÄÑÁ®½RÀ?ÅÆþ��3ÛRÀ?Å»Ö<º
���0ð ð ª:§ óÆ¡*ó�� aAÞv���XkIeXiI����`����\a�aIe

(A0, D0)
ü aAÞ/Þh`����h��a�gÄi�aI�¼�J��gm`Zÿ�g�Þ�a�lCls�h�����^�h���Qi�aAÞ	�\a�aIe

(
DT

0 , A
T
0

) ��gm`�ÿ�g�Þ�aIlÎls�h� ü aAÞ	Þ�`�

� ��^�hj·Þ�
to êUÏ3Ì�Írq|ßMÄ»ÄÆÀÊêUÀ?Ç8½AÉ�þ��qÇ8Ã¬Ö¬×.À?Ö`À?½SÁ®¾�Ä»×.À?Ö!¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀZÅ»Ö

t ∈ I
��É�Ã�þ	�?O�À?Ö¬Ö

t
É�ÄÆÛyßM½8×�Ã¬ÂòÀ?Ö�Ç

O,À?×�×.À?Ä�É�ÛAÛRÀ?Ö?O�Å»½RÜ*º
(−→)

Õ0À?ÅÆÀ?Ö
(A0, D0)

×�Ã¬ÇyåæÃ�ÛAÉ�ÂïÂòÀ?Ö¬¿�É�ÛRÛRÀ?Ö�Ü���Ü�É�Ö¬Ö�Û8Å»Ö�Ü T ¹�ºÎÔ�U�Ã¬Ö�Ü T ¹�º â�U�À?½SÁ�Ý¬Ä»Ä»Ç°º¬à�Ûy×�Å»Ä»Ç

imD0 ⊕ kerA0 = Ò n,

imR = imD0, kerR = kerA0.

ÞjÉ�Ö¬Ö�ÅÆÛ8Ç

imAT
0 = (kerA0)

⊥ = (kerR)⊥ = imRT ,

kerDT
0 = (imD0)

⊥ = (imR)⊥ = kerRT Ã¬Ö�Ü
(
RT
)2

=
(
R2
)T

= RT .

→ Ò n = kerRT ⊕ imRT = kerDT
0 ⊕ imAT

0

º
ÞjÉA��À?½~Û8Å»Ö�ÜjÜ�É�Ö¬ÖPÉ�Ã�þ�� (

DT
0 , A

T
0

) ×�Ã¬Ç~åæÃ�ÛAÉ�ÂïÂòÀ?Ö¬¿�É�ÛRÛRÀ?Ö�ÜjÃ¬Ö�ÜËÜ¬À?½~¼1½R¾A@8À?ÒqÇR¾�½
R̃ := RT ½RÀ°É�Ä»ÅÆÛ8ÅÆÀ?½8Ç

Ü�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬× T ¹�º â�U?º
(←−)

Þ�ÅÆÀËÉ�Ö�Ü¬À?½RÀÊýyÅÆþ��qÇ8Ã¬Ö¬×òÁ�¾�Ä»×�ÇyÉ�Ö�É�ÄÆ¾�×�º

¹°Ì
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é�ê���� ÷�õ�ì�ô�����ï$õIõ�ï
#&Ö�o Ï3Ø�½AÌ�Í�ÉAq,Ã¬Ö�Ü�o Ï3Ø�½AÌ�Í�Ú�qZO�Ã¬½RÜ¬ÀïÁ®Ý¬½j½RÀ?×�Ã¬Ä�Ø�½RÀôÞKß�à�ÛËÀ?Å»Ö�ÀGÕ0Àæç�Ã�À?Ö¬åÂ=.¾�ÖñÏ3É�Ç8½8Å»å°À?ÖñÃ¬Ö�ÜQ>yÖqÇRÀ?½Sû
½AØ�Ã¬ÂòÀ?ÖñÀ?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç2�|É�Ã�ÁKÜ¬À?½RÀ?Ö��t½8Ã¬Ö�Ü�Ä�É�×.ÀôÜ�ÅÆÀòÞKß�à�ÛzO,À?Å»ÇRÀ?½ïÉ�Ö�É�Ä
R0Û8ÅÆÀ?½8ÇzO,À?½RÜ¬À?Ö<º� 
Ý¬½ËÞyßMà�ÛZÜ¬À?½
 �¾�½8Â T ¹�º»¹VUPÜ¬À ½ Ö¬ÅÆÀ?½RÀ?ÖÌO�Å»½�Ö�Ã¬Ö:À?Å»Ö�ÀöÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀÊDjÀ?Ç8ÇRÀÊ=.¾�Ö:Ï6É�Ç8½8Å»å°À?Ö:Ã¬Ö�Ü�>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ?Ö<º�ÞtÉ�½AÉ�Ã�Á
É�Ã�Á®Ú�É�Ã�À?Ö�ÜÈO�Å»½RÜñÛ8¿�Ø�ÇRÀ?½ËÅ»Ö Ü�ÅÆÀæÛRÀ?ÂBDÊÉ�¿¬Å»ÇRÀ?ÄUÜ¬À?½ZÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ Á�Ý¬½Z½RÀ?×�Ã¬Ä�Ø�½RÀôÃ¬Ö�ÜñÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ
ÞKß�à�ÛyÜ¬À ½ Ö¬ÅÆÀ?½8Ç°º
à�ÛyÛRÀ?ÅÆÀ?Öy=.¾�ÖäÖ�Ã¬Ö6É�Ö

∀ t ∈ I, x ∈ D

G0 (t) := A0 (t)D0 (t) ∈ L
( Ò m, Ò k

)
,

N0 (t) := kerG0 (t) ⊆ Ò m,

B0 (x, t) := bx (x, t) ∈ L
( Ò m, Ò k

)
,

S0 (x, t) := {z ∈ Ò m | B0 (x, t) z ∈ imG0 (t)} ,

Q0 (t) ∈ L ( Ò m)
¼1½R¾A@8À?Ò0ÇR¾�½MÉ�Ã�Á

N0 (t) ,

P0 (t) := Im −Q0 (t) ,

R (t) ∈ C1 (I, L ( Ò n))
¼1½R¾A@8À?ÒqÇR¾�½�É�Ã�ÛKÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Öñ¹�ºÎÍ

.

à�ÛjÅÆÛRÇ
rgG0 = konstant

º*ÞjÉA��À?½ÊÛ8Å»Ö�Ü
Q0

Ã¬Ö�Ü
P0

ÛRÇRÀ?Ç8Å»×�º+Á`À?Å»ÇRÀ?½X�¬Å»ÖQO,À?½RÜ¬À?Ö>Á®Ý¬½ËÉ�Ä»ÄÆÀ
t ∈ I, x ∈

D, x1 ∈ Ò m Á®¾�Ä»×.À?Ö�Ü¬ÀËê�À?å°À?ÅÆþ	�¬Ö�Ã¬Ö¬×.À?Ö�Á®ÀæÛRÇ8×.À?ÄÆÀ?×�Ç

G1 (x, t) := G0 (t) +B0 (x, t)Q0 (t) ∈ L
( Ò m, Ò k

)
,

N1 (x, t) := kerG1 (x, t) ,

S1 (x, t) := {z ∈ Ò m|B0 (x, t) z ∈ imG1 (x, t)} ,

Q1 (x, t) ∈ L ( Ò m)
¼1½R¾A@8À?Ò0ÇR¾�½MÉ�Ã�Á

N1 (x, t) ,

P1 (x, t) := Im −Q1 (x, t) ,

Diff1

(
x1, x, t

)
:=
[
D0P0P1D

−
0

]
x
(x, t)x1 +

[
D0P0P1D

−
0

]
t
(x, t) ,

T ¹�ºÎé�U
B1

(
x1, x, t

)
:= B0 (x, t)P0 (t)

−G1 (x, t)D0 (t)− Diff1

(
x1, x, t

)
D0 (t)P0 (t) .

��¾�ÖPÖ�Ã¬ÖïÉ�ÖzO,À?½RÜ¬À?ÖòÉ�Ä»ÄÆÀ�ßy½8×�Ã¬ÂòÀ?ÖqÇRÀUÜ¬À?½4�MÚIÀ?½RÛ8ÅÆþ	��Ç8Ä»ÅÆþ	�¬Ò.À?Å»Ç���É�Ä»ÚIÀ?½-O,À?×�×.À?Ä�É�ÛRÛAÀ?Ö<ºA 
Ý¬½
i ≥ 2

T @8À�O,À?Å»ÄÆÛ
¿¬Ã¬Ö¬Ò0Ç�O,À?ÅÆÛAÀÊÅ»Ö

t ∈ I, x ∈ D, x1, . . . , xi ∈ Ò m U�ÛRÀ?ÅÆÀ?Ö�É�ÚÎ@8À?Ç8åæÇ

Gi := Gi−1 +Bi−1Qi−1 ∈ L
( Ò m, Ò k

)
,

Ni := kerGi,

Bi := Bi−1Pi−1 −GiD
−
0 Diff iD0P0 . . .Pi−1,

Si := {z ∈ Ò m|B0z ∈ imGi} ,

Qi ∈ L ( Ò m)
¼1½R¾A@8À?Ò0ÇR¾�½MÉ�Ã�Á

Ni,

Pi := Im −Qi,

¹�¹
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Diff i

(
xi, . . . , x1, x, t

)
:=

i−1∑

j=1

[
D0P0 . . .PiD

−
0

]
xj

(
xi−1, . . . , x1, x, t

)
xj+1

+
[
D0P0 . . .PiD

−
0

]
x

(
xi−1, . . . , x1, x, t

)
x1

+
[
D0P0 . . .PiD

−
0

]
t

(
xi−1, . . . , x1, x, t

)
.

T ¹�ºL��U

ÞjÉ�ÚIÀ?ÅIÛ8Å»Ö�Ü���Á�Ý¬½
i ≥ 2

�qÜ�ÅÆÀv ¬Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�À?Ö
Gi
�
Ni
�
Qi
�
Pi
�.Ã¬Ö�Ü

D0P0 . . .PiD
−
0

@8À�O,À?Å»ÄÆÛ�É�Ú$��Ø�Ö¬×�Å»×C=.¾�Ö
Ü¬À?Ö�ßM½8×�Ã¬ÂòÀ?Ö�ÇRÀ?Ö

xi−1, . . . , x1, x, t
Ã¬Ö�Ü3Ü�ÅÆÀz ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö�À?Ö

Diff i
Ã¬Ö�Ü

Bi
@8À�O,À?Å»ÄÆÛjÉ�Ú$��Ø�Ö¬×�Å»×w=.¾�Ö3Ü¬À?Ö

ßM½8×�Ã¬ÂòÀ?Ö�ÇRÀ?Ö
xi, . . . , x1, x, t

º�ßMÃ$Ï.À?½RÜ¬À?Â ÛRÀ?Å
D−

0

Ü�ÅÆÀÊÜ�Ã¬½Rþ��

D−
0 D0D

−
0 = D−

0 , D0D
−
0 = R,

D0D
−
0 D0 = D0

Ã¬Ö�Ü
D−

0 D0 = P0

À?Å»Ö�Ü¬À?Ã¬Ç8Å»×:Ú�ÀæÛ8Ç8Å»ÂïÂËÇRÀ>Ã¬Ö�ÜÿÅ»Ö
t ∈ I

Û8ÇRÀ?Ç8Å»×.À��peX���\����j��A���/���A��e	Þ2��=.¾�Ö
D0

T =0×�ÄDºUÜ�É�åæÃ ßyÚ�ÛRþ	�¬Ö¬Å»Ç8Ç
ßPºÎÔP��Å»Ö�Û8Ú�ÀæÛR¾�Ö�Ü¬À?½RÀPã<À?ÂïÂôÉGßZºL��UeºIêUÀ?Å|Ü¬À?½pDy¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�Ö>Ü¬À?½

Bi (i ≥ 1)
ÂZÃ�ÛRÛ�åæÃ�ÛAØ�Ç8åæÄ»ÅÆþ��`É�Ã�Á�Ü�ÅÆÀ

àlÐ�ÅÆÛ8ÇRÀ?Ö¬åËÜ¬À?½KÅ»Ö T ¹�ºÎé�UUÃ¬Ö�Ü T ¹�ºL��U�Å»Ö�=.¾�Ä
=0ÅÆÀ?½8ÇRÀ?Ö�ßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.À?Ö!×.À°É�þ	��ÇRÀ?ÇvO,À?½RÜ¬À?Ö�o ê�DjÏ6Ì�ÔAq�º
ßMÃ�Á�×�½8Ã¬Ö�Ü6Ü¬À?½dDy¾�Ö�ÛRÇ8½8Ã¬ÒqÇ8ÅÆ¾�Ö`Ü¬À?½jÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀP×�Å»Ä»Ç

rgGi ≤ rgGi+1
Á®Ý¬½S@8ÀæÜ¬À�ÞKßMàzÃ¬Ö�Ü

i ≥ 0.ÞtÀ?½,½RÀ?×�Ã¬Ä�Ø�½RÀ�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐöÒ.À?Ö¬Ö¬å°À?ÅÆþ��¬Ö�À?ÇKÞKß�à�Û2��Á®Ý¬½,Ü�ÅÆÀ�Ü�ÅÆÀtÕ0ÀæçqÃ�À?Ö¬å
Gi (i ≥ 0)

Û8ÇAÉ�Ç8ÅÆ¾�Ö�Ø�½
O�Å»½RÜäÃ¬Ö�Ü

Gµ
½RÀ?×�Ã¬Ä�Ø�½KÅÆÛ8Ç°º¬ÞjÉ�ÛyÚIÀæÜ¬À?Ã¬ÇRÀ?Ç

∃µ ≥ 0 ∀j ≥ µ : Gµ = Gj , Gµ
½RÀ?×�Ã¬Ä�Ø�½°º

 
Ý¬½GÜ¬À?Öz½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖáÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�O,À?½RÜ¬À?Ö Û8¿�À?åæÅÆÀ?Ä»ÄÆÀ3¼1½R¾A@SÀ?Ò0ÇR¾�½RÀ?Ö
Qi

=.À?½XO,À?Ö�Ü¬À?Ç2��Ü�ÅÆÀ3Ü¬À?½
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

N0 ⊕ · · · ⊕ Nj−1 ⊆ kerQj
×.À?ÖqÝ¬×.À?Ö<º~Õ0¾�Ä�É�Ö¬×.À

Ni ∩ Nj = {0} (j = 0, . . . , i− 1)
ÅÆÛ8Ç2�

Ò���Ö¬Ö�À?Ö!Ü�ÅÆÀ
Qi

ÛR¾�×.À�OUØA�¬Ä»Ç�O,À?½RÜ¬À?Ö��"Ü�É�ÛRÛ
QiQj = 0 (j = 0, . . . , i− 1)

×�Å»Ä»Ç°º
ßMÖ�Ü¬À?½RÀ?½RÛRÀ?Å»ÇRÛ2�°Á�É�Ä»ÄÆÛ<Á�Ý¬½~À?Å»Ö

i∗ ≥ 0
×�Å»Ä»Ç

Ni∗+1∩Ni∗ = Ni∗∩kerBi∗ 6= {0}
�°ÛA¾�ÚIÀæÛRÇRÀ���Ç|Ü�ÅÆÀ�×.ÀæÛAÉ�ÂËÇRÀ

Õ0ÀæçqÃ�À?Ö¬å
{Gk}k≥0

Ö�Ã¬½jÉ�Ã�Û�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö3Ï6É�Ç8½8Å»å°À?Ö�o Ï6Ø�½AÌ�Í�Ú$q
Ã¬Ö�Ü!Ü�ÅÆÀËÞyßMàÿÅÆÛ8ÇKÖ¬ÅÆþ	��Çt½RÀ?×�Ã¬Ä�Ø�½°ºIà1Å»Ö�À
ÛR¾�ÄÆþ	��ÀÊÞKß�à�O�Å»½RÜ�Û8Å»Ö¬×�Ã¬Ä�Ø�½y×.À?Ö�É�Ö¬Ö�Ç°º�Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

N0 ⊕ · · · ⊕Nj−1 ⊆ kerQj , j ≥ 1

ÅÆÛ8ÇïÁ®Ý¬½%ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ!ÞKß�à�Û%Ö¬ÅÆþ���ÇöÖ�¾�Ç¦O,À?Ö�Ü�Å»×:À?½SÁ�Ý¬Ä»Ä»ÇÄo ê�DjÏ3Ì�Ôrq�º^>yÂ É�Ã�þ���ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖÿÞKß�à�ÛGÀ?Å»Ö�À?Ö
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐôåæÃ�¾�½RÜ�Ö�À?ÖGåæÃôÒ���Ö¬Ö�À?Ö���ÅÆÛ8Ç�ÀæÛ�Ö�¾�Ç�O,À?Ö�Ü�Å»×ïÜ¬À?ÖòÚ�À?Ò�É�Ö¬Ö�ÇRÀ?Ööê�À?×�½8Å<;�Ü¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛÊåæÃ3Âò¾qÜ�Å ½ åæÅÆÀ?½RÀ?Ö<º�Á�Å»½�ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö Ü�É�åæÃ6åæÃ¬Ö�Ø�þ	��Û8Çj½RÀ?×�Ã¬Ä�Ø�½RÀ�Ã¬Ö�Ü6Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ��
Ä»Å»Ö�À°É�½RÀÊÞKß�à�Û°º

é�ê�� �Æô"!$#�ò^ó&%+ì�ï�ì('Íì�÷)�4õ�÷)*^ô¦ó�ôbõ+%�õ-,Iô�!/.Zï0��ð�1Zì�ó�ô"!Zï�÷+ì�ï3254(67,
 
Ý¬½yÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ��¬Ä»Å»Ö�À°É�½RÀËßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö Ü¬À?½Y �¾�½8Â

A0 (t) (D0 (t)x (t))′ +B (t) x (t) = q (t) ,
T ¹�ºM��U

ÂïÅ»Ç
A0 (t) ∈ L

( Ò n, Ò k
)
, D0 (t) ∈ L ( Ò m, Ò n) , B (t) ∈ L

( Ò m, Ò k
)
, q (t) ∈ Ò k Ã¬Ö�Ü x (t) ∈

Ò m O�Ã¬½RÜ¬À�Å»Ö�o ê�DjÏ6Ì�Ôrq�ÚIÀ?½RÀ?Å»ÇRÛjÀ?Å»Ö`ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?½ÊÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ ≥ 1

Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º<ßMÃ�Á,Ü�ÅÆÀæÛRÀ?½
��½8Ã¬Ö�Ü�Ä�É�×.À6À?½SÁ�¾�Ä»×�ÇGÅ»Â Ö�Ø�þ	��Û8ÇRÀ?ÖáßyÚ�ÛRþ	�¬Ö¬Å»Ç8ÇäÀ?Å»Ö�À3à�½XO,À?Å»ÇRÀ?½8Ã¬Ö¬×�É�Ã�ÁZÞyßMà�ÛäÜ¬À?½� �¾�½8Â T ¹�º»¹VUôÃ¬Ö�Ü
µ ≥ 0

º|ßyÖ$��É�Ö�Ü�=.¾�ÖñêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?Ö�O,À?½RÜ¬À?Ö�O�Å»½ËåæÃ¬Â ßyÚ�ÛRþ	�¬Ä»Ã�ÛRÛPÜ�ÅÆÀæÛRÀæÛtDÊÉ�¿¬Å»ÇRÀ?ÄÆÛ�ÛRÀ���À?Ö��|Ü�É�ÛRÛÊÖ¬ÅÆþ	��Ç
É�Ä»ÄÆÀd��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö�Ü�ÅÆÀæÛRÀæÛUÙZR0¿�Û,Äx��ÛRÚ�É�½�¾0Ü¬À?½�×�É�½UÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ïÄx��Û8Ú�É�½UÛ8Å»Ö�Ü*º�ÞtÀ?Ö¬Ö�¾0þ��äÀ?½8ÂÂ��×�Ä»ÅÆþ��qÇKÜ�ÅÆÀæÛRÀ?½
Ö�À?Ã�À!#&Ö�Ü¬ÀeÐ0Ú�À?×�½8Å<;6Ö�Ã¬Ö�É�Ã�þ	��À?Å»Ö�À�8^��É�½AÉ�Ò0ÇRÀ?½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×%ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?½yÞKß�à�Û°º

¹°Í
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Þ�ÅÆÀäà1ÄÆÀ?ÂòÀ?ÖqÇRÀ�Ü¬À?½òÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ!É�Ã�ÛïßMÚ�ÛRþ��¬Ö¬Å»Ç8Ç�¹�ºÎÍ?��Ø�Ö¬×.À?Ö�Á�Ý¬½�Ä»Å»Ö�À°É�½RÀ�ÞKß�à�ÛïÖqÃ¬½ïÖ�¾qþ	�Ì=.¾�Ö
t ∈ I

É�Ú<º n À?Ú�À?Ö
A0, D0, G0, N0, Q0, P0

Ã¬Ö�Ü
R
Û8Å»Ö�ÜöÖ�Ã¬Ö6É�Ã�þ��

B0 (t) = bx (t)
Ã¬Ö�Ü

S0 (t) = {z ∈ Ò m | B0 (t) z ∈ imG0 (t)}
Ö�Ã¬½�=.¾�Ö

t ∈ I
É�Ú$��Ø�Ö¬×�Å»×�º"à1Ú�À?Ö�ÛR¾ïÅÆÛ8ÇKÜ�ÅÆÀt×.ÀæÛAÉ�ÂZÇRÀPÕ0ÀæçqÃ�À?Ö¬å

Gi, Ni, Si, Qi, Pi,

Diff i =
[
D0P0 . . .PiD

−
0

]
t
=
(
D0P0 . . .PiD

−
0

)′ Ã¬Ö�Ü

Bi = Bi−1Pi−1 −GiD
−
0

(
D0P0 . . .PiD

−
0

)′
D0P0 . . .Pi−1,

Á®Ý¬½
i ≥ 1

��Ö�Ã¬½v=.¾�Ö
t ∈ I

É�Ú$��Ø�Ö¬×�Å»×�º
n É�þ���Ü¬À?Â O�Å»½yÜ�ÅÆÀÊÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀÊÁ�Ý¬½�Ä»Å»Ö�À°É�½RÀZÞKßMà�ÛKÚ�À?Ç8½AÉ�þ���ÇRÀ?Çv��É�ÚIÀ?Ö���Ò�É�Ö¬ÖöÁ®Ý¬½yÜ�ÅÆÀæÛRÀC��ÄÆÀ?ÅÆþ��qÃ¬Ö�û

×.À?Ö Ü¬À?½ZÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀGÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ À?Å»Ö¬×.ÀeÁ®Ý$�¬½8ÇÎO,À?½RÜ¬À?Ö<º
Þ�ÅÆÀòÁ�¾�Ä»×.À?Ö�Ü¬ÀôÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�=.À?½RÀ?Å»Ö�Ç�Ü�ÅÆÀ
ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö T ßZº»¹�Ã¬Ö�ÜZßPºÎÔyÉ�Ã�Ûfo ê�DjÏ3Ì�Ôrq9U<Ü¬ÀæÛ|Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛ

µ
Á®Ý¬½|Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ,Ã¬Ö�ÜZ½RÀ?×�Ã¬Ä�Ø�½RÀ

ÞKß�à�Û°º
¶ä��Û1�
���5��µI� § ó �Qø8¨,©�ª¬« � ª¬ �®�����°¯��°±5�®�|²|��³`ø Ó|© �®�®�~� ª¬© �ò¶G·ô��±Iû°ó T o êfDjÏ6Ì�ÔAq9U
Þ�ÅÆÀUÄ»Å»Ö�À°É�½RÀKßMÄ»×.À?Ú¬½R¾�û
Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬× T ¹�ºM��Uf��À?Å
Ï�Ç
¹�ºde��H�Igm�:9IetlÎj�`<;�e¥a+=r`ba?>hj9�þj�`&9�`9Þhj·��i����A@I�0Á�É�Ä»ÄÆÛ

m = k
Ã¬Ö�Ü

rgG0 := r0 = m
º

Í�ºde��H�Igm�:9Ie!lÎj9`B;�e¥a+=r`ba?>hj9�þj�`&9�`9Þhj·��i����
µ ≥1

�.ÁDÉ�Ä»ÄÆÛ
m = k

Ã¬Ö�ÜGÀ?Å»Ö�ÀÊÕ0Àæç�Ã�À?Ö¬å T O�ÅÆÀ�Å»Ö3¹�ºÎÍZÜ¬À ½ Ö¬ÅÆÀ?½8Ç/U
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8Ç2��ÛA¾qÜ�É�ÛRÛ�Á�¾�Ä»×.À?Ö�Ü¬ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Á®Ý¬½

j ≥
¹��¬¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀËÅ»Ö

t ∈ I
�¬À?½SÁ�Ý¬Ä»Ä»ÇKÛ8Å»Ö�Ü

ÅDº
Gj

��É�ÇKÒ.¾�Ö�Û8ÇAÉ�ÖqÇRÀ?Ö�ýMÉ�Ö¬×
rj
É�Ã�Á
I
�

Å»ÅDº
N0 ⊕ · · · ⊕Nj−1 ⊆ kerQj ,Å»Å»ÅDº
Qj ∈ C (I, L ( Ò m)) ,Å
=�º
D0P0 . . .PjD

−
0 ∈ C

1 (I, L ( Ò n))
Ã¬Ö�Ü

=Iº
rµ−1 < rµ = m

º
Ô�ºpÞhj·�m�Ig��:9Ie|lCj�`C;$eXaD=r`baE>hj·� j�`&9�`9Þ/j9��i����

µ ≥1
��Á�É�Ä»ÄÆÛöÀ?Å»Ö�À>Õ0Àæç�Ã�À?Ö¬å>ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8Ç2��ÛR¾qÜ�É�ÛAÛòÁ®Ý¬½

j ≥ 1
�

¿¬Ã¬Ö¬Ò0Ç�O�À?ÅÆÛRÀÊÅ»Ö
t ∈ I

Á�¾�Ä»×.À?Ö�Ü¬ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�À?½SÁ®Ý¬Ä»Ä»ÇyÛ8Å»Ö�Ü
ÅDº
Gj

��É�ÇKÒ.¾�Ö�Û8ÇAÉ�ÖqÇRÀ?Ö�ýMÉ�Ö¬×
rj
É�Ã�Á
I
�

Å»ÅDº
(N0 + · · ·+Nj−1)	 ((N0 + · · · +Nj−1) ∩Nj) ⊆ kerQj ,Å»Å»ÅDº
Qj ∈ C (I, L ( Ò m)) ,Å
=�º
D0P0 . . .PjD

−
0 ∈ C

1 (I, L ( Ò n))
Ã¬Ö�Ü

=Iº
Gµ−1 6= Gµ, Gµ = Gµ+1, Gµ

Û8Å»Ö¬×�Ã¬Ä�Ø�½°º
Þ�ÅÆÀjêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×GÔ�Å»Å<Ú�ÀæÜ¬À?Ã¬ÇRÀ?Ç

∀j ≥ 1 ∃Xj ⊆ kerQj : Xj ⊕ ((N0 + · · ·+Nj−1) ∩Nj) = N0 + · · ·+Nj−1T =0×�ÄDº�Ü�É�åæÃGÉ�Ã�þ	�GÜ�ÅÆÀMßyÖ¬ÂòÀ?½8Ò0Ã¬Ö¬×.À?ÖGÅ»Â ßMÖ$��É�Ö¬×ZßPº»¹VUeº�à�Û,×.À?Ö�Ý¬×�Ç�É�ÄÆÛR¾$��Ü�É�ÛAÛ�À?Å»Ö�À�ÛR¾�ÄÆþ���À N À?½8ÄÆÀ?×�Ã¬Ö¬×
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8Ç°º�Þ�ÅÆÀæÛRÀp��Ø�Ö¬×�ÇYO�ÅÆÀæÜ¬À?½8Ã¬Â =.¾�Ö!Ü¬À?½\Á ÉA�¬Ä~Ü¬À?½y¼1½R¾A@8À?Ò0ÇR¾�½RÀ?Ö

Q0, . . . ,Qj
É�Ú<º

 
Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀ�ÞKß�à�Û^O�Ã¬½RÜ¬ÀKÅ»Ö|o Ï6Ø�½AÌ�Í�þ�qI×.À?å°À?Å»×�Ç2��Ü�É�ÛRÛ�Ü�ÅÆÀ�>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ
N0⊕· · ·⊕Ni

�
imGi

�
SiÛR¾VO�ÅÆÀKÜ�ÅÆÀ\Á`À?½8ÇRÀ

ri = rgGi (i = 1, . . . , k)
Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×z=.¾�ÖôÜ¬À?½,Û8¿IÀ?åæÅÆÀ?Ä»ÄÆÀ?ÖsÁ ÉA�¬Ä�Ü¬À?½,Õ0Àæç�Ã�À?Ö¬å�=.¾�Ö

¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö
Q0, . . . ,Qk

Û8Å»Ö�Ü*º$#&Ö�o Ï3Ø�½AÌ�â�q�O�Ã¬½RÜ¬ÀÊ×.À?å°À?Å»×�Ç2�¬Ü�É�ÛRÛKÜ�ÅÆÀjýMØ�Ã¬ÂòÀ
N0 + · · ·+Ni

�
imGiÃ¬Ö�Ü

Si
ÛR¾VO�ÅÆÀËÜ�ÅÆÀdÁ`À?½8ÇRÀ

ri = rgGi
À?ÚIÀ?Ö�ÁDÉ�Ä»ÄÆÛKÃ¬Ö�É�Ú$��Ø�Ö¬×�Å»×Ê=.¾�Ö!Ü¬À?½�Û8¿IÀ?åæÅÆÀ?Ä»ÄÆÀ?Ö?Á ÉA�¬Ä|Ü¬À?½�Õ0ÀæçqÃ�À?Ö¬å

=.¾�Öô¼1½R¾A@8À?Ò0ÇR¾�½RÀ?Ö%Û8Å»Ö�Ü*º.ÞjÉ�ÂïÅ»Ç�ÅÆÛRÇ�ÛR¾2O�¾I�¬Ä"Ü¬À?½�½RÀ?×�Ã¬Ä�Ø�½RÀ�É�ÄÆÛ,É�Ã�þ	�%Ü¬À?½�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×s=.¾�Ö�Ü¬À?½yÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀ?ÖJÁ ÉA�¬Ä~Ü¬À?½�@8À�O,À?Å»ÄÆÛKåæÃ¬Ä�Ø�ÛAÛ8Å»×.À?Ö!¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö<º

¹°Ô
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é�êGFIH�ô"!Zï�÷+ì�ô",Aô�ï�ì�ò/!$#�ò/!�.J'Íì�÷)�-õ�÷)*^ô�ó¦ôHõK%�õ-,Aô"!�.Sï0�Wð�1Sì(,Aî\ï�L�ô�ï¼ó�ó�ïNMÆòZ÷O,Iô�ó¦ô�!Zï¼÷�ì�ï32�4(67,
#&Â =.¾�½8Å»×.À?Ö�ßMÚ�ÛRþ	�¬Ö¬Å»Ç8Ç�O�Ã¬½RÜ¬ÀäÜ¬À?½�ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀäÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ Á�Ý¬½�Ä»Å»Ö�À°É�½RÀäÞKß�à�ÛòÀ?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç°º
ÞjÉËÜ�ÅÆÀd��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö���Ü�ÅÆÀvO�Å»½�ÛR¿�Ø�ÇRÀ?½�É�Ã�Û�Ü¬À?½�ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö�À?½X��É�Ä»ÇRÀ?Ö��0Ö¬ÅÆþ	��Ç�Ä»Å»Ö�À°É�½�Û8Å»Ö�Ü��
O�Å»½RÜ!Ü¬À?½v#�Ö�Ü¬ÀeÐ�ÚIÀ?×�½8Å<;>Ö�¾0þ��!À?Å»Ö¬ÂôÉ�Ä
À?½XO,À?Å»ÇRÀ?½8Ç°ºIÞjÉ�Ö¬Ö!Ò�É�Ö¬Ö�Ö�À?ÚIÀ?Ö!Ö¬ÅÆþ���Ç8Ä»Å»Ö�À°É�½RÀ?Ö6½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö6ÞKß�à�Û
É�Ã�þ���Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�ÞKß�à�ÛKÜ¬À?½v �¾�½8Â T ¹�º»¹VUUÀ?Å»Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ!åæÃ¬×.Àæ¾�½RÜ�Ö�À?Ç�O�À?½RÜ¬À?Ö<º
N Ã¬Ö�Ø�þ	��Û8Ç�Ú�À?Ç8½AÉ�þ��qÇRÀ?ÖwO�Å»½�À?Å»Ö�ÀMã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×�Ü¬À?½�ÞKß�à T ¹�º»¹VU1Ã¬Ö�ÜòÜ�ÅÆÀ�åæÃ¬×.À�����½8Å»×.À�Ï3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ�º

ßMÖ�ÛRþ��¬Ä»ÅÆÀ�Ï.À?Ö�ÜJO�Å»½RÜäÜ¬À?½�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Å»ÖäÛRÀ?Å»Ö�À?½�Ö�À?Ã�À?Öy �¾�½8ÂÓÜ¬À ½ Ö¬ÅÆÀ?½8Ç°º$Á�ÅÆÀ�Ú�À?Å�Ö¬ÅÆþ���Ç8Ä»Å»Ö�À°É�û
½RÀ?Ö��¬½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!ÞyßMà�Ûzo Ï3Ø�½AÌ�Í�ÉAq�O�À?½RÜ¬À?Ö3É�Ã�þ	��Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ��"Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀËÞKßMà�ÛyÉ�Ã�ÁZ�t½8Ã¬Ö�Ü�Ä�É�×.ÀjÅ
�¬½RÀ?½
ã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×�þ	��É�½AÉ�ÒqÇRÀ?½8ÅÆÛRÅÆÀ?½8Ç°º*à�ÛpO�Å»½RÜ!×.À?å°À?Å»×�Ç2�*Ü�É�ÛAÛ�Ü�ÅÆÀPÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö`Ü¬ÀæÛtÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö>Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛyÛR¾�×.À�OUØA�¬Ä»Ç�O�Ã¬½RÜ¬À���Ü�É�ÛAÛKÛ8ÅÆÀjÜ�É�Û�Ú¬ÅÆÛX��À?½MÀ?Ö�Ç�O�ÅÆþAÒ.À?Ä»ÇRÀtDM¾�Ö¬å°À?¿¬ÇMÛAÉ�þ	�¬×.À?ÂôØAÏ%À?½8×�Ø�Ö¬åæÇ°º
¶ä��Û1�
���5��µI� § ó �Ìø �,�®�~� ª¬© ��±5��� © �
�~ �û°ó Þ�ÅÆÀjßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×

AL (t) (DL (t) z (t))′ +BL (t) z (t) = q (t) ,
T ¹�ºL"�U

t ∈ IL ⊆ I, z ∈ C
1
D0

(IL, Ò m)

ÂïÅ»Ç
AL (t) := A0 (t) , DL (t) := D0 (t)

Ã¬Ö�Ü
BL (t) := bx (xL (t) , t) ∈ L ( Ò m)

��À?Å
Ï�ÇdÜ�j·�+�XaIehjµÞhjH�P
ehg����Ê=.¾�Ö T ¹�º»¹VU�Ä�Ø�Ö¬×.ÛKÜ¬À?½� ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö

xL ∈ C
1
D0

(IL, Ò m)
º

ÞtÀ?½<ßMÖ�Á�É�Ö¬×yÜ¬À?½<Ï6É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀZ��É�Ç*Ö�Ã¬ÖËÁ�Ý¬½<Ü�ÅÆÀ1ã<Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×MÄ�Ø�Ö¬×.Û
xL ∈ C

1
D0

(IL, Ò m)
Á�¾�Ä»×.À?Ö�Ü¬À

�tÀæÛ8ÇAÉ�Ä»Ç
GL0 (t) =A0 (t)D0 (t) = G0 (t) ,

NL0 (t) =N0 (t) ,

BL0 (t) =bx (xL (t) , t) = B0 (xL (t) , t) ,

QL0 (t) :=Q0 (t) ,

SL0 (t) = {z ∈ Ò m |BL0 (t) z ∈ imAL (t)}

= {z ∈ Ò m |B0 (xL (t) , t) z ∈ imA0 (t)}

=S0 (xL (t) , t) ,

GL1 (t) =GL0 (t) +BL0 (t)QL0 (t)

=G0 (t) +B0 (xL (t) , t)Q0 (t)

=G1 (xL (t) , t) ,

NL1 (t) =N1 (xL (t) , t) ,

QL1 (t) :=Q1 (xL (t) , t) ,

DL (t)PL0 (t)PL1 (t)D−
L (t) =D0 (t)P0 (t)P1 (xL (t) , t)D−

0 (t) .

Þ�ÅÆÀ\DjÀ?Ç8ÇRÀ�O�Å»½RÜ�Ö�Ã¬ÖôÉ�Ö�É�ÄÆ¾�×ËåæÃ�Ü¬À?ÖòßMÃ�ÛSÁ®Ý$�¬½8Ã¬Ö¬×.À?ÖïÅ»Ö�¹�ºÎÍMÁ®¾�½8Ç8×.ÀæÛAÀ?Ç8åæÇ°º�Þ�À?½�ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐZÁ�Ý¬½S��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö%Ü¬À?½� �¾�½8Â T ¹�º»¹VU|Ò�É�Ö¬ÖÍ@SÀ?Ç8åæÇ1Ü¬À ½ Ö¬ÅÆÀ?½8Ç�O�À?½RÜ¬À?Ö<º.ßyÖ�ÛAþ��¬Ä»ÅÆÀ�Ï.À?Ö�ÜïÚ�À?Ç8½AÉ�þ��qÇRÀ?Ö
O�Å»½jÜ¬À?Ö6Ö�À?Ã�À?Öu#&Ö�Ü¬ÀeÐ�ÚIÀ?×�½8Å<; Å»Â���À?½8×�ÄÆÀ?ÅÆþ	�>åæÃ6Ü¬À?Ö6Ú�À?Ò�É�Ö¬ÖqÇRÀ?Ö>Þ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö`Á�Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀ���Ö¬ÅÆþ��qÇ8Ä»ÅÑû
Ö�À°É�½RÀjÃ¬Ö�ÜäÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ���Ä»Å»Ö�À°É�½RÀÊÞKß�à�Û°º�Þ�ÅÆÀæÛRÀ?½�Ö�À?Ã�À!#&Ö�Ü¬ÀeÐ�ÚIÀ?×�½8Å<;���ÚIÀ?Å»Ö$��É�Ä»ÇRÀ?ÇMÛR¾2O�¾I�¬Ä~Ü�ÅÆÀÊÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö
Ü¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛ

µ ≥ 0
T å.ºlêtºlÉ�Ã�ÛJo Ï3Ø�½AÌ�Í�ÉAq9UPÉ�ÄÆÛïÉ�Ã�þ���Ü�ÅÆÀöÜ¬ÀæÛïÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö

Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛ
µ ≥ 1

Á®Ý¬½�Ä»Å»Ö�À°É�½RÀÊÞKß�à�Û�É�Ã�Û!o ê�DjÏ3Ì�ÔAq��A@8À�O,À?Å»ÄÆÛ�É�ÄÆÛMÕq¿�À?åæÅ�É�ÄÑÁ�É�Ä»ÄDº
Õq¿�Ø�ÇRÀ?½vO,À?½RÜ¬À?ÖÄO�Å»½MÜ�ÅÆÀÊÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?Ö>ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�=.¾�Â ýKÅÆþæþ°É�Ç8ÅÑû�ÙSRq¿�ÂïÅ»Ç

ÈMÅ»ÄÑÁ®ÀjÜ�ÅÆÀæÛRÀæÛ�#�Ö�Ü¬ÀeÐ�ÚIÀ?×�½8Å<;*ÀæÛKþ	��É�½AÉ�ÒqÇRÀ?½8ÅÆÛ8ÅÆÀ?½RÀ?Ö<º

¹?â
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¶ä��Û1�
���5��µI� § ó �ø õG�� I�|��¯ © � © �|�|²�±5�®�| "�
��¯ © � ©%¨,©�ª¬« � ª¬ �®�����°¯��°±5�®�|²|��³Æû°ó Þ�ÅÆÀÊÞKß�à T ¹�º»¹VU���À?Å
Ï�Ç
•
Þhj·����g��:9Ie!lÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�

µ =
@��0Á�É�Ä»ÄÆÛ

G0 = G1
Ã¬Ö�Ü

G0
Û8Å»Ö¬×�Ã¬Ä�Ø�½KÅÆÛ8Ç°º

•
e��H�Igm�R9�etlÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�

µ =
@��0Á�É�Ä»ÄÆÛ

m = k
Ã¬Ö�Ü

G0
½RÀ?×�Ã¬Ä�Ø�½°º

 �É�Ä»ÄÆÛPÀ?Å»Ö�ÀöÕ0ÀæçqÃ�À?Ö¬å��4O�ÅÆÀòÅ»ÖñßMÚ�ÛRþ	�¬Ö¬Å»Ç8ÇG¹�ºÎÍ�À?Å»Ö¬×.ÀeÁ�Ý$�¬½8Ç2�
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8ÇËÃ¬Ö�Ü`Á®¾�Ä»×.À?Ö�Ü¬ÀGêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖñÁ®Ý¬½
j ≥ 1

À?½SÁ®Ý¬Ä»Ä»ÇyÛ8Å»Ö�Ü T @SÀ�O�À?Å»ÄÆÛ�¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀZÅ»Ö�Ü¬À?Ö!ßM½8×�Ã¬ÂòÀ?Ö�ÇRÀ?Ö�U
ÅDº
Gj

��É�Ç�Ò.¾�Ö�ÛRÇAÉ�Ö�ÇRÀ?Ö�ý�É�Ö¬×
rj
�

Å»ÅDº
(N0 + · · · +Nj−1)	 ((N0 + · · ·+Nj−1) ∩Nj) ⊆ kerQj

�
Å»Å»ÅDº
Qj

Û8ÇRÀ?Ç8Å»×��
Å
=�ºKÜ�ÅÆÀ�¿�É�½8Ç8ÅÆÀ?Ä»ÄÆÀ?ÖñßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.À?ÖÈ=.¾�Ö

D0P0 . . .PjD
−
0

Ö�É�þ	�
xj−1, . . . , x1, x

Ã¬Ö�Ü
t
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½RÀ?Ö`Ã¬Ö�Ü

Û8Å»Ö�ÜäÛ8ÇRÀ?Ç8Å»×��
=�º
Gµ−1 6= Gµ

Ã¬Ö�Ü
Gµ = Gµ+1

�
��À?Å
Ï�Ç T ¹�º»¹VU
•
e��H�Igm�R9�etlÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�

µ
�0ÁDÉ�Ä»ÄÆÛ�åæÃ�ÛAØ�Ç8åæÄ»ÅÆþ	�

m = k
Ã¬Ö�Ü

Gµ
½RÀ?×�Ã¬Ä�Ø�½yÅÆÛ8Ç°º

•
Þhj·����g��:9Ie!lÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�

µ
�0ÁDÉ�Ä»ÄÆÛ

Gµ
Û8Å»Ö¬×�Ã¬Ä�Ø�½KÅÆÛRÇ°º

#&ÂÚ �¾�Ä»×.À?Ö�Ü¬À?Ö?O�Å»½RÜ!Ü�ÅÆÀÊÞKß�à T ¹�º»¹VUÍe��H�Igm�R9Ieô×.À?Ö�É�Ö¬Ö�Ç2�¬ÁDÉ�Ä»ÄÆÛKÛ8ÅÆÀt½RÀ?×�Ã¬Ä�Ø�½yÂïÅ»ÇyÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ
ÅÆÛRÇ°ºqßMÖ�Ü¬À?½8Ö�Á�É�Ä»ÄÆÛf��À?Å
Ï�Ç�Û8ÅÆÀzÞ/j9���Igm�R9�eeºmÁÿÅ»½�ÛAÉ�×.À?ÖöÜ�ÅÆÀtÞKß�à T ¹�º»¹VUS��É�ÇS�/��i��Q�

µ
�.ÁDÉ�Ä»ÄÆÛUÛ8ÅÆÀMÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö

¾0Ü¬À?½�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ
��É�Ç°º

ßMÃ�þ��kÁ�Ý¬½ôÞyßMà�ÛGÜ¬À?½w �¾�½8Â T ¹�º»¹VU�ÅÆÛRÇôÛR¾2O�¾I�¬Ä�Ü¬À?½%½RÀ?×�Ã¬Ä�Ø�½RÀ3É�ÄÆÛGÉ�Ã�þ��ÿÜ¬À?½%Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ�Ù<½AÉ�Ò0ÇAÉ�Ú¬ÅÑû
Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×�=.¾�Ö Ü¬À?½ïÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀ?Ö�Á ÉA�¬ÄUÜ¬À?½Í@8À�O,À?Å»ÄÆÛ�åæÃ¬Ä�Ø�ÛRÛRÅ»×.À?Ö ¼�½R¾A@SÀ?Ò0ÇR¾�½RÀ?Ö<ºlÏ!Å»Ç�Ü¬À?½
Á�¾�Ä»×.À?Ö�Ü¬À?ÖÿêUÀ?ÂòÀ?½8Ò0Ã¬Ö¬×�O�Å»½RÜ�×.À?å°À?Å»×�Ç2�UÜ�É�ÛRÛGÀæÛôåæÃ¬½��yÚ�À?½8¿¬½8Ý�Á®Ã¬Ö¬× É�Ã�ÁËÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖÿÃ¬Ö�Ü�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

µ
×.À?Ö�Ý¬×�Ç2�"Ü�ÅÆÀÊà1ÄÆÀ?ÂòÀ?ÖqÇRÀËÜ¬À?½yÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀjÁ�Ý¬½yÉ�Ä»ÄÆÀ

j ≤ µ
åæÃ�Ò.¾�Ö�Û8Ç8½8Ã¬ÅÆÀ?½RÀ?Ö<º

¢��qð � ©�« �|�|  § ó�¦Ió  
Ý¬½yÜ�ÅÆÀÊÞKß�à T ¹�º»¹VUUÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½RÀjÀ?Å»Ö�ÀÊÏ6É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ���ÛR¾0Ü�É�ÛRÛ�Ü�ÅÆÀtÁ�¾�Ä»×.À?Ö�Ü¬À?Ö!êUÀæÜ�Å»Ö�û
×�Ã¬Ö¬×.À?ÖäÁ®Ý¬½yÀ?Å»Ö

µ ∈ Ö Ã¬Ö�ÜöÁ�Ý¬½yÉ�Ä»ÄÆÀ
1 ≤ j ≤ µ

À?½SÁ®Ý¬Ä»Ä»ÇyÛ8Å»Ö�Ü*º
ÅDº
Gj

��É�Ç�Ò.¾�Ö�ÛRÇAÉ�Ö�ÇRÀ?Ö�ý�É�Ö¬×
rj
�

Å»ÅDº
(N0 + · · · +Nj−1)	 ((N0 + · · ·+Nj−1) ∩Nj) ⊆ kerQj

�
Å»Å»ÅDº
Qj

Û8ÇRÀ?Ç8Å»×��
Å
=�ºKÜ�ÅÆÀ�¿�É�½8Ç8ÅÆÀ?Ä»ÄÆÀ?ÖñßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.À?ÖÈ=.¾�Ö

D0P0 . . .PjD
−
0

Ö�É�þ	�
xj−1, . . . , x1, x

Ã¬Ö�Ü
t
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½RÀ?Ö`Ã¬Ö�Ü

Û8Å»Ö�ÜäÛ8ÇRÀ?Ç8Å»×��
=�º
Gµ−1 6= Gµ

Ã¬Ö�Ü
Gµ = Gµ+1

º
ÞjÉ�Ö¬Ö�ÅÆÛ8ÇKÜ�ÅÆÀÊÞyßMà T ¹�º»¹VUU½RÀ?×�Ã¬Ä�Ø�½M¾0Ü¬À?½KÛ8Å»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

µ
º

� ��^�hj·Þ�
Mà�ÛtÀeÐ0ÅÆÛRÇ8ÅÆÀ?½RÀZÀ?Å»Ö�À�Ï6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ���ÛR¾0Ü�É�ÛRÛyÁ�Ý¬½tÜ�ÅÆÀZÞyßMà T ¹�º»¹VUyÜ�ÅÆÀ�ê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö>Å
Ú¬ÅÆÛv=�É�Ã�Û
êUÀ?ÂòÀ?½8ÒqÃ¬Ö¬×ò¹�ºM��À?½SÁ®Ý¬Ä»Ä»Ç�Û8Å»Ö�Ü*º�ÞjÉ�Ö¬Öï×�Å»Ä»Ç

Gµ = Gµ+1, BµQµ = 0
Ã¬Ö�Ü

Nµ = Nµ+1
��É�Ã�Á�×�½8Ã¬Ö�ÜÎ=.¾�Ö�=

É�Ã�ÛlêUÀ?ÂòÀ?½8ÒqÃ¬Ö¬×ò¹�ºM�0º n Ã¬ÖZÒ�É�Ö¬ÖïÜ�ÅÆÀfDjÀ?Ç8ÇRÀ,Á®Ý¬½
j ≥ µ

ÛA¾KÁ�¾�½8Ç8×.ÀeÁ�Ý$�¬½8ÇÆO�À?½RÜ¬À?Ö���Ü�É�ÛRÛlÜ�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö
Á®Ý¬½yÉ�Ä»ÄÆÀ

j ≥ 1
×.À?Ä»ÇRÀ?Ö<º

¹°é



ßWà 5�*4á4.�*4â�7·,�7µ.�ãP.�0V79(�ä�3$åW1�æ-(�5�3�¹Æ¸�,�ã-5�3�(�¸�(�ä�0r7·(�¹Æ¸�,�ã45�3�(�çdèC¶v0

¹�ºKà�ÛyÛRÀ?Å
j = µ

º¬Ï!Å»Ç
Qµ := Qµ+1

À?½8×�Å»Ú¬ÇyÛRÅÆþ��äÁ®Ý¬½
µ+ 1

D0P0 . . .PµD
−
0 = D0P0 . . .PµPµ+1D

−
0 , Diffµ = Diffµ+1 .

à�ÛKÅÆÛ8Ç
PµQµ+1 = (I −Qµ)Qµ = 0

Ã¬Ö�Ü�Ü�ÉA��À?½�Á�¾�Ä»×�Ç

Bµ+1Qµ+1 = BµPµQµ+1 −Gµ+1D
−
0 DiffµD0P0 . . .PµQµ+1

= 0,

Gµ+2 = Gµ+1.

Á`À?Å»ÇRÀ?½X�¬Å»Ö3ÀeÐ0ÅÆÛRÇ8ÅÆÀ?½8Ç T =q×�ÄDºP��¾�½AÉ�Ã�ÛAÛRÀ?Ç8åæÃ¬Ö¬×ôÅ»Å·U�À?Å»Ö
Xµ ⊆ kerQµ ⊆ Ò m ÂïÅ»Ç

(N0 + · · · +Nµ−1) = Xµ ⊕ ((N0 + · · · +Nµ−1) ∩Nµ)

→ Xµ = (N0 + · · ·+Nµ−1)	 ((N0 + · · ·+Nµ−1) ∩Nµ) .

ÞjÉ�½AÉ�Ã�ÛKÁ®¾�Ä»×�Ç

Xµ ⊕Nµ = N0 + · · ·+Nµ−1 +Nµ

→ (N0 + · · ·+Nµ)	Nµ = Xµ ⊆ kerQµ.

Ï�Å»Ç
Nµ+1 = Nµ ⊆ N0 + · · ·+Nµ

Ã¬Ö�Ü
(N0 + · · ·+Nµ) ∩Nµ+1 = Nµ+1 = Nµ

Á®¾�Ä»×�Ç�ÖqÃ¬Ö

(N0 + · · ·+Nµ)	 ((N0 + · · · +Nµ) ∩Nµ+1)

= (N0 + · · ·+Nµ)	Nµ

= Xµ ⊆ kerQµ = kerQµ+1.

Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö3Û8Å»Ö�ÜäÜ�ÉA��À?½MÉ�Ã�þ��!Á�Ý¬½
j = µ+ 1

À?½SÁ�Ý¬Ä»Ä»Ç°º
Í�ºKÞ�ÅÆÀ,ê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖPÅ.Ú¬ÅÆÛ�=jÉ�Ã�Û|ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö%¹�ºL�KÛAÀ?ÅÆÀ?ÖÊÁ®Ý¬½~À?Å»Ö

j > µ
À?½SÁ�Ý¬Ä»Ä»Ç°º�ÞtÉ�Ö¬ÖËÅÆÛ8Ç

Gj = Gj+1
º

N À?Å»×.ÀÊÖ�Ã¬Ö���Ü�É�ÛAÛKÜ�É�Ö¬Ö!Ü�ÅÆÀjêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö!Å<Ú¬ÅÆÛY=öÉ�Ã�ÛKÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö ¹�ºL��Á�Ý¬½
j + 1

À?½SÁ�Ý¬Ä»Ä»ÇKÛRÅ»Ö�Ü*º
Ï�Å»Ç

Gj = Gj+1
×�Å»Ä»Ç|É�Ã�þ��

Nj = Nj+1
�
BjQj = 0

Ã¬Ö�Ü!O�Å»½<Ò���Ö¬Ö�À?Ö
Qj+1 := Qj

ÛRÀ?Ç8å°À?Ö<º°ÞjÉ�Ö¬Ö
ÅÆÛRÇ

D0P0 . . .PjD
−
0 = D0P0 . . .PjPj+1D

−
0

Ã¬Ö�Ü:Ü�É�ÂïÅ»Ç
Diffj = Diffj+1

º1Ï!Å»Ç
PjQj+1 =

(I −Qj)Qj =
Á®¾�Ä»×�ÇKÜ�É�Ö¬Ö�É�Ã�þ	�

Bj+1Qj+1 = BjPjQj+1 −Gj+1D
−
0 Diffj D0P0 . . .PjQj+1 = 0,

Gj+2 = Gj+1, Nj+2 = Nj+1
Ã¬Ö�Ü

∃Xj ⊆ kerQj : Xj = (N0 + · · ·+Nj−1)	 ((N0 + · · ·+Nj−1) ∩Nj)

→ Xj ⊕Nj = N0 + · · · +Nj−1 +Nj .

à�Û�Á�¾�Ä»×�Ç�Ö�Ã¬Ö

(N0 + · · ·+Nj)	 ((N0 + · · · +Nj) ∩Nj+1)

= (N0 + · · ·+Nj)	Nj

= Xj ⊆ kerQj = kerQj+1.

Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö3Û8Å»Ö�ÜäÜ�ÉA��À?½MÉ�Ã�þ��!Á�Ý¬½
j + 1

À?½SÁ�Ý¬Ä»Ä»Ç°º

¹2�



ßWà 5�*4á4.�*4â�7·,�7µ.�ãP.�0V79(�ä�3$åW1�æ-(�5�3�¹Æ¸�,�ã-5�3�(�¸�(�ä�0r7·(�¹Æ¸�,�ã45�3�(�çdèC¶v0

→
Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö!Å*Ú¬ÅÆÛ\=äÉ�Ã�ÛKÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Öñ¹�ºL��ÛRÅ»Ö�ÜöÁ�Ý¬½yÉ�Ä»ÄÆÀ

j ≥ 1
À?½SÁ®Ý¬Ä»Ä»Ç°º

���0ð ð ª-§ ó
& øUT �|²|��³
µ = 1

û°ó�� jb� � ]�c T ¹�º»¹VUs�ma�`V�/��i����
µ = 1

������aIgÌi�aI���0�W�^�h����ý�k�� ������i��
� �XiIj9���Igm�����h���he9ýX��9� `SÞ/j9��i
j�

G1 (x, t)

�ma�`$=Ak��$Þh`baI��`��h�J~YaI���
r1
aIghý
D × I

�
j9j�


N0 (t)	 (N0 (t) ∩N1 (x, t)) ⊆ kerQ1 (x, t) ∀x ∈ D, ∀t ∈ I
�

j·j9j&

Q1 (x, t)

Þh`���`�j
��aIghý
D × I

�
j��D
tiIjb� ü aIeh`�jb�h�9�
���y]	>��
�hj�`�gm�����h�

[
D0 (t)P0 (t)P1 (x, t)D−

0 (t)
]
x

gm��i [
D0 (t)P0 (t)P1 (x, t)D−

0 (t)
]
t

���Ij·Þh`�jb�he��h�ÈaIghý
D × I

g���iÂÞhj·��isi�kIe�`SÞh`���`�j
�wg���i
�D

G0 (t) 6= G1 (x, t)

gm��i
G1 (x, t) = G2

(
x1, x, t

)
, ∀x1 ∈ Ò m, ∀x ∈ D, ∀t ∈ I



� ��^�hj·Þ�


(←−)
 �¾�Ä»×�ÇMÛA¾�Á®¾�½8ÇyÉ�Ã�ÛKêUÀ?ÂòÀ?½8Ò0Ã¬Ö¬×!¹�ºM�0º

(−→)
 �¾�Ä»×�ÇMÛR¾�Á®¾�½8Ç�É�Ã�ÛKÜ¬À?½yÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö ¹�ºL��º

���0ð ð ª�§ óÆ¸ ø8¨�©�ª¬« � ª¬ ���®���°¯��°±5�®�|²|��³3�®�®�~� ª¬© � © ¶%·%�M±Iû°ó�Y Xmef� j9���XaIe�� � ]�c^Þ�lÎj9`+e��H�Igm�R9�eX�hlZ;$eXaD=[P
`ba?>hj9� j9`&9�`9Þhj·��i����

µ ≥ 0
>�ÿ\�/
4Þhj·�m�Ig��:9Ie��hl];$eXaD=r`baE>hj·� j�`&9�`9Þ/j9��i����

µ = 1
Þhj·��i�iIjb� � �_^Z��j�`�j�k����h�a`-
cbugm��i

`-
_de9?f�g�j_�raI�x�h�¼`�

� ��^�hj·Þ�
MßyÃ�Û�Ü¬À?Ö>êUÀ?Ç8½AÉ�þ���Ç8Ã¬Ö¬×.À?ÖñÜ¬À?½�Ï6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀZÁ®Ý¬½MÄ»Å»Ö�À°É�½RÀ�ÞKß�à�Û�Å»Ö6ßyÚ�ÛRþ	�¬Ö¬Å»Ç8Çï¹�ºÎÔÂO�Å»½RÜ3Ü�ÅÆÀ
g çqÃ¬Å
=�É�ÄÆÀ?Ö¬åÊÒ0Ä�É�½°º
Ô ª �°£ § ó § ù ø8¨�©�ª¬« � ª¬ �®�®���°¯��°±5�®�~²
�.³ ²|� © �,���|� ª¬© ��±5��� © �|�| �û°óV� jb� � ]�c T ¹�º»¹VUY�maE>��B�/��i��Q�h`?
 � a����
�ma�`)i2�Xi��CÜÆj9���Xa�e/j·Þ/jb�hehg����A�rkI� T ¹�º»¹VUC�R9����AÞs�hj·�+�he Y g���=r`�j�k��

xL ∈ C
1 (IL, Ò m) , IL ⊆ I,

�j>	�h�2ýKaI�·�þÞ
�/��i��Q�/`-

Y Xme\eX�H��g��:9Ie�� � ]�cfÞZ��j·�<`�ÞKk���aIejk)lm��i��\ÜÆj9���XaIehj·Þ/jb�he/gm��� T ¹�ºL"�UB�rkI� T ¹�º»¹VUY�:9I���AÞv�hj9���he Y g��0=A`�j�kI�

xL ∈
C1

D0
(IL, Ò m)

�ma�`-e��H�Igm�R9Ie��h�m;$eXaD=r`ba?>�j·� j9`&9�`9Þ/j9��i����n`Í���h��aIgÊi�a����0�o�^�h�¼�Ji�jH� � ]vc T ¹�º»¹VUYe��H�Igm�:9IeplCj�`
;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�p`sj·Þh`�

� ��^�hj·Þ�
Z¹�º� �É�Ä»Äz 
Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀZÞKßMà�Û\O�Ã¬½RÜ¬ÀËÜ�ÅÆÀjßMÃ�ÛRÛAÉ�×.ÀtÅ»ÖÈo Ï6Ø�½AÌ�Í�ÉAq<Ú�À�O�ÅÆÀæÛRÀ?Ö<º
Í�º$ �É�Ä»ÄPÞMÅÆÀUÞKß�à T ¹�º»¹VU|ÛRÀ?Å¬Û8Å»Ö¬×�Ã¬Ä�Ø�½lÂïÅ»Ç�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹�º�ÞjÉ�Ö¬Öï×.À?Ä»ÇRÀ?ÖïÜ�ÅÆÀUêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö%É�Ã�Û

Þ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö ¹�ºL��º�ÁÿÅ»½�O�À?½SÁ®À?Ö�Ö�Ã¬Ö�À?Å»Ö�À?Ö3ê�Ä»ÅÆþRÒ!É�Ã�Á�Ü�ÅÆÀËã*Å»Ö�À°É�½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×%Ä�Ø�Ö¬×.Û�À?Å»Ö�À?½ ½ Ð�ÅÆÀ?½8ÇRÀ?Ö
 ¬Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö

xL ∈ C
1 (IL, Ò m)

º¬ÞjÉ�Ö¬Ö�×�Å»Ä»Ç�Á®Ý¬½
t ∈ IL

ÅDº
GL1 (t) = G1 (xL (t) , t)

→ rL1 = rgGL1 (t) = rgG1 (xL (t) , t) = r1 konstant
É�Ã�Á
IL
�

Å»ÅDº
NL0 (t)	 (NL0 (t) ∩NL1 (xL (t) , t)) = N0 (t)	 (N0 (t) ∩N1 (xL (t) , t))

⊆ kerQ1 (xL (t) , t) = kerQL1 (t) ,
Å»Å»ÅDº

QL1 (t) = Q1 (xL (t) , t)
ÅÆÛ8ÇKÛRÇRÀ?Ç8Å»×òÅ»Ö

t ∈ IL
�

Å
=Iº
DL0PL0PL1D

−
L0 (t) = D0P0P1D

−
0 (xL (t) , t)

ÅÆÛ8ÇKÛ8ÇRÀ?Ç8Å»×ôÜ�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½yÖ�É�þ	��Ç2�
=Iº
GL0 (t) = G0 (t) 6= G1 (xL (t) , t) = GL1 (t)

ÅÆÛ8ÇKÛRÅ»Ö¬×�Ã¬Ä�Ø�½°º

¹V�
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→
ßMÄ»ÄÆÀ�ã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×.À?ÖòÜ¬À?½lÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖïÞKß�à T ¹�º»¹VU*ÂïÅ»Ç
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐö¹,Ä�Ø�Ö¬×.Û
À?Å»Ö�À?½

 ¬Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö
xL ∈ C

1 (IL, Ò m)
�qÀ?½SÁ®Ý¬Ä»ÄÆÀ?Ö�Ü�ÅÆÀtê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö!É�Ã�Û�ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö`¹�º âPÁ®Ý¬½UÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ��

Ä»Å»Ö�À°É�½RÀÊÞKß�à�ÛKÂïÅ»ÇKÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹�º

¢��qð � ©�« �|�|  § ó §�§?ø�qhr �
��´ ª ���0�I�°�%·G�~±5± ª  ��0�>ø Ó|©j© �q "�
��¯ © �ï¶G·ô��±Iû°ó à�Û�ÛRÀ?Å
m = k

��Ü�É�Ö¬ÖòÛRÅ»Ö�Ü
Á�¾�Ä»×.À?Ö�Ü¬ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö3Ø�çqÃ¬Å
=�É�ÄÆÀ?ÖqÇ°º
¹�ºKÞ�ÅÆÀÊÞyßMà T ¹�º»¹VU�ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ ¹�º
Í�º
G1 (x, t)

��É�ÇMÉ�Ã�Á
D × I

Ò.¾�Ö�Û8ÇAÉ�Ö�ÇRÀ?Ö3ýMÉ�Ö¬×
r1 = m

Ã¬Ö�Ü
rgG0 (t) = r0 < r1 = m

É�Ã�Á
I
º

Ô�º
N0 (t) ∩ S0 (x, t) = {0} , x ∈ D, t ∈ I

Ã¬Ö�Ü
rgG0 (t) = r0 < m

É�Ã�Á
I
º

� ��^�hj·Þ�
v#�ÖäÜ¬À?ÖöÁ�¾�Ä»×.À?Ö�Ü¬À?Ö!ßMÃ�ÛSÁ�Ý$�¬½8Ã¬Ö¬×.À?ÖJO�À?½RÜ¬À?Ö!Ü�ÅÆÀjßM½8×�Ã¬ÂòÀ?Ö�ÇRÀ���Ü¬À?½Y�MÚIÀ?½RÛRÅÆþ���Ç8Ä»ÅÆþ	�¬Ò.À?Å»Ç���É�Ä»Ú�À?½2�
O,À?×�×.À?Ä�É�ÛAÛRÀ?Ö<º�ßMÄ»ÄÆÀdDy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?ÖÄO,À?½RÜ¬À?Ö�¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀËÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ç°º
à�ÛyÛRÀ?Å*Ö�Ã¬Ö

m = k
º¬à�Û\O�Å»½RÜäÖ�É�þ���À?Å»Ö�É�Ö�Ü¬À?½�×.À?å°À?Å»×�Ç

(1.→ 2.) , (2.→ 3.) , (3.→ 1.)
º

(1.→ 2.)
Þ�ÅÆÀòÞKß�à T ¹�º»¹VU!��É�Ú�Àï½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐÿ¹�º<ÞjÉ�Ö¬ÖñÛRÅ»Ö�Ü Ü�ÅÆÀôêUÀeû

Ü�Å»Ö¬×�Ã¬Ö¬×.À?Ö3É�Ã�ÛKÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö ¹�ºL��À?½SÁ�Ý¬Ä»Ä»Ç°º�>MÖ�ÜäÀæÛUÁ�¾�Ä»×�Ç
G1

��É�Ç�Ò.¾�Ö�Û8ÇAÉ�ÖqÇRÀ?Ö�ý�É�Ö¬×
r1 = m

º
ßyÃ$Ï.À?½RÜ¬À?Â ×�Å»Ä»ÇKÄ�É�Ã¬ÇY��¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬×.À?Ö

G1 = G0 +B0Q0 6= G0
º

ßyÖ¬×.À?Ö�¾�ÂïÂòÀ?Ö�ÀæÛ�OUØ�½RÀ
m = rgG0

º°ÞjÉ�Ö¬ÖZÅÆÛ8Ç
N0 = {0}

Ã¬Ö�ÜËÀæÛ<Á®¾�Ä»×�Ç
Q0 = 0

º5ÞjÉ�Ö¬ÖzOUØ�½RÀ
B0Q0 = 0

Ã¬Ö�ÜïÛR¾�ÂïÅ»Ç
G1 = G0

º�ÞMÅÆÀæÛ1ÛRÇRÀ���Ç�@SÀæÜ¬¾0þ��ïÅ»Â ÁÿÅÆÜ¬À?½RÛ8¿¬½8Ã�þ��ïåæÃ¬½���¾�½AÉ�Ã�ÛAÛRÀ?Ç8åæÃ¬Ö¬×
Ã¬Ö�Ü�Ü�ÉA��À?½KÅÆÛ8Ç

m = r1 > r0
º

(2.→ 3.)
Þ�ÅÆÀs��¾�½AÉ�Ã�ÛAÛRÀ?Ç8åæÃ¬Ö¬×.À?Ö�=.¾�Ö:Í�º~ÛAÀ?ÅÆÀ?ÖñÀ?½SÁ®Ý¬Ä»Ä»Ç°º4#&Ö�Û8Ú�ÀæÛR¾�Ö�Ü¬À?½RÀò×�Å»Ä»Ç

r0 < r1
Ã¬Ö�Ü

G1
ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½°º

n É�þ	�!ã<À?ÂïÂôÉôßZºÎÔP×�Å»Ä»Ç
G1

ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½
↔ N0 ∩ S0 = {0}

º

(3.→ 1.)
à�ÛKÛRÀ?Å

N0 ∩ S0 = {0}
º

ÅDº
N0 ∩ S0 = {0} ↔ G1

ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½ T ã<À?ÂïÂôÉôßZºÎÔ�Ueº
→ N1 = {0} , Q1 = 0, kerQ1 = Ò m, P1 = Im

→ N0 	 (N0 ∩N1) = N0 ⊆ Ò m = kerQ1,Å»ÅDº
0 = Q1 ∈ C (I, L ( Ò m)) ,

Å»Å»ÅDº
D0P0P1D

−
0 = D0

(
D−

0 D0

)
ImD

−
0 = D0D

−
0 = R ∈ C1 (I, L ( Ò n))

→ D0P0P1D
−
0

ÅÆÛRÇ�Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×s=.¾�Ö
x
Ã¬Ö�Ü!Û8ÇRÀ?Ç8Å»×ôÜ�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½yÖ�É�þ��

t
º

Å
=�º
rgG0 = r0 < m = r1 → G0 6= G1

�
=�º
G1

½RÀ?×�Ã¬Ä�Ø�½
→ Q1 = 0

Ã¬Ö�Ü�Ü�ÉA��À?½
G2 = G1 +B1Q1 = G1

s+t&u�u$v }�w x
−−−−−−−→

Þ�ÅÆÀjÞKß�à T ¹�º»¹VU���É�ÇK½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹�º

 
Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀ�ÞyßMà�ÛUÜ¬À?½� �¾�½8Â T ¹�º»¹VU1ÅÆÛRÇ�Ü�ÉA��À?½�Ü�ÅÆÀMÚIÀ?Ò�É�Ö¬Ö�ÇRÀ�ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�Ü¬ÀæÛ,Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬Àeû
Ð¬ÀæÛj¹yÁ®Ý¬½�Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀËÞKß�à�Û

N0 (t) ∩ S0 (x, t) = 0
Á®Ý¬½

x ∈ D, t ∈ I
T Ã<º�É�º+o Ï3Ø�½AÌ�¹æþKq9UUØ�ç�Ã¬Å
=�É�ÄÆÀ?Ö�Ç

ÂïÅ»ÇyÜ¬À?½KÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Öñ¹�ºL�òÜ¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛP¹�º
ÞtÀ?½�Á®¾�Ä»×.À?Ö�Ü¬ÀòÕ�É�Ç8åï×�É�½AÉ�ÖqÇ8ÅÆÀ?½8ÇËÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×.Àïã���Û8Ã¬Ö¬×.À?Ö6Á®Ý¬½M½RÀ?×�Ã¬Ä�Ø�½RÀïÞyßMà�ÛtÂïÅ»ÇÊÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�û

Ü¬ÀeÐj¹�º�ÞjÉ�ÚIÀ?Å*Ú�À?å°À?ÅÆþ��¬Ö�À?Ç
‖.‖∞

Ü�ÅÆÀÊÏ6É�Ð0Å»ÂZÃ¬Â�û n ¾�½8Â É�Ã�ÁlÜ¬À?ÂÓÒ.¾�Âï¿�É�Ò0ÇRÀ?Ö?#&Ö�ÇRÀ?½X=�É�Ä»Ä
I∗ ⊆ I

º

¹2"
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Ô ª �°£ § ó §�ì ø �$y"± 
ª¬©�« �q���6´"µ"�w¶G·ô��±>ð ��� © �� I�|��¯ © �qð ¨,©�ª¬« � ª¬ �®�����°¯��°±5�®�|²|��³ § û°óz� jH� � ]vc
T ¹�º»¹VUdÞK�hj�e��H�Igm�R9�etlÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�p`?
 � aI�¼���Ij9�<`
`-
 Y Xme$i2�Xi��/Þ

t0 ∈ I, x0 ∈M0 (t0)
ýX���eh`-���h��a�gu�hj9���ÍÜ�ÝAÞhg����{�rk�� T ¹�º»¹VUzi�g�eX_h�

(x0, t0)



|}
�~��hj
x∗ ∈ C1

D0
(I∗, Ò m)

Ü�ÝAÞhg����3�AkI� T ¹�º»¹VU��
I∗ ⊆ I

=Ak�l ü aD=r`_� t0 ∈ I∗ �Ci�aI����Þhj·��i�a��·�x����/Þh`bÝIe�`��h�|]z�v]

A0 (t) (D0 (t) x (t))′ + b (x (t) , t) = q (t) , D0 (t0)
(
x (t)− x0

)
= 0,

T ¹�ºÎë�U
lÎj�`

x0 ∈ Ò m, q ∈ C (I∗, Ò m)
�hj·��i��hgP`�j<���<ÝAÞj>XaIe�j9�

C1
D0

(I∗, Ò m)
��ý�aI�9�þÞuiIjb��~�`bÝ�e/gm�����h�

∥∥D0 (t0)
(
x0 − x∗ (t0)

)∥∥ g���i ‖q‖∞ aIg�ÞheX��j�_h�$�h��i{=V�x�hj9�|Þhj·��i?

�E
 Y XmetiIjb�vÜ�ÝAÞ/gm���

x (.)
�rkI� T ¹�ºÎë�U!g���i���j·���<�CkI�$Þ�`baI�¼`��

κ
��j·�<`

‖x− x∗‖∞ ≤ κ {‖D0 (t0) (x (t0)− x∗ (t))‖+ ‖q‖∞}

� ��^�hj·Þ�
to ÈMÏ6Ì�Ìrq
Õ0¾�ÄÆþ	��ÀjßyÃ�ÛRÛ É�×.À?ÖGÛ8Å»Ö�Ü%Á®Ý¬½�ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀjÞKßMà�ÛUÄÆÀ?ÅÆÜ¬À?½�Ö¬ÅÆþ	��Ç�ÂÂ��×�Ä»ÅÆþ	�<º�ßyÖ$��É�Ö�ÜÊ=.¾�ÖäêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?Ö�O�Å»½RÜ

Ö�Ã¬Ö�Ü¬À?½�>yÖqÇRÀ?½RÛRþ��¬ÅÆÀæÜ!åKO�ÅÆÛRþ���À?Ö!½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!Ã¬Ö�Ü�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�ÞKßMà�Û�ÂïÅ»ÇyÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�¾0Ü¬À?½
¹tÅ»Â ÈMÅ»Ö�Ú¬Ä»ÅÆþAÒäÉ�Ã�Á1Å
�¬½RÀjã���ÛRÚ�É�½8Ò.À?Å»Ç�=.À?½RÜ¬À?Ã¬Ç8Ä»ÅÆþ��qÇ°º
é�ê�����ï¼ô�,Aîfôbï¼ó�ï
>MÂ Ü�ÅÆÀò¼1½R¾�Ú¬ÄÆÀ?ÂôÉ�Ç8Å»Ò`Ü¬À?½Ëã���ÛRÚ�É�½8Ò.À?Å»Çz=.¾�Ö`ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�åæÃ�=.À?½AÉ�Ö�ÛRþ	��É�Ã¬Ä»ÅÆþ���À?Ö��
Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö�O�Å»½ËÀ?Å»Ö¬Å»×.ÀòÀ?Å»Ö�ÁDÉ�þ���À%êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ�º�#&Ö�Û8ÚIÀæÛA¾�Ö�Ü¬À?½RÀòÜ¬À?½z>MÖ�ÇRÀ?½RÛRþ	�¬ÅÆÀæÜ Å»Â ��À?½X��É�Ä»ÇRÀ?Ö�=.¾�Ö ½RÀeû
×�Ã¬Ä�Ø�½RÀ?ÖäÃ¬Ö�ÜäÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�ÞKß�à�Û\O�Å»½RÜöÜ�É�Ú�À?Å<Ü¬À?Ã¬Ç8Ä»ÅÆþ��<º�ßMÄ»ÄÆÀtßy½8×�Ã¬ÂòÀ?ÖqÇRÀÊÛ8Å»Ö�Üt@8À�O,À?Å»ÄÆÛ�¿¬Ã¬Ö¬Ò0Ç�O�À?ÅÆÛRÀjÅ»Ö
t ∈ I = Ò åæÃJ=.À?½RÛ8ÇRÀ���À?Ö<º
¢��q��± î ���q� § ó ¹�ºyà�ÛyÛRÀ?Å

m = k = n = 2
º�Þ�ÅÆÀÊÅ»Âï¿¬Ä»Å»åæÅ»ÇRÀ���½RÀ?×�Ã¬Ä�Ø�½RÀË×.À�Of�I�¬Ö¬Ä»ÅÆþ���À�Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÑû

þ	��Ã¬Ö¬×
{
x′1 +x2 = q1
x′1 + x′2 = q2

T ¹�º»¹°Ì�U
À?½X��Ø�Ä»ÇyÂïÅ»Ç

A0 =

(
1 0
1 1

)
, D0 =

(
1 0
0 1

) Ã¬Ö�Ü
b =

(
x2 − q1
−q2

)

Ü�ÅÆÀz �¾�½8Â T ¹�º»¹VU?º¬ÞjÉ�ÂïÅ»ÇyÀ?½8×�Å»Ú¬ÇyÛRÅÆþ��

B0 =

(
0 1
0 0

)
, G0 =

(
1 0
1 1

) ½RÀ?×�Ã¬Ä�Ø�½2�
Q0 = 0

Ã¬Ö�ÜäÀæÛ�Á®¾�Ä»×�Ç
G1 = G0 +B0Q0 = G0.

Þ�ÅÆÀt�tÄÆÀ?ÅÆþ���Ã¬Ö¬×%ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½yÂïÅ»ÇKÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ3Ì�º

¹°ë
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Í�º\ÁÿÅ»½KÚ�À?Ç8½AÉ�þ��qÇRÀ?Ö!Ö�Ã¬Ö�Ü�É�Û�Õ�R�Û8ÇRÀ?Â T ¹�º»¹°Ì�U�Ã¬Ö�ÜöÁ®Ý¬×.À?Ö�À?Å»Ö�ÀdO,À?Å»ÇRÀ?½RÀÎ��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×
a1x

′
1 + a2x

′
2 + a3x1 + a4x2 = q3,

ÂïÅ»Ç
a1, a2, a3, a4, q3 ∈ Ò Ú�À?Ä»ÅÆÀ?Ú¬Å»×öÃ¬Ö�Ü ½ Ð�ÅÆÀ?½8Ç2���¬Å»Ö¬åæÃ<º�à�Û�ÅÆÛ8ÇMÖqÃ¬Ö

k = 3, n = m = 2
º�Þ�ÅÆÀ

Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×




x′1 + x2 = q1
x′1 + x′2 = q2

a1x
′
1 + a2x

′
2 + a3x1 + a4x2 = q3

À?½X��Ø�Ä»ÇyÂïÅ»Ç

A0 =




1 0
1 1
a1 a2


 , D0 =

(
1 0
0 1

) Ã¬Ö�Ü
b =




x2 − q1
−q2

a3x1 + a4x2 − q3




Ü�ÅÆÀz �¾�½8Â T ¹�º»¹VU?º¬ÞjÉ�ÂïÅ»ÇyÀ?½8×�Å»Ú¬ÇyÛRÅÆþ��

B0 =




0 1
0 0
a3 a4


 , G0 =




1 0
1 1
a1 a2


 ,

rgG0 = 2, Q0 = 0Ã¬Ö�Ü!ÀæÛUÁ®¾�Ä»×�Ç
G1 = G0 +B0Q0 = G0.

Þ�ÅÆÀt�tÄÆÀ?ÅÆþ���Ã¬Ö¬×%ÅÆÛ8ÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�º
Ô�ºKà�ÛYO�Å»½RÜöÖ�Ã¬Ös@SÀ�O�À?Å»ÄÆÛyÀ?Å»Ö�Àz��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×öÀ?Ö�ÇSÁ�À?½8Ö�Ç°º

É�U�>MÖ�ÇRÀ?½RÛRÃ�þ���ÇöÂôÉ�ÖÿÜ�ÅÆÀ�åKO,À?Å»ÇRÀ���ÄÆÀ?ÅÆþ	��Ã¬Ö¬×�=.¾�Ö T ¹�º»¹°Ì�UôÉ�ÄÆÛ%À?Å»×.À?Ö�Û8ÇAØ�Ö�Ü�Å»×.À3ÞKß�àY��ÛA¾���É�Ç
Ü�ÅÆÀæÛAÀÊÀ?ÚIÀ?Ö�ÁDÉ�Ä»ÄÆÛKÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì

x′1 + x′2 = q2.

à�ÛKÅÆÛ8Ç�Ö�Ø�ÂïÄ»ÅÆþ	�
A0 =

(
1
)
, D0 =

(
1 1

)
, B0 =

(
0 0

) Ã¬Ö�Ü
G0 =

(
1 1

)
.

Ú�UÊÁÿÅ»½RÜ�Ü�É�×.À?×.À?ÖÿÜ�ÅÆÀ�åKO,À?Å»ÇRÀu��ÄÆÀ?ÅÆþ��qÃ¬Ö¬× Ü¬ÀæÛöÕ�R0ÛRÇRÀ?ÂòÛ T ¹�º»¹°Ì�UÎO�À?×�×.À?Ä�É�ÛRÛRÀ?Ö���À?½X��Ø�Ä»ÇòÂôÉ�Ö
À?Å»Ö�ÀËßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×äÂïÅ»ÇyÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Â Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹

x′1 + x2 = q1.

à�ÛKÅÆÛ8ÇKÜ�É�Ú�À?Å

A0 =
(
1
)
, D0 =

(
1 0

)
, B0 =

(
0 1

)
,

G0 =
(
1 0

) Ã¬Ö�Ü
Q0 =

(
0 0
0 1

)
.

à�Û�Á�¾�Ä»×�Ç

G1 =
(
1 1

)
6= G0, Q1 =

(
1 0
−1 0

)
,

B1 = B0P0 =
(
0 0

)
, G2 = G1.

Í�Ì
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¢��q��± î ���q� ì ó  
Ý¬½KÜ�É�Û�Õ�R�Û8ÇRÀ?Â
{
x′1 = q1

x2
1 = q2

ÅÆÛ8Ç
m = 1, n = 1, k = 2

Ã¬Ö�ÜäÂïÅ»Ç
A0 =

(
1
0

)
, D0 =

(
1
) Ã¬Ö�Ü

B0 =

(
0

2x1

) Á®¾�Ä»×�Ç

G0 =

(
1
0

)
, Q0 =

(
0
)
, B0Q0 = 0

Ã¬Ö�Ü�Ü�É�ÂïÅ»ÇKÅÆÛRÇ

G1 = G0 +B0Q0 = G0
Û8Å»Ö¬×�Ã¬Ä�Ø�½

.

→
Þ�ÅÆÀÊÞKß�à:ÅÆÛ8ÇyÛRÅ»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇKÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�º
>MÂ ÂòÀ��¬½ïÝ¬Ú�À?½�Ü�ÅÆÀGã���Û8Ú�É�½8Ò.À?Å»ÇïåæÃ:À?½SÁ�ÉA�¬½RÀ?Ö��-O�Å»½RÜ Ö�Ã¬Ö:Ü¬À?½�×.Àæ¾�ÂòÀ?Ç8½8ÅÆÛRþ	��À�úM½8ÇïÜ¬À?½�ã���Û8Ã¬Ö¬×.À?Ö

Ã¬Ö�ÇRÀ?½RÛRÃ�þ���Ç°ºIà�ÛKÀ?½8×�Å»Ú¬Ç�Û8ÅÆþ��

M0 =
{
z ∈ Ò 2

∣∣ 0 = x2
1 − q2

}
.

M0
ÅÆÛ8ÇUÁ®Ý¬½

q2 < 0
ÄÆÀæÀ?½2��Ü�ÉA��À?½KÅÆÛ8ÇKÜ�ÅÆÀËÞKßMà�Å»Ö!Ü�ÅÆÀæÛRÀ?ÂÇ �É�Ä»Ä~Ö¬ÅÆþ���ÇMÄx��Û8Ú�É�½°º

¢��q��± î ���q�U¡*ó  
Ý¬½KÜ�É�Û�Õ�R�Û8ÇRÀ?Â




x′1 = q1
x′2 + x1 = q2
x′3 + x2 = q3

x3 = q4

, m = 3, k = n = 4

ÂïÅ»Ç

A0 =




1 0 0
0 1 0
0 0 1
0 0 0




Ã¬Ö�Ü
D0 =




1 0 0
0 1 0
0 0 1




×�Å»Ä»Ç

G0 =




1 0 0
0 1 0
0 0 1
0 0 0


 , B0 =




0 0 0
1 0 0
0 1 0
0 0 1


 ,

r0 = 3, N0 = {0} , Q0 = 0, M0 =
{
z ∈ Ò 3

∣∣ x3 = q4
}
.

ÞjÉ�ÂïÅ»ÇKÅÆÛ8Ç
G1 = G0 +B0Q0 = G0

Ã¬Ö�ÜäÜ�ÅÆÀÊÞKß�à���É�ÇMÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö!Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�º
¢��q��± î ���q� � ó o Ï6Ø�½AÌ�Í�Ú$q� 
Ý¬½yÜ�É�ÛMÕ�R�Û8ÇRÀ?Â

{
t (−x1 + tx2)

′ +x1 − tx2 = q1
(−x1 + tx2)

′ = q2
, m = k = 2, n = 1

Í�¹
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ÂïÅ»Ç

A0 =

(
t
1

)
, D0 =

(
−1 t

)
,

Á�¾�Ä»×�Ç

G0 =

(
−t t2

−1 t

)
, N0 =

{
z ∈ Ò 2

∣∣ z1 = tz2
}
,

Q0 =

(
t 1
1 1/t

)
, B0 =

(
1 −t
0 0

)
,

M0 =
{
z ∈ Ò 2

∣∣x1 − tx2 = q1 − tq2
}
,

Ã¬Ö�Ü
G1 =

(
−t t2

−1 t

)
+

(
1 −t
0 0

)(
t 1
1 1/t

)

=

(
−t t2

−1 t

)
= G0

ÅÆÛRÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½
.

ÞjÉ�ÛMÕ�R�Û8ÇRÀ?Â ��É�ÇyÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö3Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ì�º
[ ÀæÜ¬Àu ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö

x (t) =
(

tγ(t)
γ(t)

)
, t ∈ I,

Äx��Û8ÇöÜ�ÅÆÀÄ��¾�Âò¾�×.À?Ö�ÀÈ��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×�º�ÞjÉ�ÚIÀ?ÅtÅÆÛ8Ç
γ (t) ∈

C (I, Ò )
ÚIÀ?Ä»ÅÆÀ?Ú¬Å»×CO�ØA�¬Ä»Ú�É�½°ºP �É�Ä»ÄÆÛ

q
Ü�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

tq2 (t)− q1 (t) = −x1 (0)+
∫ t

0 q2 (s) ds
À?½SÁ�Ý¬Ä»Ä»Ç2�

��É�ÇyÜ�É�Û�Å»Ö$��¾�Âò¾�×.À?Ö�ÀZ¼1½R¾�Ú¬ÄÆÀ?Â ÂïÅ»Ö�Ü¬ÀæÛRÇRÀ?Ö�ÛyÀ?Å»Ö�ÀÊã���ÛRÃ¬Ö¬×?o Ï3Ø�½AÌ�¹?Ú�q�º
¢��q��± î ���q� � ó ¹�ºyÞMÅÆÀËßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×

{
x′1 +x2 = q1

x1 + x2 = q2
, m = k = 2, n = 1

À?½X��Ø�Ä»ÇMÜ�ÅÆÀ! �¾�½8Â T ¹�º»¹VU�ÂïÅ»Ç
A0 =

(
1
0

)
, D0 =

(
1 0

) Ã¬Ö�Ü
b =

(
x2

x1 + x2

) ºPÁ`À?Å»ÇRÀ?½X�¬Å»Ö!ÅÆÛ8Ç

B0 =

(
0 1
1 1

)
, G0 =

(
1 0
0 0

) Ã¬Ö�Ü�ÀæÛ�ÅÆÛ8Ç
G1 =

(
1 0
1 1

) ½RÀ?×�Ã¬Ä�Ø�½
.

Þ�ÅÆÀÊÞyßMàkÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹ÊÃ¬Ö�ÜäÜ�É�ÂïÅ»ÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×òÄx��Û8Ú�É�½°º
Í�º\ÁÿÅ»½1Ã¬Ö�ÇRÀ?½RÛRÃ�þ���À?ÖôÜ�É�Û�êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�Ö�¾0þ��òÀ?Å»Ö¬ÂôÉ�Äb��Á®Ý¬×.À?ÖôÉ�Ú�À?½�@8À?Ç8åæÇ�À?Å»Ö�ÀUÚ�À?Ä»ÅÆÀ?Ú¬Å»×.À���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×ËÜ¬À?Â
Õ�R�Û8ÇRÀ?ÂÚ�¬Å»Ö¬åæÃ<º�à�ÛKÛRÀ?Å

a1x
′
1 + a2x

′
2 + a3x1 + a4x2 = q3

ÂïÅ»Ç
a1, a2, a3, a4, q3 ∈ Ò Ú�À?Ä»ÅÆÀ?Ú¬Å»×òÃ¬Ö�Ü ½ Ð�ÅÆÀ?½8Ç°º

É�U� "É�Ä»Ä
a2 6= 0

º
ÞjÉ�Ö¬Ö�×�Å»Ä»ÇKÁ�Ý¬½KÜ�É�Û�Ö�À?Ã�ÀPÕ�R0Û8ÇRÀ?Â

A0 =




1 0
0 0
a1 a2


 , D0 =

(
1 0
0 1

)
, B0 =




0 1
1 1
a3 a4


 ,

Í�Í
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ÛA¾2O�ÅÆÀ

G0 =




1 0
0 0
a1 a2


 , Q0 =

(
0 0
0 0

)
.

→ G0 = G1.

Þ�ÅÆÀæÛRÀæÛ�Õ�R0Û8ÇRÀ?ÂÇ��É�ÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ì�º
Ú�U� "É�Ä»Ä

a2 = 0
º

ÞjÉ�Ö¬Ö�×�Å»Ä»ÇKÁ�Ý¬½KÜ�É�Û�Ö�À?Ã�ÀPÕ�R0Û8ÇRÀ?Â

A0 =




1
0
a1


 , D0 =

(
1 0

)
, B0 =




0 1
1 1
a3 a4




Ã¬Ö�Ü

G0 =




1 0
0 0
a1 0


 , Q0 =

(
0 0
0 1

)
, B0Q0 =




0 1
0 1
0 a4


 ,

G1 =




1 1
0 1
a1 a4


 , N1 = {0} .

→ G2 = G1.

Þ�ÅÆÀæÛRÀæÛ�Õ�R0Û8ÇRÀ?ÂÇ��É�ÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹�º
Ô�ºKà�ÛYO�Å»½RÜäÀ?Å»Ö�Àt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×öÀ?Ö�ÇSÁ�À?½8Ö�Ç°º

É�UöÞjÉ�Û%Õ�R�Û8ÇRÀ?ÂèÚ�ÀæÛ8ÇRÀ���ÀöÖqÃ¬Ö�Ö�Ã¬½öÉ�Ã�ÛòÜ¬À?½ôÀ?½RÛ8ÇRÀ?Ö���ÄÆÀ?ÅÆþ	��Ã¬Ö¬×�º�Þ�ÅÆÀ�ÞKß�à)À?Ö�ÇRÛR¿¬½8ÅÆþ���ÇGÜ¬À?½
ÞyßMàÿÉ�Ã�ÛKêUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�¹�ºÎÔ�Ú<º�Þ�ÅÆÀæÛRÀz��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×Ê��É�ÇyÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐñ¹�º

Ú�UößMÃ�ÛöÜ¬À?Â Õ�R0Û8ÇRÀ?ÂËO�Å»½RÜzÜ�ÅÆÀ6À?½RÛ8ÇRÀ���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×kÀ?Ö�ÇSÁ�À?½8Ö�Ç°º�ÞjÉ�ÂïÅ»ÇJ��É�Ú�À?Ö�O�Å»½äÀ?Å»Ö�À3½RÀ?Å»Ö
É�Ä»×.À?Ú¬½AÉ�ÅÆÛAþ���À���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×�º

A0 =
(
0
)
, D0 =

(
0 0

)
, B0 =

(
1 1

)

Ã¬Ö�Ü!ÀæÛ�ÅÆÛ8Ç

G0 =
(
0 0

)
, Q0 = I2, G1 = B0 =

(
1 1

)
,

Q1 =

(
1 0
−1 0

)
, B1 = B0P0 =

(
0 0
0 0

)
.

→ G2 = G1.

Þ�ÅÆÀjÉ�Ä»×.À?Ú¬½AÉ�ÅÆÛRþ	��Àt��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×ôÅÆÛ8ÇUÜ�ÉA��À?½KÀ?Å»Ö�ÀjßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×öÂïÅ»Ç�Û8Å»Ö¬×�Ã¬Ä�Ø�û
½RÀ?Â Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º

Í�Ô
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¢��q��± î ���q�  ó Þ�ÅÆÀæÛRÀæÛ�êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�O�Ã¬½RÜ¬ÀyÚ�À?½RÀ?Å»ÇRÛ�Å»ÖÄo Ï?ÁáÌ�¹hq�É�Ã�Á*½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖäÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐôÃ¬ÖqÇRÀ?½Sû
Û8Ã�þ	��Ç°º�à1Å»Ö�À�Û8¿IÀ?åæÅÆÀ?Ä»ÄÆÀÍ �¾�½8Â

(q1 = 0, q2 = 0, q3 = 0)
O�Ã¬½RÜ¬ÀMÅ»Öuo ßM¼�ë�"Iq*É�Ö�É�Ä
R�Û8ÅÆÀ?½8Ç°º0à�Û,ÛAÀ?Å

m = k =
3
º$ÁÿÅ»½�ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö�Ü�É�ÛtÕ�R0ÛRÇRÀ?Â





x′1 − x3 = q1
x2 (1− x2) = q2

x1x2 + x3 (1− x2)− t = q3

ÂïÅ»Ç
A0 =




1
0
0


 Ã¬Ö�Ü

D0 =
(
1 0 0

) º$ 
Ý¬½KÜ�ÅÆÀÊà�ÄÆÀ?ÂòÀ?Ö�ÇRÀPÜ¬À?½KÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀÊÀ?½X��Ø�Ä»ÇyÂôÉ�Ö

D−
0 =




1
0
0


 , B0 = bx =




0 0 1
0 1− 2x2 0
x2 x1 − x3 1− x2


 ,

G0 =




1 0 0
0 0 0
0 0 0


 , Q0 =




0 0 0
0 1 0
0 0 1


 ,

G1 = G0 +B0Q0

=




1 0 0
0 0 0
0 0 0


+




0 0 1
0 1− 2x2 0
x2 x1 − x3 1− x2






0 0 0
0 1 0
0 0 1




=




1 0 1
0 1− 2x2 0
0 x1 − x3 1− x2


 ,

N1 =



z ∈ Ò 3

∣∣∣∣∣∣

z1 + z3 = 0
z2 (1− 2x2) = 0

z2 (x1 − x3) + (1− x2) z3 = 0



 .

Õ0¾�ÂïÅ»ÇÊÅÆÛ8Ç
G1

Á�Ý¬½
x2 6= 1

Ã¬Ö�Ü
x2 6=

1
2

½RÀ?×�Ã¬Ä�Ø�½ÊÃ¬Ö�Ü`Ü�ÅÆÀòêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö Á�Ý¬½j½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ`¹jÛ8Å»Ö�ÜäÀ?½SÁ®Ý¬Ä»Ä»Ç°º�à�ÛKÁ®¾�Ä»×�ÇKÀ?Å»Ö�ÀÊêUÀ?Ç8½AÉ�þ	��Ç8Ã¬Ö¬×öÜ¬À?½yÀ?Å»Ö¬å°À?Ä»Ö�À?Ö? 1Ø�Ä»ÄÆÀ�º
¹�º$ �É�Ä»ÄPßyÃ$Ï.À?½X��É�Ä»Ú!Ü¬À?½Mà1ÚIÀ?Ö�À?Ö

x2 = 1
2

Ã¬Ö�Ü
x2 = 1

×�Å»Ä»Ç

N1 = {0}

→ G1
ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½

, Q1 = 0

→ B1Q1 = 0

→ G1 = G2.

→
ßyÄ»ÄÆÀ�ã*Å»Ö�À°É�½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×.À?Ö��qÜ�ÅÆÀUÒ.¾�Âï¿¬ÄÆÀ?Ç8ÇUÉ�Ã$Ï.À?½X��É�Ä»ÚôÜ¬À?½�åKO,À?Å�¿�É�½AÉ�Ä»ÄÆÀ?ÄÆÀ?Ö%à1Ú�À?Ö�À?ÖÂ=.À?½8Ä�É�Ã�Á�À?Ö��

��É�ÚIÀ?Öä½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö3Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
Í�º$ �É�Ä»ÄPßyÃ�Á1Ü¬À?½Kà1Ú�À?Ö�À

x2 = 1
ÅÆÛ8Ç

G1 =




1 0 1
0 −1 0
0 x1 − x3 0


 ,

Í�â
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N1 =

{
z ∈ Ò 3

∣∣∣∣
z1 + z3 = 0

z2 = 0

}
,

Q1 =




1 0 0
0 1 0
−1 0 0


 ,

P1 =




0 0 0
0 0 0
1 0 1


 ,

D0P0P1D
−
0 =

(
1 0 0

)



1 0 0
0 0 0
0 0 0






0 0 0
0 0 0
1 0 1






1
0
0




= 0,

B1 = B0P0

=




0 0 1
0 −1 0
1 x1 − x3 0






1 0 0
0 0 0
0 0 0




=




0 0 0
0 0 0
1 0 0


 Ã¬Ö�Ü

G2 = G1 +B1Q1

=




1 0 1
0 −1 0
0 x1 − x3 0


+




0 0 0
0 0 0
1 0 0






1 0 0
0 1 0
−1 0 0




=




1 0 1
0 −1 0
1 x1 − x3 0


 ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½°º

→ G3 = G2 6= G1.

→
ßyÄ»ÄÆÀjã*Å»Ö�À°É�½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×.À?Ö��"Ü�ÅÆÀjÜ�ÅÆÀÊà�ÚIÀ?Ö�À

x2 = 1
Ö¬ÅÆþ��qÇ�=.À?½8Ä�É�ÛRÛRÀ?Ö�����É�ÚIÀ?Öä½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö3Ù<½AÉ�Òqû

ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Í�º
Ô�º$ �É�Ä»ÄPßyÃ�Á1Ü¬À?½Kà1Ú�À?Ö�À

x2 = 1
2

×�Å»Ä»Ç

N1 =

{
z ∈ Ò 3

∣∣∣∣z1 + z3 = 0, z2 (x1 − x3) +
1

2
z3 = 0

}
,

Q1 =




2 (x1 − x3) 2 (x1 − x3) 2 (x1 − x3)
1 1 1

−2 (x1 − x3) −2 (x1 − x3) −2 (x1 − x3)


 ,

D0P0P1D
−
0 =

(
1− 2 (x1 − x3)

)
,

Diff1 = −2
(
x′1 − x

′
3

)
,

B1 = B0P0 −G1D
−
0 Diff1D0P0

Í�é
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=




2 (x′1 − x
′
3) 0 0

0 0 0
1
2 0 0


 ,

B1Q1 6= 0,

G2 = G1 +B1Q1

6= G1.

→
ßMÄ»ÄÆÀËã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×.À?Ö��*Ü�ÅÆÀPÜ�ÅÆÀPà1ÚIÀ?Ö�À

x2 = 1
2

Ö¬ÅÆþ���Çp=.À?½8Ä�É�ÛRÛAÀ?Ö��¼��É�Ú�À?Ö3Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8û
Å»Ö�Ü¬ÀeÐ

µ > 1
¾0Ü¬À?½KÀæÛ�ÅÆÛ8ÇKÜ¬¾�½8ÇKÒ.À?Å»Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º

ßMÃ�ÁËÜ¬À?ÖÿåKO�À?Åt¿�É�½AÉ�Ä»ÄÆÀ?ÄÆÀ?Ö à1ÚIÀ?Ö�À?Ö
x2 = 1

Ã¬Ö�Ü
x2 = 1

2

Û8Å»Ö�ÜÿÜ�ÅÆÀ6êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Á®Ý¬½G½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐn¹�Ö¬ÅÆþ���ÇöÀ?½SÁ®Ý¬Ä»Ä»Ç°º [ ÀæÜ¬À�ã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×���Ü�ÅÆÀ�À?Å»Ö�À!Ü¬À?½òÚ�À?ÅÆÜ¬À?Ö�à�ÚIÀ?Ö�À!¿�É�ÛRÛ8ÅÆÀ?½8Ç
Ã¬Ö�Ü%åæÃ¬ÂïÅ»Ö�Ü¬ÀæÛ8ÇUÇRÀ?Å»Ä
O,À?ÅÆÛRÀjÉ�Ã$Ï.À?½X��É�Ä»ÚäÜ�ÅÆÀæÛRÀ?½Uà1ÚIÀ?Ö�À?Ö�=.À?½8Ä�Ø�Ã�Á®Ç2��Ú�ÀæÛ8Å»Ç8åæÇUÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ�¼1Ã¬Ö¬ÒqÇRÀ��¬É�ÖöÜ¬À?Ö�À?Ö
À?Å»Ö?#&Ö�Ü¬ÀeÐmO�Àæþ���ÛRÀ?Ä
Û8ÇAÉ�Ç8Ç ½ Ö�Ü¬À?Ç°º
[ ÀæÜ¬ÀMã���Û8Ã¬Ö¬×ËÜ¬À?½���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×ZÅÆÛ8Ç,à1ÄÆÀ?ÂòÀ?Ö�ÇUÜ¬À?½�Ï3À?Ö¬×.À

M0
º�>yÂ ßMÃ�ÛRÛAÉ�×.À?ÖôÝ¬ÚIÀ?½�Ü�ÅÆÀyàlÐ0ÅÆÛRÇRÀ?Ö¬åyÜ¬À?½

ã���Û8Ã¬Ö¬×ôåæÃ�Ç8½RÀh;�À?Ö���Ã¬Ö�ÇRÀ?½RÛ8Ã�þ	��À?Ö?O�Å»½KÖqÃ¬Ö!Ü�ÅÆÀæÛRÀÊÏ3À?Ö¬×.À�º�à�Û�ÅÆÛRÇ

M0 =

{
z ∈ Ò 3

∣∣∣∣∣
x2 = 1

2 ±
√

1
4 − q2

x1x2 + x3 (1− x2) = q3

}
.

¹�º$ �É�Ä»Ä
q2 >

1
4

M0 = ∅.

Í�º$ �É�Ä»Ä
q2 = 1

4

M0 =

{
z ∈ Ò 3

∣∣∣∣x2 =
1

2
,

1

2
(x1 + x3) = q3

}
.

Ô�º$ �É�Ä»Ä
q2 <

1
4[ À?Ç8åæÇMÛRÀ?Ç8åæÇMÛ8ÅÆþ��3Ü�ÅÆÀËýyÀæÛRÇ8½8Å»ÒqÇ8ÅÆ¾�Ö�Û8ÂòÀ?Ö¬×.ÀPÉ�Ã�ÛKåKO�À?Å|Ü�ÅÆÛ�@SÃ¬Ö¬ÒqÇRÀ?Ö3Ù~À?Å»Ä»ÂòÀ?Ö¬×.À?Ö3åæÃ�ÛAÉ�ÂïÂòÀ?Ö<ºIà�Û

ÅÆÛ8Ç
M0 =M+

0 ∪M
−
0

�PO�¾�ÚIÀ?Å

M+
0 =



z ∈ Ò 3

∣∣∣∣∣∣
x2 = 1

2 +
√

1
4 − q2,

1
2 (x1 + x3) + (x3 − x2)

√
1
4 − q2 = q3





Ã¬Ö�Ü

M−
0 =



z ∈ Ò 3

∣∣∣∣∣∣
x2 = 1

2 −
√

1
4 − q2,

1
2 (x1 + x3) + (x2 − x3)

√
1
4 − q2 = q3



 .

 |Ý¬½ÊÜ�ÅÆÀïã���Û8Ã¬Ö¬×.À?ÖñÉ�Ã�Û
M+

0

Û8Å»Ö�Ü>Ü�ÅÆÀïêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö`Á®Ý¬½j½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐk¹
À?½SÁ�Ý¬Ä»Ä»Ç°º- 
Ý¬½ZÜ�ÅÆÀGã���Û8Ã¬Ö¬×.À?Ö�É�Ã�Û

M−
0

��Ø�Ö¬×�ÇïÜ�ÅÆÀæÛtO,À?Å»ÇRÀ?½X�¬Å»Ö�=.¾�Ö
q2
É�Ú<º N Ã¬Â êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�ÅÆÛ8Ç

M−
0

Á®Ý¬½
q2 = 0

×�É�Ö¬åÊÅ»Ö!Ü¬À?½Kà�ÚIÀ?Ö�À
x2 = 1

À?Ö�ÇX��É�Ä»ÇRÀ?Ö<º
¢��q��± î ���q�y¦"ó ÞjÉ�ÛMÕ�R�Û8ÇRÀ?Â





x′1 − C13x3 = q1
− x2 = q2

0 = q3

Í��
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Û8ÇAÉ�ÂïÂZÇMÉ�Ã�Ûzo ê�DjÏ6Ì�Ôrq�º¬ÞMÅÆÀ!��¾�Âò¾�×.À?Ö�À!��É�½8Å�É�Ö�ÇRÀZÀ?Ö�ÇRÛ8¿¬½8ÅÆþ	��ÇtÜ¬À?½�Å»ÖÈoÅDjÏ6ë��Vq�=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»ÇRÀ?Ö!Ò�É�Ö�¾�Ö¬ÅÑû
ÛRþ	��À?Ö? �¾�½8Â�º�à�ÛMÛRÀ?Å*Ö�Ã¬Ö

C13
Û8Å»Ö¬×�Ã¬Ä�Ø�½KÃ¬Ö�Ü

imC13 = konstant
º�Þ�ÅÆÀjÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀd��É�ÇyÜ�ÅÆÀC�tÀæÛ8ÇAÉ�Ä»Ç

A0 =



I
0
0


 , B0 =




0 0 −C13

0 −I 0
0 0 0


 ,

D0 =
(
I 0 0

)
, D−

0 =



I
0
0


 ,

G0 =



I 0 0
0 0 0
0 0 0


 , Q0 =




0 0 0
0 I 0
0 0 I


 ,

G1 = G0 +B0Q0

=



I 0 −C13

0 −I 0
0 0 0


 , Q1 =



C13C

−
13 0 0

0 0 0
C−

13 0 I − C−
13C13


 ,

N0 =
{
z ∈ Ò 3

∣∣ z1 = 0
}
, N1 =

{
z ∈ Ò 3

∣∣ z1 − C13z3 = 0, z2 = 0
}
.

à�Û�ÅÆÛRÇ

M0 =
{
x ∈ Ò 3

∣∣ x2 = q2, 0 = q3
}

→ M0 = ∅
��ÁDÉ�Ä»ÄÆÛ

q3 6= 0.

êUÀ?Ç8½AÉ�þ��qÇRÀ

N0 	 (N0 ∩N1) =
{
z ∈ Ò 3

∣∣ z1 = 0
}
	
{
z ∈ Ò 3

∣∣ z1 = z2 = 0, C13z3 = 0
}

=
{
z ∈ Ò 3

∣∣ z1 = 0,
(
I − C−

13C13

)
z3 = 0

}

⊆ kerQ1,

D0P0P1D
−
0 =

(
I 0 0

)


I − C13C

−
13

0
−C−

13




= I − C13C
−
13,

B1 = B0P0 −G0D
−
0

[
D0P0P1D

−
0

]
t
D0P0.

ÞjÉ
imC13 = konstant

ÅÆÛ8Ç2�,ÅÆÛ8Ç
B1 = 0

º�à�ÛôÁ�¾�Ä»×�Ç
G1 = G2

Ã¬Ö�ÜzÜ�ÅÆÀ6ÞKß�à�ÅÆÛ8ÇäÛ8Å»Ö¬×�Ã¬Ä�Ø�½öÂïÅ»Ç
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹�º�ßyÄÆÛ,ã���Û8Ã¬Ö¬×.À?ÖôÒ.¾�ÂïÂòÀ?ÖôÁ�Ý¬½

x3
É�Ä»ÄÆÀKÛRÇRÀ?Ç8Å»×.À?Öw ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö�À?ÖôÅ»ÖÊ ¬½AÉ�×.À�º

x1
Ä�Ø�ÛRÛ8Ç

Û8ÅÆþ	�ôÜ�É�Ö¬ÖôÀ?Ö�ÇRÛR¿¬½RÀæþ���À?Ö�Ü%û$@SÀæÜ¬¾0þ��ôÖ¬ÅÆþ���ÇUÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×Êû4O�ØA�¬ÄÆÀ?Ö<º� 
Ý¬½�Ü�ÅÆÀyã���Û8Ú�É�½8Ò.À?Å»Ç,Ü¬À?½�Å»Ö$��¾�Âò¾�×.À?Ö�À?Ö
��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×ôÅÆÛRÇyÜ�ÅÆÀdDy¾�Ö�Û8ÅÆÛRÇRÀ?Ö¬åæÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×

q3 = 0
åæÃ�À?½SÁ®Ý¬Ä»ÄÆÀ?Ö<º

¢��q��± î ���q��&*ó Õ0þ	�¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ��ÄO,À?Ö�Ü¬À?Ö?O�Å»½yÃ¬Ö�ÛKÜ¬À?Â Õ�R�Û8ÇRÀ?Â
{

0 = q1

(x1 + x2)
′ + x1 = q2

, m = k = 2, n = 1,

Í��
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Å»Ö�Ü¬À?½� �¾�½8Â
(

0
1

)((
1 1

)(x1

x2

))′

+

(
0 0
1 0

)(
x1

x2

)
=

(
q1
q2

)
.

åæÃ<º�Þ�ÅÆÀtåæÃ¬×.À�����½8Å»×.À?Ö�Ï6É�Ç8½8Å»å°À?Ö�Ã¬Ö�Üy>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀZÛ8Å»Ö�Ü�Ü�É�Ö¬Ö

A0 =

(
0
1

)
, B0 =

(
0 0
1 0

)
,

D0 =
(
1 1

)
, D−

0 =
(
1 0

)
,

G0 =

(
0 0
1 1

)
, N0 =

{
z ∈ Ò 2

∣∣ z1 + z2 = 0
}
,

Q0 =

(
1 0
−1 0

)
,

G1 =

(
0 0
1 1

)
+

(
0 0
1 0

)(
1 0
−1 0

)

=

(
0 0
2 2

)
,

N1 =
{
z ∈ Ò 2

∣∣ 2z1 + z2 = 0
}
.

Á`À?Å»ÇRÀ?½KÅÆÛ8Ç

M0 =
{
z ∈ Ò 2

∣∣ q1 = 0
}

= ∅
��ÁDÉ�Ä»ÄÆÛ

q1 6= 0

Ã¬Ö�Ü

Q1 =

(
−1 −1
2 2

)
,

P0P1 =

(
0 0
1 1

)(
2 1
−2 −1

)
= 0,

kerQ1 =
{
z ∈ Ò 2

∣∣ z1 = −z2
}
,

N0 	 (N0 ∩N1) = N0 ⊆ kerQ1,

B1 = B0P0 =

(
0 0
1 0

)(
0 0
1 1

)
= 0.

ÞjÉA��À?½KÅÆÛ8Ç

kerB1 = Ò 2, G2 = G1, r0 = r1 = r2 = 1

Ã¬Ö�Ü�Ü�ÅÆÀjÞKß�à�ÅÆÛRÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹�º
N Ã¬Â$ßyÚ�ÛRþ	�¬Ä»Ã�ÛRÛ�Á�É�ÛRÛAÀ?ÖsO�Å»½,Ü�ÅÆÀMà1½8Ò.À?Ö¬Ö�Ç8Ö¬ÅÆÛAÛRÀ���Ü�ÅÆÀYO�Å»½�É�Ã�Û�Ü¬À?½,ßMÖ�É�Ä
R�ÛRÀyÜ¬À?½�ê�À?ÅÆÛR¿¬ÅÆÀ?ÄÆÀy×.À�O�¾�Ö¬Ö�À?Ö

��É�Ú�À?Ö��<åæÃ�ÛAÉ�ÂïÂòÀ?Ö<ºlßMÄÆÛËÀ?½RÛ8ÇRÀæÛtO,À?Ö�Ü¬À?Ö�O�Å»½ËÃ¬Ö�ÛPÜ¬À?Ö��¼j�_h�m`��þj9���XaIe��h��Õ�R�Û8ÇRÀ?ÂòÀ?Ö åæÃ<º
êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�Í�ÅÆÛ8Ç

Í�"
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É�Ã�Á®×�½8Ã¬Ö�Ü:Ü¬À?½%ÕqÇ8½8Ã¬ÒqÇ8Ã¬½òÛ8Å»Ö¬×�Ã¬Ä�Ø�½°º�#&Âº��ºlêUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä\��É�ÚIÀ?Ö:Ö¬ÅÆþ	��Ç%É�Ä»ÄÆÀäã<Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×.À?ÖkÜ¬À?Ö�ÛRÀ?Ä»Ú�À?Ö
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ*º�à�Û�À?½8×�Å»Ú¬ÇMÛ8ÅÆþ��!É�ÄÆÛR¾$�r@8ÀtÖ�É�þ��JÁ ÉA�¬Ä<Ü¬À?½Kã*Å»Ö�À°É�½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×���À?Å»Ö�Û8¿�À?åæÅÆÀ?Ä»ÄÆÀ?½Y#�Ö�Ü¬ÀeÐ*º
Þ�ÅÆÀæÛRÀjÞKß�à�Ú�ÀæÛ8Å»Ç8åæÇyÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀË¼1Ã¬Ö¬ÒqÇRÀ�ºIÕqÅÆÀjÅÆÛ8Ç�Ö¬ÅÆþ��qÇy½RÀ?×�Ã¬Ä�Ø�½°º
[ À?Ç8åæÇtÚ�À?Ç8½AÉ�þ��qÇRÀ?ÖQO�Å»½jÜ�ÅÆÀw� j9���XaIe��h� Õ�R�Û8ÇRÀ?ÂòÀZÃ¬Ö�Ü3Ú¬Ä»ÅÆþRÒ.À?Ö>åæÃ¬Ö�Ø�þ���ÛRÇËÉ�Ã�Á,Ü�ÅÆÀ�ê�À?ÅÆÛR¿¬ÅÆÀ?ÄÆÀG¹PÃ¬Ö�Ü>é�º

ßMÃ�Û8×�É�Ö¬×.Û8¿¬Ã¬Ö¬Ò0ÇZÜ¬À?½ZßMÖ�É�Ä
R�ÛRÀ?ÖÈOUÉ�½Y@8À�O,À?Å»ÄÆÛPÀ?Å»Ö�Àò½RÀ?×�Ã¬Ä�Ø�½RÀGÞKßMànÂïÅ»ÇZÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ Ì�¾0Ü¬À?½
¹�º�ÁzØA�¬½RÀ?Ö�Ü6Ü�ÅÆÀ�ßMÖ¬å5ÉA�¬ÄlÜ¬À?½Í��É�½8Å�É�Ú¬ÄÆÀ?Ö>Ò.¾�Ö�Û8ÇAÉ�ÖqÇj×.À���É�Ä»ÇRÀ?Ö�O�Ã¬½RÜ¬À��IÀ?ÖqÇRÛ8ÇAÉ�Ö�Ü¬À?Ö`Ü�Ã¬½Rþ��`à�Ö�ÇSÁ�À?½8Ö�À?Ö
Ú¬åKOÊº�ÈyÅ»Ö¬åæÃ�Á®Ý¬×.À?Ö�=.¾�Ös��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?ÖòÖ�À?Ã�ÀyÕ�R�Û8ÇRÀ?ÂòÀ�º�ÞMÅÆÀæÛAÀSOUÉ�½RÀ?Ö%É�Ã�Á�×�½8Ã¬Ö�ÜPÅ
�¬½RÀ?½,ÕqÇ8½8Ã¬Ò0Ç8Ã¬½1Û8Å»Ö¬×�Ã¬Ä�Ø�½
(m 6= k)

º�à1Å»Ö3Õ�R�Û8ÇRÀ?Â ÂïÅ»Ç
m < k

O�Å»½RÜÂýKkIehl�a��OX0>���e�>��hÞh`�j9lCl�`�×.À?Ö�É�Ö¬ÖqÇ°º� "É�Ä»ÄÆÛ
m > k

ÅÆÛ8Ç2�$��À?Å
Ï�ÇMÀæÛ
ýKkIe/lÂaI�¼g��¼`���e�>��hÞh`�j9lCl�`�ºqßyÄ»ÄÆÀ?½RÜ�Å»Ö¬×.Û�Ä�Ø�ÛRÛ8Ç�Û8ÅÆþ	�ôÜ�É�Ü�Ã¬½Rþ��GÒ.À?Å»Ö�ÀKßMÃ�ÛRÛAÉ�×.À�Ý¬Ú�À?½�Ü�ÅÆÀKã���Û8Ú�É�½8Ò.À?Å»Ç�Ç8½RÀh;*À?Ö<º
à1Å»Ö�À?½RÛRÀ?Å»ÇRÛjÛRÅ»Ö�Ü�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀôÕ�R�Û8ÇRÀ?Â À�=.À?Ö�Ç8Ã�À?Ä»Ä1Ö¬ÅÆþ	��ÇjÄx��Û8Ú�É�½°º�ÞjÉ�Ö¬Ö6Ò���Ö¬Ö�À?Ö3ÂÂ��×�Ä»ÅÆþ	��À?½XO,À?ÅÆÛRÀòåæÃ�ÛAØ�Ç8å?û
Ä»ÅÆþ���ÀsDy¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö É�Ã�Á®×.ÀæÛ8ÇRÀ?Ä»Ä»Ç!O�À?½RÜ¬À?Ö��*Ã¬Â ã���Û8Ú�É�½8Ò.À?Å»ÇPÛ8ÅÆþ���À?½8åæÃ�ÛRÇRÀ?Ä»ÄÆÀ?Ö<º<ßyÖ�Ü¬À?½RÀ?½RÛAÀ?Å»ÇRÛ
Û8Å»Ö�ÜäÛ8ÅÆÀj¾�Á®ÇKÖ¬ÅÆþ	��ÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÄx��Û8Ú�É�½°º
m < k

Þ�Ã¬½Rþ���Ü�É�ÛUÈMÅ»Ö¬åæÃ�Á�Ý¬×.À?ÖJ=.¾�Ö?��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�åæÃö½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!ÞKß�à�Û2�0Ò.¾�Ö¬ÖqÇRÀ?ÖJO�Å»½yÉ�Ö$��É�Ö�Üw=.¾�Ö
êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?Ö�Á�ÀæÛ8ÇRÛ8ÇRÀ?Ä»ÄÆÀ?Ö���Ü�É�Û
Á�¾�½8ÂôÉ�Ä¬Ý¬Ú�À?½8ÚIÀæÛ8Ç8Å»ÂïÂZÇRÀ��.Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀyÕ�R�Û8ÇRÀ?ÂòÀ�=.¾�ÖòÞKß�à�Û�À?ÖqÇRÛ8ÇRÀeû
��À?Ö<º�#�Ö%ê�À?ÅÆÛR¿¬ÅÆÀ?Ä|¹yÀ?ÖqÇRÛ8ÇAÉ�Ö�ÜGÜ�Ã¬½Rþ��öÈyÅ»Ö¬åæÃ�Á®Ý¬×.À?Ö%À?Å»Ö�À?½\��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×PåæÃGÜ¬À?½�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�#�Ö�Ü¬ÀeÐ0û
¹eû�ÞyßMà:À?Å»Ö�ÀtÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀtÞKß�à ÂïÅ»Ç�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�Ì�º�Á>Ã¬½RÜ¬ÀtÜ�É�×.À?×.À?Ö�À?Å»Ö�À!��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×
åæÃäÜ¬À?Â�½RÀ?×�Ã¬Ä�Ø�½RÀ?Öy#&Ö�Ü¬ÀeÐqûA¹eûpÕ�R�Û8ÇRÀ?Â =.¾�ÖäêUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä<éz�¬Å»Ö¬åæÃ¬×.ÀeÁ®Ý¬×�Ç2�¬À?Ö�ÇRÛRÇAÉ�Ö�Ü�À?Å»Ö�ÀtÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ
ÞyßMàY��Ü�ÅÆÀÊÉ�Ú$��Ø�Ö¬×�Å»×s=.¾�Ö!Ü¬À?½KÖ�À?Ã�À?Öu��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×%Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�¾0Ü¬À?½Ê¹d��É�Ç°º

m > k
à1Å»ÖöÉ�Ö�Ü¬À?½RÀæÛ,ê�Å»ÄÆÜôÀ?½8×�É�ÚöÛ8ÅÆþ	�ôÚ�À?Å»Â)à1Ö�ÇSÁ�À?½8Ö�À?Ö�=.¾�Ö���ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö<º�à�Û�À?Ö�ÇRÛ8ÇAÉ�Ö�Ü¬À?ÖÊ�¬ÅÆÀ?½2��O�ÅÆÀ
O�Å»½ËÉ�Ö`Ü¬À?Öñê�À?ÅÆÛR¿¬ÅÆÀ?ÄÆÀ?Ö`ÚIÀæ¾�Ú�É�þ	��ÇRÀ?ÖñÒ.¾�Ö¬Ö�ÇRÀ?Ö��<Ã¬ÖqÇRÀ?½8ÚIÀæÛRÇ8Å»ÂïÂËÇRÀäÕ�R0Û8ÇRÀ?ÂòÀÎ=.¾�ÖñÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö
ÞyßMà�Û5ºqÕ0¾ËÀ?ÖqÇRÛ8ÇAÉ�Ö�ÜòÅ»Â ¹�ºqêUÀ?ÅÆÛ8¿¬ÅÆÀ?Äb��Å»Ö%ßMÚ$��Ø�Ö¬×�Å»×�Ò.À?Å»Çf=.¾�ÖôÜ¬À?½,À?ÖqÇSÁ®À?½8ÖqÇRÀ?ÖJ��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×��0À?Å»Ö�À
ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀjÞKßMà�ÂïÅ»ÇKÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!Ì�¾qÜ¬À?½j¹�º¬ÞjÉ�×.À?×.À?ÖäÅÆÛ8ÇÆ@8ÀæÜ¬À�À?Å»Ö¬å°À?Ä»Ö�ÀC��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×
Ü¬À?½�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖÄ#�Ö�Ü¬ÀeÐ0ûA¹eû�ÞKß�à�É�Ã�ÛMê�À?ÅÆÛR¿¬ÅÆÀ?Ä~éïÛ8Å»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ ¹�º

ßMÖ$��É�Ö�Ü%Ü¬À?½�à1½8×.À?Ú¬Ö¬ÅÆÛRÛRÀMÒ���Ö¬Ö�À?ÖwO�Å»½f=.À?½8ÂËÃ¬ÇRÀ?Ö���Ü�É�ÛRÛ�ÚIÀ?Å»Â$à1Ö�ÇSÁ�À?½8Ö�À?ÖäÀ?Å»Ö�À?½\�tÄÆÀ?ÅÆþ���Ã¬Ö¬×òÉ�Ã�Û�À?Å»Ö�À?Â
Õ�R�Û8ÇRÀ?Â)ÂïÅ»Çf#�Ö�Ü¬ÀeÐ

µ
û|¾I�¬Ö�À�Ü�É�ÛRÛ,Ü�ÅÆÀyßMÖ¬å5ÉA�¬Ä"Ü¬À?½S��É�½8Å�É�Ú¬ÄÆÀ?ÖÊ=.À?½AØ�Ö�Ü¬À?½8Ç�O�Å»½RÜïû|À?Å»Ö�À�ÞKß�àñÀ?ÖqÇRÛ8ÇRÀ���Ç2�

Ü�ÅÆÀd#&Ö�Ü¬ÀeÐ
µ
¾qÜ¬À?½\���I��À?½\��É�Ç°º�ÞtÉ�×.À?×.À?Ö!Ò.¾�Ö¬Ö�ÇRÀ?ÖyO�Å»½�Ú�À?Å»ÂÓÈyÅ»Ö¬åæÃ�Á®Ý¬×.À?Öy=.¾�Ö|��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�åæÃ�À?Å»Ö�À?½

ÞKß�à�ÂïÅ»Ç�#&Ö�Ü¬ÀeÐ
µ
Ú�Àæ¾�Ú�É�þ��qÇRÀ?Ö���Ü�É�ÛRÛyÜ�ÅÆÀj½RÀæÛ8Ã¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬ÀËÞyßMà�#�Ö�Ü¬ÀeÐ

µ
¾qÜ¬À?½�Ö¬ÅÆÀæÜ�½8Å»×.À?½v��É�Ç°º

ÁÿÅ»½�O,À?Ö�Ü¬À?Ö-Ã¬Ö�ÛöÖqÃ¬Ö Ü¬À?Ö êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?ÖnÔP��â��Y�P��� Ã¬Ö�Ü " åæÃ<º�à�Û�O�Ã¬½RÜ¬À�@8À�O,À?Å»ÄÆÛ�À?Å»ÖnÕ�R�Û8ÇRÀ?Â
Ú�À?Ç8½AÉ�þ���ÇRÀ?ÇMÃ¬Ö�ÜäÖ¬ÅÆþ��qÇ�O�À?Å»ÇRÀ?½�=.À?½AØ�Ö�Ü¬À?½8Ç°º
m < k

ÞjÉ�ÛôêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄjÔ>ÅÆÛ8ÇôÁ®¾�½8ÂôÉ�ÄMÝ¬ÚIÀ?½8Ú�ÀæÛ8Ç8Å»ÂïÂZÇ°º,à�=.À?ÖqÇ8Ã�À?Ä»ÄjÅÆÛ8ÇôÀæÛ%ÂÂ��×�Ä»ÅÆþ��áÜ�Ã¬½Rþ��zà1ÖqÇSÁ®À?½8Ö�À?Ö
À?Å»Ö¬å°À?Ä»Ö�À?½Â��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö�À?Å»Ö�À%½RÀ?×�Ã¬Ä�Ø�½RÀGÞyßMà ÂïÅ»ÇZÜ¬À?½RÛAÀ?Ä»ÚIÀ?Ö ã���Û8Ã¬Ö¬×.Û8ÂòÀ?Ö¬×.ÀGåæÃ À?½X��É�Ä»ÇRÀ?Ö<º
 "É�Ä»ÄÆÛ<Ü�ÅÆÀæÛ<Ö¬ÅÆþ	��Ç~ÂÂ��×�Ä»ÅÆþ	�ËÅÆÛ8Ç2��O�À?½RÜ¬À?ÖtDM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖZÚ�À?Ö���Ç8Å»×�Ç<Ã¬Â-Ü�ÅÆÀ1ã���ÛRÚ�É�½8Ò.À?Å»Ç
Ü¬À?½GÞKß�à åæÃÿ×�É�½AÉ�Ö�Ç8ÅÆÀ?½RÀ?ÖáÃ¬Ö�Ü���¾0Ü¬À?½GåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ���À6êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖzÃ¬Â]Ü�ÅÆÀ3ÞKß�à åæÃÿÀ?Å»Ö�À?½
½RÀ?×�Ã¬Ä�Ø�½RÀ?Öu��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×%åæÃJ=.À?½X=.¾�Ä»ÄÆÛ8ÇAØ�Ö�Ü�Å»×.À?Ö<º

m = k
êUÀ?Å~ÛR¾�ÄÆþ	��À?Ö3êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?Ö���åæÃ�Ü¬À?Ö�À?Ö>É�Ã�þ���Ü�ÅÆÀZêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀÊâ����P���PÃ¬Ö�ÜÄ"ï×.À�����½RÀ?Ö��"Ò�É�Ö¬Ö�ÂôÉ�Ö
É�Ä»ÄÆÀ?Å»ÖòÉ�Ö$��É�Ö�ÜòÜ¬À?½1Þ�Å»ÂòÀ?Ö�Û8ÅÆ¾�Ö�À?ÖïÖ¬ÅÆþ	��Ç�À?½8Ò.À?Ö¬Ö�À?Ö��.¾�ÚïÀæÛlÛ8ÅÆþ	�ïÃ¬ÂwÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ�ÞKßMà�Û���É�Ö�Ü¬À?Ä»Ç°º
ÕqÅ»Ö¬×�Ã¬Ä�Ø�½RÀ��tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?ÖGÜ�ÅÆÀæÛRÀæÛ1ÙZR0¿�ÛlÚ�À?Å»Ö$��É�Ä»ÇRÀ?ÖòÀ?Ö�Ç�O�ÀæÜ¬À?½�Ý¬Ú�À?½¥»�Ý�ÛRÛ8Å»×.ÀY��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö%¾0Ü¬À?½
DM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Ã¬Ö�Ü!Û8Å»Ö�ÜöÅ»Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö�Ö¬ÅÆþ��qÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÄx��ÛRÚ�É�½°º
ßMÖ$��É�Ö�Üu=.¾�Ö êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä1âäÒ�É�Ö¬Ö>ÂôÉ�Ö À?½8Ò.À?Ö¬Ö�À?Ö��<Ü�É�ÛRÛËßyÃ�ÛRÛ É�×.À?Ö>Ý¬ÚIÀ?½ÊÜ�ÅÆÀïã���ÛRÚ�É�½8Ò.À?Å»Ç!=.¾�Ö
ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö%ÞKß�à�Û�Å»Â ßyÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö%Ö¬ÅÆþ���Ç,ÂÂ��×�Ä»ÅÆþ��öÛ8Å»Ö�Ü*º.Þ�ÅÆÀ\��¾�Âò¾�×.À?Ö�Àp��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×ZÚ�ÀæÛ8Å»Ç8åæÇ
À?Å»Ö�À?Ö%Ã¬Ö�À?Ö�Ü�Ä»ÅÆþ���À?Öäã���Û8Ã¬Ö¬×.ÛR½AÉ�Ã¬Â�ºqÞjÉA��À?½�Ò�É�Ö¬ÖôÒ.À?Å»Ö�ÀMßyÖ�ÁDÉ�Ö¬×.ÛXO�À?½8ÇAÉ�Ã�Á�×�É�Ú�ÀMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×Z×.Àeû
Äx��ÛRÇ�O,À?½RÜ¬À?Ö<º+>MÂ À?Å»Ö�ÀPÛR¾�ÄÆþ���À���ÄÆÀ?ÅÆþ	��Ã¬Ö¬×äÅ»Ö6À?Å»Ö�ÀÊ½RÀ?×�Ã¬Ä�Ø�½RÀ�ÞKß�à�Ã¬ÂtO�É�Ö�Ü¬À?Ä»Ö>åæÃ3Ò���Ö¬Ö�À?Ö��
ÂZÝ�ÛRÛ8ÇRÀïÂôÉ�ÖñåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ�� êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö À?Å»Ö�Á®Ý$�¬½RÀ?Ö Ã¬Ö�Ü Ý¬ÚIÀ?½¥»�Ý�ÛAÛ8Å»×.Àw��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö:À?Ö�ÇSÁ�À?½Sû
Ö�À?Ö<º

Í�ë



� � sZL"O h HKQRV�L"Y1\PYlFI\PWZayV�sPFIg�N�QRY h Y h OSL-aKY1V�L"Y1\PYlF�L"Y1W
uwQRaKYlNPF�gjXZO8xGYlFIY1WML"OAHKQRaKQRY1OAbIct\PWZayY1Wv\ZWPX_m ORb
b|HULIOpoqEGFIHKWPV�dægKF h HULIORgKW

Ï�Å»Ç|Ü¬À?Âwê�À?×�Å»Ö¬ÖïÜ¬À?½
à1Ö�Ç¦O�ÅÆþRÒ0Ä»Ã¬Ö¬×ËÜ¬À?½
Ù���Àæ¾�½8ÅÆÀ^=.¾�Ö�ÞKßMà�Û|Ú�À?×�É�Ö¬Ö�Ü�ÅÆÀ^>MÖ�ÇRÀ?½RÛ8Ã�þ	��Ã¬Ö¬×d=.¾�Ö�¾�¿¬Ç8Å»ÂôÉ�û
ÄÆÀ?Ö3ÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛAÉ�Ã�Á®×�É�Ú�À?Ö!ÂïÅ»Ç�×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö3ÞKßMà�Û T Ã<º�É�º�o Ï6Ø�½AÌ�¹°ÉAq���o ê�DjÏ3Ì�ÔIq���oÅDjÏ3ë��rq���oÅDtÃ¬½Aë�ÔIq9Ueº
Þ�ÅÆÀæÛRÀæÛÄDÊÉ�¿¬Å»ÇRÀ?Ä�ÚIÀeÁDÉ�ÛRÛ8Ç3Û8ÅÆþ�� ÂïÅ»Ç3Ü¬À?½u �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×-ÛR¾�ÄÆþ���À?½6¼1½R¾�Ú¬ÄÆÀ?ÂòÀ Ã¬Ö�Ü Ü¬À?½RÀ?Ö ýyÅÆþæþ°É�Ç8ÅÑû

Ù<½AÉ�Ö�Û8Á®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö<º�ßMÃ�Û8×.À���À?Ö�Ü?=.¾�Ö>úM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?Ö`ÂïÅ»ÇM×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö6ÞKßMà�Û�O�À?½RÜ¬À?Ö
Ü�ÅÆÀtÛR¾P×.À?Ö�É�Ö¬Ö�ÇRÀ?Ö3úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà�Û�Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8ÇKÃ¬Ö�ÜäÉ�Ö�É�Ä
R�Û8ÅÆÀ?½8Ç°º¬Þ�ÅÆÀMÅ»Ö�o ê�DjÏ6Ì�ÔAq���À?½8×.À?ÄÆÀ?Å»ÇRÀ?ÇRÀ?Ö
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Á®Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!¹ËÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�O�À?½RÜ¬À?Ö!åæÅ»Ç8ÅÆÀ?½8Ç°º
Õ0þ	�¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ��CO�Å»½RÜËÀ?Å»Ö�À�ýyÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�Öt=.¾�½8×.ÀæÛRÇRÀ?Ä»Ä»Ç°ºV#&ÖÂoÅDjÏ3ë�ÌAq���oÅDjÏ3ë��Vq���oÅDtÃ¬½AÌ�ÌIq�O�Ã¬½RÜ¬À?Ö

Ú�À?½RÀ?Å»ÇRÛ%ÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À>ýyÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿áÞKßMà�Û%Ú�À?Ç8½AÉ�þ��qÇRÀ?Ç°º�Þ�ÅÆÀ!Ö�À?Ã�ÀÄ �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×kÂïÅ»Ç%¿¬½R¾�¿�À?½RÀ?Â
ÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â Ã¬Ö�ÜïÜ�ÅÆÀUÅ»Öyo ê�DjÏ3Ì�ÔAq���À?½8×.À?ÄÆÀ?Å»ÇRÀ?ÇRÀ?ÖGêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖïÁ�Ý¬½1½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö%Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹
½RÀæþ��qÇSÁ®À?½8Ç8Å»×.À?ÖïÖqÃ¬ÖPÀ?Å»Ö�À�À?½8Ö�À?Ã¬ÇRÀUßyÖ�É�Ä
R�ÛRÀ,Ü�ÅÆÀæÛRÀ?½��tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö<º�Þ�ÅÆÀ�à1Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?ÖïÜ�ÅÆÀæÛRÀ?½lÏ�ýKû�ÞKß�à�Û
O,À?½RÜ¬À?Ö�Å»Â Ô�º�DÊÉ�¿¬Å»ÇRÀ?Ä<×.À?Ö�É�Ã�À?½tÉ�Ö�É�Ä
R0Û8ÅÆÀ?½8Ç°º
ÞjÉ�ÛKçqÃ�É�Ü�½AÉ�Ç8ÅÆÛRþ���ÀæÛp��Ý¬ÇRÀeÁ®Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�É�Ä

J (u, x) :=
1

2
〈x (T ) , V x (T )〉

+
1

2

∫ T

0

〈(
x (t)
u (t)

)
,

(
W (t) S (t)

S (t)T R̃ (t)

)(
x (t)
u (t)

)〉
dt

T Í�º»¹VU

ÛR¾�Ä»Ä~É�Ã�Á1Ü¬À?½yÏ3À?Ö¬×.ÀÊÜ¬À?½yã���Û8Ã¬Ö¬×.À?Ö�Ü¬À?½KÄ»Å»Ö�À°É�½RÀ?Ö!ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×
A (t) (B (t)x (t))′ = C (t) x (t) +D (t)u (t)

T Í�ºÎÍ�U
Ã¬Ö�ÇRÀ?½�Ü¬À?½KßyÖ�ÁDÉ�Ö¬×.Û8Ú�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×

A (0)B (0) x (0) = y0
T Í�ºÎÔ�U

ÂïÅ»Ö¬Å»ÂïÅÆÀ?½8Ç�O�À?½RÜ¬À?Ö<º�à�ÛMÛRÀ?Å
t ∈ I := [0, T ]

Ã¬Ö�Ü
T ∈ Ò >0 ½ Ð0ÅÆÀ?½8Ç°º�ÞMÅÆÀdDM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö�Å»Ö T Í�º»¹VU�� T Í�ºÎÍ�U

Ã¬Ö�Ü T Í�ºÎÔ�UUÛRÅ»Ö�ÜäÜ�ÅÆÀd=.¾�Ö
t ∈ I

Û8ÇRÀ?Ç8Å»×ôÉ�Ú$��Ø�Ö¬×�Å»×.À?Ö3Ï6É�Ç8½8Å»å°À?Ö

A (t) ∈ L
( Ò n, Ò k

)
, x (t) ∈ Ò m,

B (t) ∈ L ( Ò m, Ò n) , u (t) ∈ Ò l,

C (t) ∈ L
( Ò m, Ò k

)
, D (t) ∈ L

( Ò l, Ò k
)
,

W (t) ∈ L ( Ò m) , R̃ (t) ∈ L
( Ò l

)
,

S (t) ∈ L
( Ò l, Ò m

)

Ã¬Ö�Ü>Ü�ÅÆÀ�Ò.¾�Ö�Û8ÇAÉ�ÖqÇRÀòÏ3É�Ç8½8ÅÑÐ
V ∈ L ( Ò m)

º+Á`À?Å»ÇRÀ?½X�¬Å»Ö ÛRÀ?ÅÆÀ?Ö ( W (t) S(t)

S(t)T eR(t)

)
∈ L

( Ò m+l, Ò m+l
) Ã¬Ö�Ü

V
¿�¾�Û8Å»Ç8Å
=öÛRÀ?ÂïÅÆÜ¬À ½ Ö¬Å»Ç°º

W (t) , R̃ (t)
Ã¬Ö�Ü

V
ÛRÀ?ÅÆÀ?Ö!Û�RqÂïÂòÀ?Ç8½8ÅÆÛRþ	�<º

¶ä��Û1�
���5��µI� ì ó § ó T o ê�DjÏ3Ì�ÔAq9U,à1Å»Ö�ÀtÛ8ÇRÀ?Ç8Å»×.Àp ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö
u : I → Ò l �m��À?Å
Ï�Ç�ÿ�gm�:9AÞ	Þhj<����~�`��hg��hehg����ôÁDÉ�Ä»ÄÆÛ

Ü�É�Û�åæÃ¬×.À�����½8Å»×.ÀZßyÖ�ÁDÉ�Ö¬×.ÛXO,À?½8Ç8¿¬½R¾�Ú¬ÄÆÀ?Â T Í�ºÎÍ�U�Ã¬Ö�Ü T Í�ºÎÔ�U�À?Å»Ö�Àjã���Û8Ã¬Ö¬×ôÚ�ÀæÛ8Å»Ç8åæÇ°º
Þ�ÅÆÀt×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀZßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬× T Í�ºÎÍ�U�Ö�À?Ö¬Ö�À?ÖyO�Å»½�fKgPa�i�e¥a�`�j·Þ�_����¬ÁDÉ�Ä»ÄÆÛ

m = k
º

Ô�Ì



���h� .�7��Y*4,�0V.+3¼¸�3�5¼¸�(�¹Æ0 � 5�æ4â�,�3��v3��v7·.�¹Æ3�0V.��-çdèÎ¶�0Â¸�(�ä��t7·8+8�*m.�7G� à 5�*4(�0���æ45o�Y*P.�7·æ-(

�Æê�éZ�yîZõ�ô�ñW÷�ó�ôbõ+%�õ-,[�\2�4(6
#&ÖQo êfDjÏ6Ì�ÔAq�O�Å»½RÜ�Ü�ÅÆÀËúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ýMÉ�Ö�ÜPO,À?½8ÇAÉ�Ã�Á®×�É�Ú�ÀZÅ»Ö�Ü¬À?½Y �¾�½8Â




A (t) (B (t)x (t))′

−BT (t)
(
AT (t)ψ (t)

)′

0


 =



C (t) 0 D (t)
W (t) CT (t) S (t)

ST (t) DT (t) R̃ (t)





x (t)
ψ (t)
u (t)




A (0)B (0) x (0) = y0

B (T )T A (T )T ψ (T ) = V x (T ) , t ∈ I





T Í�º â�U

À?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç°º�Þ�ÅÆÀËúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T Í�º â�Uf��É�ÇKÜ�É�ÚIÀ?Å|Ü�ÅÆÀt�tÀæÛ8ÇAÉ�Ä»Ç

Â (t)
(
B̂ (t) x̂ (t)

)′
= Ĉ (t) x̂ (t) , t ∈ I

T Í�ºÎé�U
ÂïÅ»Ç

m+ k + l = m̂ = k̂, n̂ = 2n
Ã¬Ö�ÜäÁ�Ý¬½

t ∈ I

Â (t) =



A (t) 0

0 BT (t)
0 0


 ∈ L

( Ò n̂, Ò k̂
)
,

B̂ (t) =

(
B (t) 0 0

0 −AT (t) 0

)
∈ L

( Ò m̂, Ò n̂
)
,

x̂ (t) =



x (t)
ψ (t)
u (t)


 ∈ Ò m̂,

Ĉ (t) =



C (t) 0 D (t)
W (t) CT (t) S (t)

ST (t) DT (t) R̃ (t)


 ∈ L

( Ò m̂, Ò k̂
)
.

���0ð ð ª ì ó ì óW� jH��f�g$a�iIeXa�`�j·Þ�_h�P��S�mkIlÂk����h���d]v�Å���j>heXk2iIj �v�he��h�¼`�jHaI� ���
�hjH_h��gm��� T Í�ºÎé�Ud�ma�`��hj9���h� ü e¥k ü �heýKkIe/lÎgm�þjb�he�`��h���!aIg ü `H`��hehlE���h��aIg�i�aI�������^�h��� iIjb�w���/Þh`��hg��he�`��?]v�Å���j>heXk2iIj �v�he��h�¼`�jHaI�Å�I�
��j�_h��g���� T Í�ºÎÍ�U
ü eXk ü �he^ý�k�e/lÎgm�þjb�he�`Zj·Þh`�

� ��^�hj·Þ�
 T Í�ºÎé�UUÛRÀ?Å*¿¬½R¾�¿�À?½�Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ç°º�ÞjÉ�Ö¬Ö�ÅÆÛRÇ T @SÀ�O�À?Å»ÄÆÛK¿¬Ã¬Ö¬Ò0Ç�O,À?ÅÆÛAÀÊÅ»Ö

t ∈ I
U

Ò n = kerA⊕ imB, imR = imB
Ã¬Ö�Ü

kerR = kerA.

à�Û�×�Å»Ä»ÇKÁ�Ý¬½ T Í�ºÎé�U

ker Â = kerA× (imB)⊥
Ã¬Ö�Ü

im B̂ = imB × (kerA)⊥
o êfDjÏ6Ì�ÔAq�º

ÞjÉ�Ö¬ÖzÁ®¾�Ä»×�Ç�É�Ã�Û�ã~À?ÂïÂôÉz¹�ºÎÔ Ü�ÅÆÀ6¿¬½R¾�¿IÀ?½RÀ� �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×�=.¾�Ö T Í�ºÎÍ�U%ÂïÅ»Ç�Ü¬À?Â ¼1½R¾A@8À?Ò0ÇR¾�½
R̂ :=

(
R

RT

0

) º�à�Û�ÅÆÛ8Ç�Ö�Ø�ÂïÄ»ÅÆþ	�
R̂2 =

(
R2

(RT )
2

0

)
= R̂

�¬ÛR¾VO�ÅÆÀ

ker R̂ = kerR× kerRT = kerR× (imR)⊥ = kerA× (imB)⊥

= kerA× kerBT

Ô�¹



���h� .�7��Y*4,�0V.+3¼¸�3�5¼¸�(�¹Æ0 � 5�æ4â�,�3��v3��v7·.�¹Æ3�0V.��-çdèÎ¶�0Â¸�(�ä��t7·8+8�*m.�7G� à 5�*4(�0���æ45o�Y*P.�7·æ-(

Ã¬Ö�Ü

im R̂ = imR× imRT = imR× (kerR)⊥ = imB × (kerA)⊥

= imB × imAT .

ÞjÉA��À?½KÅÆÛ8Ç (
kerA× kerBT

)
⊕
(
imB × imAT

)
= Ò n × Ò n = Ò en º

ÞjÉ�Û*Á�¾�Ä»×.À?Ö�Ü¬À�ã~À?ÂïÂôÉKÄ»ÅÆÀeÁ�À?½8Ç~À?Å»Ö�ÀZO�ÅÆþ	��Ç8Å»×.ÀUêUÀ?åæÅÆÀ���Ã¬Ö¬×�åKO�ÅÆÛRþ���À?ÖPÀ?Å»Ö�À?½|ã���ÛRÃ¬Ö¬×MÜ¬À?½lúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û
ÞKß�à�Ã¬Ö�Ü�À?Å»Ö�À?½Mã���Û8Ã¬Ö¬×ôÜ¬ÀæÛMÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?ÂòÛ°º
���0ð ð ª�ì óÆ¡*ó�� aAÞ5;$ehj ü �h� x∗ ∈ C1

D0
(I, Ò m) , ψ∗ ∈ C

1
AT

(
I, Ò k

)
, u∗ ∈ C

(
I, Ò l

) Þ2�hj^Ü�ÝAÞhg��m�
i��/ÞÂ~\aI��iK�^�heh` ü e¥k?>��
�hlCÞ T Í�º â�U�
 � aI���Ìj·Þh` u∗ k ü `�j9lÂaI�
��~�`��hg��he/gm���Âý�Xme�i�aAÞh�feXk?>h�x�hl T Í�º»¹VU{P T Í�ºÎÔ�U
gm��i

x∗
j·Þh`fiIjH�Íÿ�g����/�PÝIe/j
����k ü `�j·lÂaI�x��;$eXaUi2��=r`bkIehjH�[


� ��^�hj·Þ�
to ê�DjÏ3Ì�ÔAq
 
Ý¬½ïÜ�ÅÆÀG×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀäÞKß�à T Í�ºÎÍ�UÊÄ�É�ÛAÛRÀ?Ö:Û8ÅÆþ��:Ü�ÅÆÀöÏ3É�Ç8½8Å»å°À?Ö Ã¬Ö�Ü:¼1½R¾A@8À?Ò0ÇR¾�½RÀ?Ö Ü¬À?½%Õ0ÀæçqÃ�À?Ö¬å�É�Ã�Û

ßMÚ�ÛRþ��¬Ö¬Å»Ç8ÇË¹�ºÎÍ�O�ÅÆÀtÁ®¾�Ä»×�Ç\OUØA�¬ÄÆÀ?Ö T @8À�O,À?Å»ÄÆÛy¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀËÅ»Ö
t ∈ I

UÍo ê�DjÏ6Ì�Ôrq�º

A0 = A, G̃0 = A0D0 = AB ∈ L
( Ò m, Ò k

)
,

D0 = B, G̃1 = G̃0 − CQ̃0
Ã¬Ö�Ü

Q̃0 ∈ L ( Ò m)
¼�½R¾A@SÀ?Ò0ÇR¾�½MÉ�Ã�Á

ker G̃0 ⊆ Ò m.
N Ã�ÛAØ�Ç8åæÄ»ÅÆþ	��ÛRÀ?Å

Q̃∗0 ∈ L
( Ò k

) ¼�½R¾A@SÀ?Ò0ÇR¾�½MÉ�Ã�Á
ker G̃T

0 ⊆ Ò k.





T Í�ºL��U

ÞjÉ�ÚIÀ?Å¬ÛRÀ?ÅÆÀ?ÖÎ�¬ÅÆÀ?½
Q̃0

Ã¬Ö�Ü
Q̃∗0

úM½8ÇX��¾�¿¬½R¾A@8À?ÒqÇR¾�½RÀ?Ö T Û°º�É�ºmoÅDjÏ6Ì�ÌAq9Uh��Ü*º �<º.É�Ö�Û8ÇRÀ?Ä»ÄÆÀf=.¾�Ö
D−

0

=.À?½XO�À?Ö�Ü¬À?Ö
O�Å»½jÜ�ÅÆÀZÏ3¾0¾�½RÀeû�¼|À?Ö¬½R¾�ÛRÀeû�#&Ö�=.À?½RÛAÀ

D+
0

=.¾�Ö
D0
º [ À?Ç8åæÇjÒ���Ö¬Ö�À?ÖuO�Å»½tÜ�ÅÆÀt�¬Å»Ö¬½RÀ?ÅÆþ	��À?Ö�Ü¬À?Ö`Ã¬Ö�Ü3Ö�¾�Ç�O�À?Ö�û

Ü�Å»×.À?ÖñêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö Á®Ý¬½Ë½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐÿ¹òÜ¬À?½ïúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à)É�Ã�Ûso ê�DjÏ6Ì�ÔAq
Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö<º
���0ð ð ª ì ó �¿ø õG�� "�
��¯ © � ©�¨�©�ª¬« � ª¬ ���®���°¯��°±5�®�|²|��³ § û°ó�� jH�{� ü `�j9lÂaI�þj�`&9�`9ÞP � ]vc T Í�º â�UtjµÞ�`feX�H��g��:9Ie
lÎj9`�;$eXaD=r`baE>hj·� j�`&9�`9Þ/j9��i����A`t���h��a�gÄi�aI�¼�0���^�h����iIjH� � �XiIj9���Igm�����h�

ker




G̃0 (t)T

Q̃0 (t)C (t)T

D (t)T


 = {0}

g���i
ker




G̃0 (t) 0

Q̃∗0 (t)C (t) Q̃∗0 (t)D (t)

Q̃0 (t)W (t) Q̃0 (t)S (t)

S (t)T R̃ (t)


 = {0}

T Í�ºM��U

ýX�ezaI�9�x�
t ∈ I

��e·ýX��9�<`ZÞhj·��iE

� ��^�hj·Þ�
to ê�DjÏ3Ì�ÔAq
>MÂ Ü�É�ÛÊ¼1½R¾�Ú¬ÄÆÀ?Â åæÃ�=.À?½RÀ?Å»Ö�ÁDÉ�þ���À?Ö`Ã¬Ö�Ü6Å»Â ÈMÅ»Ö�Ú¬Ä»ÅÆþAÒ`É�Ã�ÁUÜ�ÅÆÀïÉ�Ö�ÛRþ	�¬Ä»ÅÆÀ�Ï.À?Ö�Ü¬ÀôýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ�¾�½Sû

ÂôÉ�Ç8ÅÆ¾�Ö�=.¾�ÖñúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�Û2��O,À?½RÜ¬À?Ö`åæÃ�ÛAØ�Ç8åæÄ»ÅÆþ	�>Á�¾�Ä»×.À?Ö�Ü¬Àïê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?ÖÈ=.¾�½AÉ�Ã�Û8×.ÀæÛRÀ?Ç8åæÇ°º� 
Ý¬½
É�Ä»ÄÆÀ

t ∈ I
ÛRÀ?Å

S (t) = 0
Ã¬Ö�Ü

R̃ (t)
¿I¾�Û8Å»Ç8Å
=3Ü¬À ½ Ö¬Å»Ç°º+Á�Å»½�Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½RÀ?Ö`ÖqÃ¬Ö`ã<À?ÂïÂôÉäÍ�º âöÁ®Ý¬½�Ü�ÅÆÀæÛRÀ?Ö

Õq¿�À?åæÅ�É�ÄÑÁ�É�Ä»ÄDº

Ô�Í



���h� .�7��Y*4,�0V.+3¼¸�3�5¼¸�(�¹Æ0 � 5�æ4â�,�3��v3��v7·.�¹Æ3�0V.��-çdèÎ¶�0Â¸�(�ä��t7·8+8�*m.�7G� à 5�*4(�0���æ45o�Y*P.�7·æ-(

���0ð ð ª�ì ó � ó�Y X�esa��·�x�
t ∈ I

���h�<`��
S (t) = 0

gm��i
R̃ (t) > 0


 � aI�¼��j·Þh`�i�jH�C� ü `�j·lÂaI� j�`&9�`9Þ�P � ]�cT Í�º â�U!eX�H��g��:9IeClCj�`W;�e¥a+=r`ba?>hj9�þj�`&9�`9Þhj·��i����C`z���h��aIgui�aI���0���^�h�¼�uiIjb� � ��iIj·�m�Ig��m���h�

ker




G̃0 (t)T

Q̃0 (t)C (t)T

D (t)T


 = {0}

T Í�ºL"�É�U

gm��i

ker




G̃0 (t)

Q̃∗0 (t)C (t)

Q̃0 (t)W (t)


 = {0}

T Í�ºL"�Ú�U

ýX�ezaI�9�x�
t ∈ I

��e·ýX��9�<`ZÞhj·��iE

� ��^�hj·Þ�
v>yÖqÇRÀ?½òÜ¬À?Ö���¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬×.À?Ö

S (t) = 0
Ã¬Ö�Ü

R̃ (t) > 0
Á®Ý¬½òÉ�Ä»ÄÆÀ

t ∈ I
Ä�É�ÛAÛRÀ?Ö ÛRÅÆþ��:Ü�ÅÆÀ

êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T Í�ºL"�É�U�Ã¬Ö�Ü T Í�ºL"�Ú�UUÜ�Å»½RÀ?ÒqÇ�É�Ã�ÛKã<À?ÂïÂôÉôÍ�º â���À?½8ÄÆÀ?Å»ÇRÀ?Ö<º
�Æê�����ô��0�P÷�õ�ô��\'Íì�÷O!/,rð¥í�ì�ñ�÷�õ�ôbí !
 
Ý¬½~Ü�É�Û<ã���ÛAÀ?Ö!=.¾�ÖjÄ»Å»Ö�À°É�½RÀ?Ö�Õ�R�Û8ÇRÀ?ÂòÀ?ÖÊ½RÀ?×�Ã¬Ä�Ø�½RÀ?½<×.À�Of�I�¬Ö¬Ä»ÅÆþ���À?½1Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö���É�ÚIÀ?ÖÊÛ8ÅÆþ	�
=.À?½RÛRþ	�¬ÅÆÀæÜ¬À?Ö�À���À?½SÁ�ÉA�¬½RÀ?Ö>À?ÇAÉ�Ú¬Ä»ÅÆÀ?½8Ç2�*Ü�ÅÆÀïÉ�Ã�Á�Ü�É�Ûtã���ÛAÀ?ÖÄ=.¾�Ö>Ö¬ÅÆþ	��Ç8Ä»Å»Ö�À°É�½RÀ?Ö Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö
Á®Ý$�¬½RÀ?ÖÊo ¼
À?ÇAë�"Iq�º�Þ�ÅÆÀ,ýyÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�Öï×.À�����½8ÇlåæÃPÜ�ÅÆÀæÛRÀ?Ö�Ï3À?ÇX��¾qÜ¬À?Ö���Û8ÅÆÀ�½RÀ°É�Ä»ÅÆÛ8ÅÆÀ?½8Ç
Á�Ý¬½
Ä»Å»Ö�À°É�½RÀ
ýMÉ�Ö�ÜPO�À?½8ÇAÉ�Ã�Á�×�É�Ú�À?Ö!À?Å»Ö�ÀjÛ8ÇRÀ?Ç8Å»×.À?Ö�à�Ö�Ç8Ò.¾�¿¬¿¬Ä»Ã¬Ö¬×�º�à�Û�O�Å»½RÜ�=.À?½RÛ8Ã�þ��qÇyÜ�ÅÆÀtÛRþ��¬Ö�À?Ä»ÄÑûbOUÉ�þ���ÛRÀ?Ö�Ü¬À?Ö6Ï�¾0Ü�Å
=.¾�Ö6Ü¬À?Ö6ÛAþ��¬Ö�À?Ä»ÄÑû�ÁDÉ�Ä»ÄÆÀ?Ö�Ü¬À?Ö`Ï�¾0Ü�Å~åæÃ3Ç8½RÀ?Ö¬Ö�À?Ö<º*Þ�ÅÆÀæÛRÀzO�À?½RÜ¬À?Ö>Ü�É�Ö¬Ö3ÖqÃ¬½MÅ»Ö6Ü�ÅÆÀv@SÀ�O�À?Å»Ä»Å»×.À?Ö>Û8ÇAÉ�Ú¬Å»ÄÆÀ?Ö
ýKÅÆþ	��Ç8Ã¬Ö¬×.À?Ö�Å»ÖqÇRÀ?×�½8ÅÆÀ?½8Çzo ß�¼�ë�"Aq�º�ßyÖ�Ü¬À?½RÀ?½RÛAÀ?Å»ÇRÛ�Ö¬Å»ÂïÂËÇKÂôÉ�ÖöÅ»ÖyDÊÉ�Ã�ÁX��Ü�É�ÛRÛ2�¬É�Ö!ÕqÇRÀ?Ä»ÄÆÀjÀ?Å»Ö�ÀæÛ�Ä»Å»Ö�À°É�½RÀ?Ö
ýMÉ�Ö�ÜPO�À?½8Ç8¿¬½R¾�Ú¬ÄÆÀ?ÂòÛPÂïÅ»ÇËÛRÀ?¿�É�½8ÅÆÀ?½8ÇRÀ?Öñý�É�Ö�Ü�ÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö��
À?Å»Ö�ÀïÖ¬ÅÆþ	��Ç8Ä»Å»Ö�À°É�½RÀößyÖ�ÁDÉ�Ö¬×.ÛXO�À?½8ÇAÉ�Ã�Á�×�É�Ú�À
=.¾�Â ýyÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿�×.À?Äx��Û8ÇYO�À?½RÜ¬À?Ö!ÂËÃ�ÛAÛ!o ßMÏ3ýv"�"rq�º
à1Å»Ö¬Å»×.À n É�þ	��ÇRÀ?Å»ÄÆÀ3Û8Å»Ö�Ü�¾A;*À?Ö�Û8ÅÆþ��qÇ8Ä»ÅÆþ��<º�Õ0¾>ÅÆÛ8Çòå.º�ê�º�Ü�ÅÆÀ�À?Ö�ÇRÛ8ÇAÉ�Ö�Ü¬À?Ö�À�Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ?ÖÀ��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×

ÂÂ��×�Ä»ÅÆþ���À?½XO�À?ÅÆÛRÀöÖ¬ÅÆþ��qÇòÉ�Ã�ÁMÜ¬À?Â ×.ÀæÛAÉ�ÂZÇRÀ?ÖÌ#�ÖqÇRÀ?½X=�É�Ä»Ä�Äx��Û8Ú�É�½2�
ÛR¾qÜ�É�ÛAÛZÀ?Å»Ö�ÀôÖ�Ã¬ÂòÀ?½8ÅÆÛRþ	��ÀJ#�ÖqÇRÀ?×�½AÉ�Ç8ÅÆ¾�Ö
Ö¬ÅÆþ��qÇP¾0Ü¬À?½jÖ�Ã¬½PÛRÀ��¬½ZÉ�Ã�Á�O,À?Ö�Ü�Å»×�ÂÂ��×�Ä»ÅÆþ�� ÅÆÛ8Ç°º<ÞtÀ?Ö¬Ö�¾qþ	� Ý¬Ú�À?½XO�ÅÆÀ?×.À?ÖÈ=0ÅÆÀ?ÄÑÁ�É�þ	� Ü�ÅÆÀ���¾�½8ÇRÀ?Å»ÄÆÀ��|Ü�ÅÆÀòÅ»Ö
Ü¬À?½�À?Å»Ö�Á�É�þ	��À?ÖyDy¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�ÖäÃ¬Ö�ÜGÅ»ÖGÜ¬À?½�È�¾A;IÖqÃ¬Ö¬×�Ä»ÅÆÀ?×.À?Ö��¬Ü�É�ÛRÛUÜ�É�Û,Ç8½AÉ�Ö�Û8Á®¾�½8ÂïÅÆÀ?½8ÇRÀËÕ�R�Û8ÇRÀ?Â Û8ÇAÉ�Ú¬Å»Ä
ÅÆÛ8Ç�Ã¬Ö�Ü�ÛRÅÆþ��!À?ÖqÇRÛ8¿¬½RÀæþ���À?Ö�Ü3Û8ÇAÉ�Ú¬Å»Ä*Ã¬Ö�Ü�Àh¾òåæÅÆÀ?ÖqÇyÅ»Ö�ÇRÀ?×�½8ÅÆÀ?½RÀ?Ö3Ä�Ø�ÛRÛ8Çdo ß�Ï�ýÍ"�"rq�º
ßMÃ�Û%Ü�ÅÆÀæÛAÀ?½öà�½SÁ�ÉA�¬½8Ã¬Ö¬×:À?Ö�ÇRÛRÇAÉ�Ö�ÜÿÜ�ÅÆÀu#pÜ¬ÀæÀ��,Ü�ÅÆÀ3Ï3À?ÇX��¾qÜ¬À�åæÃ¬Âvã���ÛRÀ?ÖW=.¾�ÖzßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8ÅÑû

É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?ÖwÉ�Ã�ÛRåæÃ¬¿¬½R¾�Ú¬ÅÆÀ?½RÀ?Ö<ºyà�ÛJO�Å»½RÜ Ö�Ã¬Ö-À?Å»Ö ßMÖ�ÛAÉ�Ç8å>Á®Ý¬½äÜ�ÅÆÀ`ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö Ü¬À?½
úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T Í�º â�U^=.¾�½8×.ÀæÛRÇRÀ?Ä»Ä»Ç°º¬ÞtÉ�Û�Ô�ºPDÊÉ�¿¬Å»ÇRÀ?Ä*Ú�ÀæÛRþ���Ø�Á®Ç8Å»×�ÇKÛ8ÅÆþ��äÜ�É�Ö¬ÖäÂïÅ»Ç�Ü¬À?½�ßyÖ�É�Ä
R�ÛRÀ�Ü¬À?½
É�Ã�Û�À?Å»Ö�À?½ï½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à)À?ÖqÇRÛ8ÇAÉ�Ö�Ü¬À?Ö�À?Ö��lÖ¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ?ÖkÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?ÖkßMÄ»×.À?Ú¬½R¾�û
Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×�º
#&Â  �¾�Ä»×.À?Ö�Ü¬À?Ö�O�À?½RÜ¬À?Ö`É�Ä»ÄÆÀCDM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö>¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀPÅ»Ö

t ∈ I
ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ç°º*à�ÛtÛRÀ?Å-=.¾�Ö�ÖqÃ¬Ö`É�Ö

R̃ > 0
É�Ã�Á
I
��Ü�É�Ö¬Ö�ÅÆÛ8Ç

u = −R̃−1
(
STx+DTψ

) º¬ÞjÉA��À?½K×�Å»Ä»Ç




A (Bx)′ = Cx−DR̃−1
(
STx+DTψ

)

−BT
(
ATψ

)′
= Wx+ CTψ − SR̃−1

(
STx+DTψ

)

u = −R̃−1
(
STx+DTψ

)

↔





A (Bx)′ =
(
C −DR̃−1ST

)
x−DR̃−1DTψ

−BT
(
ATψ

)′
=
(
W − SR̃−1ST

)
x+

(
CT − SR̃−1DT

)
ψ

u = −R̃−1
(
STx+DTψ

)
.

Ô�Ô
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Ï�Å»ÇËÜ¬À?Â ßMÖ�ÛAÉ�Ç8å
ψ = KBx, K ∈ L ( Ò n, Ò m)

Ã¬Ö�Ü`¾¬º êtº Ü*º ßPº
ATK = KTA

T Û8ÅÆÀ���ÀôÜ�É�åæÃ Õ�É�Ç8å
Í�ºL��UUÀ?½X��Ø�Ä»ÇKÂôÉ�Ö





A (Bx)′ =
(
C −DR̃−1ST

)
x−DR̃−1DTKBx

−BT
(
ATKBx

)′
=
(
W − SR̃−1ST

)
x+

(
CT − SR̃−1DT

)
KBx

u = −R̃−1
(
STx+DTKBx

)
.

Á`À?Å»ÇRÀ?½X�¬Å»Ö!ÅÆÛRÇ

−BT
(
ATK

)′
Bx=BTATK (Bx)′ −BT

(
ATKBx

)′

=BTKTA (Bx)′ −BT
(
ATKBx

)′

=BTKT
(
C −DR̃−1

(
ST +DTKB

))
x

+
(
W + CTKB − SR̃−1

(
ST +DTKB

))
x

=
(
BTKTC +W + CTKB

)
x

−
((
S +BTKTD

)
R̃−1

(
ST +DTKB

))
x.

Õ0þ��¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ	�kÀ?Ö�ÇRÛRÇRÀ���ÇòÀ?Å»Ö�ÀGÂôÉ�Ç8½8ÅÑÐmO�À?½8Ç8Å»×.À�ýKÅÆþæþ°É�Ç8ÅÑû�ÙSRq¿:ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬× T Ï�ýKû�ÞKß�à^U
Ú�À?åæÝ¬×�Ä»ÅÆþ��

K

−BT
(
ATK

)′
B = BTKTC + CTKB +W

−
(
S +BTKTD

)
R̃−1

(
ST +DTKB

)
T Í�ºÎë�É�U

Ã¬Ö�Ü!É�Ã�ÛKÜ¬À?½Mà1Ö�Ü�ÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×GÜ¬À?½yýMÉ�Ö�ÜPO�À?½8ÇAÉ�Ã�Á�×�É�Ú�À T Í�º â�U�À?½8×�Å»Ú¬ÇyÛ8ÅÆþ��

B (T )T A (T )T K (T )B (T ) = V.
T Í�ºÎë�Ú�U

 
Ý¬½MÜ¬À?Ö| �É�Ä»Ä
S = 0

O�Ã¬½RÜ¬À?Ö3Ú�À?½RÀ?Å»ÇRÛKÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À�ýKÅÆþæþ°É�Ç8ÅÑû�ÙSRq¿3ßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×
Å»ÖuoÅDtÃ¬½Aë�ÔAqIÃ¬ÖqÇRÀ?½RÛ8Ã�þ��qÇ2��É�Ä»ÄÆÀ?½RÜ�Å»Ö¬×.ÛUÖ¬ÅÆþ��qÇ�Å»Ö%¿¬½R¾�¿�À?½RÀ?½f �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×�º�ßMÖ$��É�Ö�Üs=.¾�ÖäêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ?ÖÊO�Å»½RÜ
Ü¬¾�½8ÇäÜ�É�½AÉ�Ã�Áz�¬Å»Ö¬×.À�O�ÅÆÀæÛRÀ?Ö��UÜ�É�ÛRÛöÜ�ÅÆÀ3ýKÅÆþæþ°É�Ç8ÅÑû¨��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×kÀ�=.À?ÖqÇ8Ã�À?Ä»ÄjÖ¬ÅÆþ���ÇäÄx��ÛRÚ�É�½%ÅÆÛ8Ç2��¾�Ú�O�¾I�¬ÄÊÜ�É�Û
¾�¿¬Ç8Å»ÂôÉ�ÄÆÀPÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?Â À?Å»Ö�Ü¬À?Ã¬Ç8Å»×òÄx��ÛRÚ�É�½KÅÆÛ8Ç°º
#&ÂÐ �É�Ä»Ä

A = B = I
Ã¬Ö�Ü

S = 0
À?ÖqÇRÛ8¿¬½8ÅÆþ��qÇ�Ü�ÅÆÀyÏ3ý�û�ÞKß�àY�.ÛR¾VO,¾I�¬ÄIÅ»ÖôÜ¬À?½UÕqÇAÉ�Ö�Ü�É�½RÜ0Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×

oÅDtÃ¬½Aë�ÔAq|É�ÄÆÛKÉ�Ã�þ	��Å»Ö�Ü¬À?½\�¬ÅÆÀ?½\=.¾�½8Ä»ÅÆÀ?×.À?Ö�Ü¬À?Ö�¿¬½R¾�¿�À?½RÀ?Ö? �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×��"Ü¬À?½�ÚIÀ?Ò�É�Ö¬Ö�ÇRÀ?Ö!ÂôÉ�Ç8½8ÅÑÐmO�À?½8Ç8ÅÑû
×.À?Ö!ýyÅÆþæþ°É�Ç8Å4��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×��¼O�ÅÆÀÊÛRÅÆÀtÃ<º�É�º¬Å»ÖQo ýyÀ?Å·��ÍAq<Ú�À?Ç8½AÉ�þ��qÇRÀ?Ç�O�Å»½RÜ*º
ÞtÀ?½PÁ®¾�Ä»×.À?Ö�Ü¬À�Õ�É�Ç8åöÄ»ÅÆÀeÁ�À?½8Ç�À?Å»Ö�À?Ö N Ã�Û É�ÂïÂòÀ?Ö$��É�Ö¬×>åKO�ÅÆÛRþ���À?Ö�À?Å»Ö�À?½ïã���Û8Ã¬Ö¬×`Ü¬À?½ïÏ3ý�û�ÞKß�à Ã¬Ö�Ü

À?Å»Ö�À?½yã���ÛRÃ¬Ö¬×ôÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àKº
Ô ª �°£ ì ó  ó c^Þ�ÞK��j

kerBT = {0}
g���i

K ∈ C1
AT (I, L ( Ò n, Ò m))

Ü�ÝIÞ/gm���¡�rkI� T Í�ºÎë�U�gm��i
x ∈

C1
B (I, L ( Ò m))

Ü�ÝIÞ/gm���{�rkI�

A (Bx)′ =
(
C −DR̃−1ST

)
x−DR̃−1DTKBx,

T Í�º»¹°Ì�É�U
A (0)B (0) x (0) = y0

T Í�º»¹°Ì�Ú�U
Þ�kC�Ij9� `

Ô�â



���h� .�7��Y*4,�0V.+3¼¸�3�5¼¸�(�¹Æ0 � 5�æ4â�,�3��v3��v7·.�¹Æ3�0V.��-çdèÎ¶�0Â¸�(�ä��t7·8+8�*m.�7G� à 5�*4(�0���æ45o�Y*P.�7·æ-(

`-

ATK = KTA

g���i
|}
zi�aAÞ¡;$ehj ü �h� (x ∈ C1

B , ψ := KBx ∈ C1
AT , u := −R̃−1

(
STx+DTψ

)
∈ C

) jµÞ�`vÜ�ÝAÞhg��m�
i��heÍ~\aI��i+�^�he�`baIg/ýX��a?>	� T Í�º â�Uj


ßMÃ�ÁÊÜ�ÅÆÀ�åæÃ�ÛAØ�Ç8åæÄ»ÅÆþ	��À?��¾�½AÉ�Ã�ÛRÛAÀ?Ç8åæÃ¬Ö¬×
kerBT = {0}

O,À?½RÜ¬À?ÖWO�Å»½ôÅ»Â_Á®¾�Ä»×.À?Ö�Ü¬À?Ö�DÊÉ�¿¬Å»ÇRÀ?ÄyÖ�¾0þ��
À?Å»Ö¬ÂôÉ�Ät×.À?Ö�É�Ã�À?½äÀ?Å»Ö¬×.À���À?Ö<ºyÕqÅÆÀ|O�Å»½RÜ�Ú�À?Å�Ü¬À?½äßMÖ�É�Ä
R0ÛRÀ3Ü¬ÀæÛöÈ�É�Ã¬¿¬Ç8ÇRÀ?½8ÂòÛäÜ¬À?½öýKÅÆþæþ°É�Ç8ÅÑû¨�tÄÆÀ?ÅÆþ���Ã¬Ö¬×
À?½8Ö�À?Ã¬Ç1À?Å»Ö�ÀSO�ÅÆþ	��Ç8Å»×.À�ýM¾�Ä»ÄÆÀ�Û8¿¬ÅÆÀ?ÄÆÀ?ÖCO�Å»½RÜ*º�à�Û-O�Å»½RÜZÛ8ÅÆþ	�Zå°À?Å»×.À?Ö���Ü�É�ÛRÛ
Ü�ÅÆÀæÛRÀ�à1Å»Ö�ÛRþ	�¬½AØ�Ö¬ÒqÃ¬Ö¬×jÜ�Ã¬½Rþ���É�Ã�Û
½RÀ°É�Ä»ÅÆÛ8ÅÆÀ?½8Ú�É�½MÃ¬Ö�ÜäÛ8Å»Ö¬Ö�=.¾�Ä»Ä|ÅÆÛ8Ç°º
� ��^�hj·Þ�
Mà�Û�ÛRÀ?Å

kerBT = {0}
�
K ∈ C1

AT (I, L ( Ò n, Ò m))
ã���Û8Ã¬Ö¬×z=.¾�Ö T Í�ºÎë�Uh�

x ∈ C1
B (I, L ( Ò m))ÛRÀ?Å<ã���ÛRÃ¬Ö¬×Â=.¾�Ö T Í�º»¹°Ì�U?º¬ÞjÉ�Ö¬Ö�×�Å»Ä»Ç

¹�º É�UöÞ�ÅÆÀ�½RÀæþ	��ÇRÀtÕ0À?Å»ÇRÀyÜ¬À?½^��ÄÆÀ?ÅÆþ	��Ã¬Ö¬× T Í�ºÎë�É�UlÅÆÛ8Ç�Û�RqÂïÂòÀ?Ç8½8ÅÆÛRþ	� T O�×�º
W
Ã¬Ö�Ü

R̃
ÛXR0ÂïÂòÀ?Ç8½8ÅÆÛRþ	��Ueº

ÞjÉ�ÂïÅ»ÇK×�Å»Ä»ÇKÁ�Ý¬½KÜ�ÅÆÀjÄ»Å»Ö¬Ò.ÀPÕ0À?Å»ÇRÀ

BT
(
ATK

)′
B = BT

(
AKT

)′
B

↔ BT
(
ATK −AKT

)′
B = 0

(ker BT ={0}) ↔
(
AKT −ATK

)′
= 0

↔ AKT −ATK = konstant .

Ú�UöêUÀ?Ç8½AÉ�þ	��ÇRÀZåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ��3Ü�ÅÆÀjßyÖ�ÁDÉ�Ö¬×.Û8Ú�ÀæÜ�Å»Ö¬×�Ã¬Ö¬× T Í�ºÎë�Ú�U?º¬ÞjÉ
V
ÛXR0ÂïÂòÀ?Ç8½8ÅÆÛRþ���ÅÆÛRÇ2��×�Å»Ä»Ç

B (T )T A (T )T K (T )B (T ) = B (T )T K (T )T A (T )B (T )

(ker BT ={0}) ↔ A (T )T K (T )−K (T )T A (T ) = 0.

−→ AKT = ATK
º

Í�ºKà�Û�ÛRÀ?Å
kerBT = {0}

Ã¬Ö�Ü
K ∈ C1

AT

�
x ∈ C1

B

ã���Û8Ã¬Ö¬×.À?Ö�=.¾�Ö T Í�ºÎë�U�Ú¬åKOÊº T Í�º»¹°Ì�U,Ã¬Ö�ÜöÀæÛUÛRÀ?ÅÆÀ?Ö
ψ := KBx ∈ C1

AT , u := −R̃−1
(
STx+DTψ

)
∈ C

º¬ÞjÉA��À?½K×�Å»Ä»Ç




−BT
(
ATK

)′
B =BTKTC + CTKB +W

−
(
S +BTKTD

)
R̃−1

(
ST +DTKB

)

A (Bx)′ =
(
C −DR̃−1ST

)
x−DR̃−1DTKBx.

ÞjÉ�Ö¬Ö!ÛRÅ»Ö�ÜäÜ�ÅÆÀÊýMÉ�Ö�Ü�Ú�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö!Ã¬Ö�Ü�Ü¬À?½KÁ®¾�Ä»×.À?Ö�Ü¬ÀÊÙ|À?Å»Ä~Ü¬ÀæÛMÕ�R�Û8ÇRÀ?ÂòÛ T Í�º â�UUÀ?½SÁ®Ý¬Ä»Ä»Ç
(
A (Bx)′

0

)
=

(
C 0 D

ST DT R̃

)

x
ψ
u


 .

ÁÿÅ»½KÃ¬ÖqÇRÀ?½RÛ8Ã�þ���À?Ö�Ö�Ã¬Ö�Ü�ÅÆÀ�Á�À��¬ÄÆÀ?Ö�Ü¬Àt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×

BT
(
ATψ

)′
=BT

(
ATKBx

)′

=BT
(
ATK

)′
Bx+BTKTA (Bx)′

¢¤£ w ¥Q¦ , ¢¤£ wÅ}�§Q¦ =−BTKTCx− CTKBx−Wx

Ô�é
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+
(
S +BTKTD

)
R̃−1

(
ST +DTKB

)
x

+BTKT
(
C −DR̃−1ST −DR̃−1DTKB

)
x

=
(
SR̃−1DT − CT

)
KBx+

(
−W + SR̃−1ST

)
x

+BTKT
(
−C +DR̃−1

(
ST +DTKB

))
x

+BTKT
(
C −DR̃−1ST −DR̃−1DTKB

)
x

=−
(
CT − SR̃−1DT

)
KBx−

(
W − SR̃−1ST

)
x

↔ −BT
(
ATψ

)′
=
(
W − SR̃−1ST

)
x+

(
CT − SR̃−1DT

)
ψ.

→
T Í�º â�UUÅÆÛ8ÇKÀ?½SÁ�Ý¬Ä»Ä»Ç°º

Ô��



¨ © HUL"FIOS[jikYlF"L"ORayYÓuwQRaKYlNPFIgjXPO8x%YlF�Y1WML"ORHKQAaKQRY1ORb�ct\ZWPaKY1W fKg h
m ORb
b|HULIOpoqE>rts

n É�þ���Ü¬À?ÂvÅ»Â =.¾�½AÉ�Ö¬×.À?×�É�Ö¬×.À?Ö�À?ÖÉDÊÉ�¿¬Å»ÇRÀ?ÄÊÜ�ÅÆÀ6ýyÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�ÖÀ=.¾�ÖnúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà�Û
=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»Ç\O�Ã¬½RÜ¬À��mO,À?Ö�Ü¬À?ÖJO�Å»½UÃ¬Ö�Û�Ö�Ã¬Ö�Ü¬À?½\>MÖ�ÇRÀ?½RÛ8Ã�þ	��Ã¬Ö¬×ôÜ¬À?½�Ü�É�½AÉ�Ã�Û�À?ÖqÇRÛ8ÇAÉ�Ö�Ü¬À?Ö�À?Ö�Ï�ýKû�ÞKß�à�Û
åæÃ<º�#&Â Ö�Ø�þ���Û8ÇRÀ?Ö|DÊÉ�¿¬Å»ÇRÀ?Ä~Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö|O�Å»½yÜ�É�åæÃ!À?Å»Ö¬Å»×.ÀÊêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ�º
ßMÃ�ÛUÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà T Í�º â�UZO�Ã¬½RÜ¬À�Å»ÂÓÍ�ºPDÊÉ�¿¬Å»ÇRÀ?Ä�Ã¬Ö�ÇRÀ?½KÜ¬À?ÖGåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ���À?Öy��¾�½AÉ�Ã�ÛAÛRÀ?Ç8åæÃ¬Ö�û

×.À?Ö

S (t) =0, V = 0, R̃ (t)
¿�¾�Û8Å»Ç8Å
=öÜ¬À ½ Ö¬Å»Ç2�

t ∈ I

Ã¬Ö�Ü�Ü¬À?½Y �ÀæÛRÇ8ÄÆÀ?×�Ã¬Ö¬×

R (t) :=D (t) R̃−1 (t)DT (t) , t ∈ I

Ü�ÅÆÀïà1Ö�ÜPO�À?½8ÇAÉ�Ã�Á�×�É�Ú�ÀïÅ»ÖQ �¾�½8Â À?Å»Ö�À?½jÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?Ö ßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×Ä=.¾�Â ýyÅÆþæþ°É�Ç8ÅÑû
ÙZR0¿ T Ï3ý�û�ÞKß�à^U

−BT (t)
(
AT (t)X (t)

)′
B = BT (t)XT (t)C (t) + CT (t)X (t)B (t)

−BT (t)XT (t)R (t)X (t)B (t) +W (t) , t ∈ I

T Ô�º»¹°É�U

(
BTATXB

)
(T ) = 0

T Ô�º»¹?Ú�U
��À?½8×.À?ÄÆÀ?Å»ÇRÀ?Ç°º�ÈMÅÆÀ?½8Ú�À?Å<Û8Å»Ö�Ü

A (t) ∈ L
( Ò n, Ò k

)
, X (t) ∈ L

( Ò n, Ò k
)
,

B (t) ∈ L ( Ò m, Ò n) , R (t) ∈ L
( Ò k

)
,

C (t) ∈ L
( Ò m, Ò k

)
, W (t) ∈ L ( Ò m) .

 
Ý¬½ÊÜ�ÅÆÀ��MÚIÀ?½8¿¬½8Ý�Á®Ã¬Ö¬×!Ü¬À?½ÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö`Á®Ý¬½ÊÜ�ÅÆÀ�¿¬½R¾�¿IÀ?½RÀs �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×6Ü¬ÀæÛÊÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8ÂòÛjÃ¬Ö�Ü
Ü¬À?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�Ü¬À?½yÏ3ý�û�ÞKß�àY��ÅÆÛRÇyÀæÛ�åæÃ¬Ö�Ø�þ���ÛRÇ�À?½SÁ�¾�½RÜ¬À?½8Ä»ÅÆþ��6Ü�ÅÆÀÊÏ3ý�û�ÞKß�à�Å»Ö3À?Å»Ö�ÀÊÞKß�à
Ü¬À?½4 �¾�½8Â T ¹�º»¹VU�åæÃËÝ¬ÚIÀ?½SÁ®Ý$�¬½RÀ?Ö<º5Þ�ÅÆÀæÛRÀ?½1Õ0þ��¬½8Å»Ç8Ç2�5Ü�ÅÆÀ,ÛR¾�×.À?Ö�É�Ö¬ÖqÇRÀS��À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×��rO�Å»½RÜjÅ»Â Á�¾�Ä»×.À?Ö�Ü¬À?Ö
ßMÚ�ÛRþ��¬Ö¬Å»Ç8ÇKÚ�À���É�Ö�Ü¬À?Ä»Ç°º
ßMÖ�ÛRþ��¬Ä»ÅÆÀ�Ï.À?Ö�ÜGÚ�À?×�Å»Ö¬Ö�ÇUÜ�ÅÆÀMßMÖ�É�Ä
R�ÛRÀyÜ¬À?½f=.À?ÒqÇR¾�½8ÅÆÛRÅÆÀ?½8ÇRÀ?Öy�tÄÆÀ?ÅÆþ���Ã¬Ö¬×�ºmÁÿÅ»½,Ú�À?Ç8½AÉ�þ��qÇRÀ?ÖäÜ¬À?ÖGÈtÉ�Ã¬¿¬ÇSû

ÇRÀ?½8Ây��Ã¬ÖqÇRÀ?½RÛ8Ã�þ���À?ÖzÜ¬À?ÖkÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ã¬Ö�ÜÌO,À?½RÜ¬À?Ö���À?½AÉ�Ã�Û ½ Ö�Ü¬À?Ö���Å»Ö�O�ÅÆÀeÁ®À?½8ÖÿÛ8ÅÆþ���Ü¬À?½ô½RÀeû
×�Ã¬Ä�Ø�½RÀËÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ ¹ÊÜ¬À?½júM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à É�Ã�Á1Ü�ÅÆÀZÏ�ýKû�ÞKß�à�Ý¬Ú�À?½8Ç8½AØ�×�Ç°º"à�Û�O�Å»½RÜ!Û8ÅÆþ	�
å°À?Å»×.À?Ö���Ü�É�ÛRÛlÛ8ÅÆþ��ïÜ�ÅÆÀf#�Ö�Ü¬ÀeÐ0û�Ã¬Ö�ÜPã���Û8Ú�É�½8Ò.À?Å»ÇRÛRÀ?Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?ÖôÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àQ=.¾�Ö�Ü¬À?Ö�À?ÖïÜ¬À?½
Ï3ý�û�ÞKß�àkÃ¬ÖqÇRÀ?½RÛRþ���À?ÅÆÜ¬À?Ö<º�Þ�ÅÆÀËýMÀ?×�Ã¬Ä�É�½8Å»ÇAØ�Ç�Ü¬À?½júM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�O�Å»½RÜ�Ö¬ÅÆþ	��ÇjÉ�Ã�Á�Ü�ÅÆÀËÏ3ý�û�ÞKß�à
Ý¬Ú�À?½8Ç8½AÉ�×.À?Ö<º

�Æê�é«ªsï��-õ�í�ì�ô",Aô�ï�ì�ò/!$#
N Ã¬Ö�Ø�þ���ÛRÇSO�Å»½RÜòÜ�ÅÆÀ�ÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.Àd��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×PÅ»ÖôÀ?Å»Ö�À\=.À?Ò0ÇR¾�½XO,À?½8Ç8Å»×.ÀÍ �¾�½8Â)×.À?Ú¬½AÉ�þ	��Ç°º0ßyÄÆÛ�à�½8×.À?Ú¬Ö¬ÅÆÛ
À?½X��Ø�Ä»ÇËÂôÉ�ÖñÀ?Å»Ö�ÀôßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×>ÂïÅ»Ç!Á`À?½8ÇRÀ?ÖñÅ»Ö Ò kn º<à�Å»Ö�ÀôßMÃ�Á®Û8ÇRÀ?Ä»Ä»Ã¬Ö¬×�Ü¬À?½ËÜ�É�åæÃ

Ô��
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Ú�À?Ö���Ç8Å»×�ÇRÀ?ÖòÞ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?ÖïÃ¬Ö�ÜPýyÀæþ	��À?Ö¬½RÀ?×.À?Ä»ÖïÁ®Ý¬½
Ü�É�ÛÆDt½R¾�Ö�ÀæþRÒ.À?½�¼�½R¾qÜ�Ã¬Ò0Ç
⊗
Ã¬Ö�Ü�Ü¬À?Ö

vec
ûpúM¿IÀ?½AÉ�ÇR¾�½

Û8Å»Ö�ÜöÅ»Ö!ßMÚ�ÛRþ	�¬Ö¬Å»Ç8ÇyßZº âïåæÃ ½ Ö�Ü¬À?Ö<º
#&Âº �¾�Ä»×.À?Ö�Ü¬À?Ö�O,À?½RÜ¬À?ÖzÜ�ÅÆÀ�ßy½8×�Ã¬ÂòÀ?ÖqÇRÀ?O�À?×�×.À?Ä�É�ÛRÛRÀ?Ö<ºf �É�Ä»ÄÆÛòÖ¬ÅÆþ	��ÇäÉ�Ö�Ü¬À?½RÛ%É�Ö¬×.À?×.À?Ú�À?Ö��ZO�À?½RÜ¬À?Ö

@8À�O,À?Å»ÄÆÛyÜ�ÅÆÀdDM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö�¿¬Ã¬Ö¬Ò0Ç�O�À?ÅÆÛRÀÊÅ»Ö!Å
�¬½RÀ?Ö!ßy½8×�Ã¬ÂòÀ?ÖqÇRÀ?Ö!Ú�À?Ç8½AÉ�þ��qÇRÀ?Ç°º
¶ä��Û1�
���5��µI�k¡*ó §�ø²± � « �°µ © ��±���� © �°�u� õò÷A¶G·ô�zû°ó Þ�ÅÆÀt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×

−
(
BT ⊗BT

) ((
In ⊗A

T
)
vecX

)′
= (P (m,m) + Im2)

(
BT ⊗ CT

)
vecX

−
(
BT ⊗BT

)
vec
(
XTRX

)
+vecW

T Ô�ºÎÍ�É�U

ÂïÅ»ÇyÜ¬À?½ n À?ÚIÀ?ÖqÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×
((
BT ⊗BTAT

)
vecX

)
(T ) = 0

T Ô�ºÎÍ�Ú�U
O�Å»½RÜ�Ü�ÅÆÀjÂïÅ»Ç T Ô�º»¹VUKÉ�ÛRÛR¾�åæÅ»ÅÆÀ?½8ÇRÀ7�A�=r`bkIehjµÞhjH�he�`��z³�~<P � ]�cü×.À?Ö�É�Ö¬Ö�Ç°º
~Y�X_���` ýK��eh`�j
�Igm���pýX�e � �_^Z��j�`�jHkI���}
�`-
yà1Å»Ö¬Å»×.ÀPýyÀæÛ8Ã¬Ä»ÇAÉ�ÇRÀPÉ�Ã�ÛMÜ¬À?Ö3ã<À?ÂïÂôÉ�ÇAÉGßZº»¹°ÌòÃ¬Ö�Ü!ßPº»¹°Í�O�À?½RÜ¬À?Ö
Å»Ö�Ü¬À?ÖäÁ�¾�Ä»×.À?Ö�Ü¬À?Ö�êUÀ?½RÀæþ��¬ÖqÃ¬Ö¬×.À?Ö|=.À?½XO�À?Ö�Ü¬À?Ç°º�Þ�ÅÆÀdO�ÅÆþ	��Ç8Å»×.Û8ÇRÀ?Ö3Û8Å»Ö�Ü
• ∃!P (k, n) ∈ L

( Ò kn
)

: vec
(
XT
)

= P (k, n) vecX, ∀X ∈ L
( Ò n, Ò k

) �

•
(
CT ⊗BT

)
= P (m,m)T

(
BT ⊗CT

)
P (n, k)

Ã¬Ö�Ü

• P (n, k) = P (k, n)−1 = P (k, n)T º
n Ã¬ÖÌO�Å»½RÜ T Ô�º»¹°É�UC=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ç2��Ü�É�åæÃ�O�À?Ö�Ü¬À?Ö�O�Å»½òÜ¬À?Ö

vec
ûpúM¿�À?½AÉ�ÇR¾�½%É�Ã�ÁtÜ�ÅÆÀÄ��ÄÆÀ?ÅÆþ��qÃ¬Ö¬× É�Ö<º�à�Û

À?½8×�Å»Ú¬ÇyÛ8ÅÆþ	�

vec
(
−BT

(
ATX

)′
B
)

= vec
(
BTXTC + CTXB −BTXTRXB +W

)

↔ −
(
BT ⊗BT

)
vec
(
ATX

)′

=
(
CT ⊗BT

)
vec
(
XT
)

+
(
BT ⊗ CT

)
vecX

−
(
BT ⊗BT

)
vec
(
XTRX

)
+ vecW

↔ −
(
BT ⊗BT

) ((
In ⊗A

T
)
vecX

)′

=
[
(C ⊗B)T P (k, n) + (B ⊗ C)T

]
vecX

− (B ⊗B)T vec
(
XTRX

)
+ vecW

=
[
P (m,m)T (B ⊗ C)T P (n, k)P (k, n) + (B ⊗ C)T

]
vecX

− (B ⊗B)T vec
(
XTRX

)
+ vecW

= (P (m,m) + Im2) (B ⊗ C)T vecX

− (B ⊗B)T vec
(
XTRX

)
+ vecW.

Ô�"
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�Æê�� ësì�í�î\ï�ì|ð¥í�ì�ñ�òSó¦ôbï�ì�õ�ïN�«�´��254(67,
ÞtÀ?½
Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�ÅÆÛRÇ<Á®Ý¬½|¿¬½R¾�¿�À?½
Á®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8ÇRÀ�ßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×PÜ¬À ½ Ö¬ÅÆÀ?½8Ç°º�ÞjÉA��À?½
O�Å»½RÜñåæÃ¬Ö�Ø�þ���Û8ÇïÜ¬À?½ZÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â Ü¬À?½t=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀ?Ö Ï�ýKû�ÞKß�àwÉ�Ã�ÁK¿¬½R¾�¿�À?½RÀÊ �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×>Ã¬ÖqÇRÀ?½Sû
Û8Ã�þ	��Ç°º
à�Û|ÅÆÛ8Ç

A0 = BT⊗BT Ã¬Ö�Ü D0 = I⊗AT º n É�þ��PÞ�À ½ Ö¬Å»Ç8ÅÆ¾�ÖC��É�ÇlÜ�ÅÆÀZ=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀ,Ï3ý�û�ÞyßMà�×.À?Ö�É�Ã
Ü�É�Ö¬ÖòÀ?Å»Ö�À?Öï¿¬½R¾�¿�À?½lÁ®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8ÇRÀ?ÖôÈ�É�Ã¬¿¬Ç8ÇRÀ?½8Ây��O,À?Ö¬ÖòÜ�É�Ûl×.Àæ¾�½RÜ�Ö�À?ÇRÀK¼lÉ�É�½ ((

BT ⊗BT
)
,
(
I ⊗AT

))
×�Ã¬ÇôåæÃ�Û É�ÂïÂòÀ?Ö¬¿�É�ÛRÛ8Ç°ºS#&ÖkÜ�ÅÆÀæÛRÀ?Â  �É�Ä»ÄyÚ�À?å°À?ÅÆþ��¬Ö�À?ÖWO�Å»½%É�Ã�þ��zÜ¬À?ÖkÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â Ü¬À?½GÏ�ýKû�ÞKßMà$É�ÄÆÛ
¿¬½R¾�¿�À?½�Á®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ç°º
Ô ª �°£ö¡<ó ì�ø¥ùË© µ î � © ø&µ © ð3�
�®��� © �°�%´I� « �°µ © ��±5��� © �°�J� õò÷A¶G·ô�zû°óS� aAÞY���Xk�e¥iI�+��`����\a�aIe

(A,B)
aIg�Þ

T Ô�º»¹VUtÞ2�hjÆ��gm`^ÿKg�ÞKaIlÎls�h� ü aAÞ/ÞK�h��i?
 � aI���Q�ma�`YiIjb�µ�A��=A`bkIe/j·Þ/jb�he�`��h³J~<P � ]vc T Ô�ºÎÍ�UÂ��j·����� ü eXk ü �he\ýKkIePlÎg�� jb�heh`����C�zaIg ü `H`��hehl ���h��aIg|i�aI�¼�0�$�^�h���Cý�XmezaI�9�
�
t ∈ I

�Ij9�<`
kerBT (t) = {0} .

� ��^�hj·Þ�

(−→)

Õ0À?ÅÆÀ?Ö�åæÃ¬Ö�Ø�þ���ÛRÇKÁ®Ý¬½yÉ�Ä»ÄÆÀ
t ∈ I

a := rgA (t) = rgAT (t) , A (t) ∈ L
( Ò n, Ò k

)
,

b := rgB (t) = rgBT (t) , B (t) ∈ L ( Ò m, Ò n) ,

Ò n = kerA (t)⊕ imB (t) ,
T Ô�ºÎÔ�U

Ò n2

= ker
(
BT (t)⊗BT (t)

)
⊕ im

(
In ⊗A

T (t)
)
.

T Ô�º â�U
ÞjÉ�Ö¬ÖäÁ�¾�Ä»×�ÇyÉ�Ã�Û T Ô�ºÎÔ�U�Ã¬Ö�Ü T Ô�º â�U

(n− a) + b = n
Ã¬Ö�Ü (

n2 − b2
)

+ na = n2.

→ a = b
Ã¬Ö�Ü

a2 = na

→ n = a = b

→ kerA (t) = {0}
Ã¬Ö�Ü

imB (t) = Ò n,
Á®Ý¬½yÉ�Ä»ÄÆÀ

t ∈ I

( ↔ kerBT (t) = {0}
Ã¬Ö�Ü

imAT (t) = Ò n,
Á®Ý¬½yÉ�Ä»ÄÆÀ

t ∈ I ) .

(←−)
ßyÄ»ÄÆÀKÁ®¾�Ä»×.À?Ö�Ü¬À?ÖöêUÀ?Ç8½AÉ�þ���Ç8Ã¬Ö¬×.À?Ö�À?½SÁ�¾�Ä»×.À?ÖG¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀ�Å»Ö

t ∈ I
º
(A,B)

É�Ã�Û T Ô�º»¹VU�ÛRÀ?ÅÆÀ?Öô×�Ã¬Ç
åæÃ�ÛAÉ�ÂïÂòÀ?Ö¬¿�É�ÛRÛAÀ?Ö�Ü¬ÀyÏ6É�Ç8½8Å»å°À?Ö<º.ÞjÉ�Ö¬ÖïÁ®¾�Ä»×�Ç1ÂïÅ»Ç,ã<À?ÂïÂôÉï¹�ºÎÔP�.Ü�É�ÛRÛ,É�Ã�þ�� (

BT , AT
) ×�Ã¬Ç�åæÃ�ÛAÉ�ÂïÂòÀ?Ö�û

¿�É�ÛRÛRÀ?Ö<ºPÁ`À?Å»ÇRÀ?½X�¬Å»Ö�×.À?Ä»ÇRÀ
kerBT = {0}

º
ÞjÉ�Ö¬Ö3×�Å»Ä»Ç T É�Ã�Á®×�½8Ã¬Ö�ÜÄ=.¾�Ö3ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö:¹�ºÎÍ�U

kerBT ⊕ imAT = Ò n Ã¬Ö�Ü3Ü¬À?½�¼1½R¾A@8À?Ò0ÇR¾�½ R := In½RÀ°É�Ä»ÅÆÛ8ÅÆÀ?½8ÇyÜ�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬× T ¹�º â�U?º¬à�Û�ÅÆÛ8Ç
{0} = kerBT = kerR

Ã¬Ö�Ü
imAT = imR = Ò n º

Ï�Å»Ç
R̃ := In ⊗ In = In2

�
R̃
¼�½R¾A@SÀ?Ò0ÇR¾�½2�

imAT = Ò n Ã¬Ö�Ü kerBT = {0}
Á�¾�Ä»×�Ç

im R̃ = im (In ⊗ In) = Ò n2

= im
(
In ⊗A

T
)
,

ker R̃ = ker (In ⊗ In) = {0} = ker
(
BT ⊗BT

)
,

Ò n2

= ker
(
BT ⊗BT

)
⊕ im

(
In ⊗A

T
)
.

→
((
BT ⊗BT

)
,
(
In ⊗A

T
)) ¿�É�ÛAÛRÀ?Ö�×�Ã¬Ç�åæÃ�ÛAÉ�ÂïÂòÀ?Ö<º

Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
kerBT = {0}

Ò.À?Ö¬Ö�À?Ö|O�Å»½yÛAþ���¾�Ö3É�Ã�ÛjÕ�É�Ç8åZÍ�ºL��º� |Ý¬½M¿¬½R¾�¿IÀ?½yÁ®¾�½8ÂZÃ¬Ä»ÅÆÀ?½8ÇRÀZÞyßMà�Û
ÅÆÛ8ÇÊÛ8ÅÆÀòØ�çqÃ¬Å
=�É�ÄÆÀ?Ö�ÇËÂïÅ»Ç

kerA (t) = {0}
T Ú¬åKOÊº

imB = Ò n Ã¬Ö�Ü imAT = Ò n Ueº<ßMÚ�@SÀ?Ç8åæÇdO�À?½RÜ¬À?ÖO�Å»½KÖqÃ¬½KÖ�¾qþ	�!ÛR¾�ÄÆþ	��ÀÊÞKß�à�ÛKÃ¬ÖqÇRÀ?½RÛ8Ã�þ���À?Ö<º

Ô�ë
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Þ�ÅÆÀæÛRÀ^O,À?Å»ÇRÀ?½RÀ���¾�½AÉ�Ã�ÛRÛAÀ?Ç8åæÃ¬Ö¬×tÀ?½SÁ�¾�½RÜ¬À?½8Ç1À�=.À?Ö�Ç8Ã�À?Ä»Ä�À?Å»Ö�ÀUýyÀeÁDÉ�Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×�Ü¬À?½1ÞKß�àKº.ÕqÅÆÀ�ÛRþ��¬½AØ�Ö¬Ò0Ç
Ü�ÅÆÀÊÏ3À?Ö¬×.ÀÊÜ¬À?½yÞKß�à�Û2��Ü�ÅÆÀjÚIÀ?Ç8½AÉ�þ	��ÇRÀ?ÇÍO,À?½RÜ¬À?Ö�Ò���Ö¬Ö�À?ÖÂ@8ÀæÜ¬¾qþ	��Ö¬ÅÆþ��qÇMÀ?Å»Ö<º� 
Ý¬½�@8ÀæÜ¬Àj¿¬½R¾�¿�À?½�Á®¾�½8ÂZÃ�û
Ä»ÅÆÀ?½8ÇRÀôÞyßMà-Ò�É�Ö¬Ö Ü¬À?½PÈ�É�Ã¬¿¬Ç8ÇRÀ?½8Â ÛR¾ö½RÀeÁDÉ�ÒqÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇtO,À?½RÜ¬À?Ö��|Ü�É�ÛRÛËÜ�ÅÆÀòêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

kerBT = {0}À?½SÁ®Ý¬Ä»Ä»Ç1ÅÆÛ8Çfo Ï6Ø�½AÌ�Í�Ú$q�º� 
Ý¬½l½RÀ?×�Ã¬Ä�Ø�½RÀ�ÞKß�à�ÛÆO�Ã¬½RÜ¬À�Ü¬¾�½8Ç1Ö�É�þ��¬×.À�O�ÅÆÀæÛRÀ?Ö���Ü�É�ÛRÛ1Ü¬À?½�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
Ú�À?Å"À?Å»Ö�À?½,ÛA¾�ÄÆþ���À?ÖöýyÀeÁDÉ�ÒqÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×PÃ¬Ö�=.À?½AØ�Ö�Ü¬À?½8ÇUÚ¬ÄÆÀ?Å»Ú¬Ç°ºm#�Â ê�À�O�À?ÅÆÛfO,À?½RÜ¬À?ÖöÜ�ÅÆÀMÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ?ÖGÜ¬À?½
ÞKß�àkÃ¬Ö�Ü!Å
�¬½RÀ?½MýMÀeÁ�É�Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×s=.À?½8×�Ä»ÅÆþ	��À?Ö<º�à�Ûyå°À?Å»×�Ç�Û8ÅÆþ����"Ü�É�ÛRÛyÜ�ÅÆÀZà1ÄÆÀ?ÂòÀ?Ö�ÇRÀ�Ü¬À?½�Ï3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ
ÅÆÜ¬À?Ö�Ç8ÅÆÛAþ��ö×.À�O�ØA�¬Ä»Ç�O,À?½RÜ¬À?ÖGÒ���Ö¬Ö�À?Ö<º0ÞtÉA��À?½�ÅÆÛ8Ç�Ü�ÅÆÀyßMÃ�ÛRÛAÉ�×.ÀMÉ�Ã�Á~ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀMÞKß�à�Û,Ý¬ÚIÀ?½8Ç8½AÉ�×�Ú�É�½°º�ÞtÀ?½
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!Ú¬ÄÆÀ?Å»Ú¬Ç�É�Ã�þ��äÁ®Ý¬½KÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀÊÞKß�à�ÛyÃ¬Ö�ÇRÀ?½MýMÀeÁ�É�Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×ïÃ¬Ö�=.À?½AØ�Ö�Ü¬À?½8Ç°º
Ï�Å»Ç

kerA (t) = {0}
ÅÆÛ8Ç�Á®Ý¬½yÜ�ÅÆÀZúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T Í�ºÎé�UKÉ�Ã�þ	�

ker Â (t) = ker

(
A(t) 0

0 BT (t)
0 0

)
=

{0}
ºKÞjÉ�Ö¬Ö-ÅÆÛ8Ç!É�ÄÆÛA¾

n = rgA (t) =: r, n̂ = 2n = 2r
ºY#&Ö Ü�ÅÆÀæÛRÀ?Â  �É�Ä»Ä!��É�Ç!Ü�ÅÆÀ Å»Ö$��Ø�½RÀ?Ö�ÇRÀ��

ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ��,½RÀ?×�Ã¬Ä�Ø�½RÀ6×.À�Of�I�¬Ö¬Ä»ÅÆþ���ÀñÞMÅ<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×ÿÀ?Å»Ö�À?½ä½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà ÂïÅ»Ç
Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐw¹�À?Å»Ö�À!ÈtÉ�ÂïÅ»Ä»ÇR¾�Ö�ûpÕqÇ8½8Ã¬ÒqÇ8Ã¬½uo ê�DjÏ3Ì�ÔIqZºS �É�Ä»ÄÆÛ%Ü�É�×.À?×.À?Ö

n > r
ÅÆÛ8ÇòÃ¬Ö�Ü�Å»Ö�Û8û

Ú�ÀæÛR¾�Ö�Ü¬À?½RÀ
imB (t)

À?Å»Ö
r−
Ü�Å»ÂòÀ?Ö�Û8ÅÆ¾�Ö�É�ÄÆÀ?½äå°À?Å»ÇAÉ�Ú$��Ø�Ö¬×�Å»×.À?½?>MÖ�ÇRÀ?½8½AÉ�Ã¬Â Ü¬ÀæÛ Ò n ÅÆÛ8Ç2�,Ò���Ö¬Ö�À?ÖáÜ�ÅÆÀ

ÈtÉ�ÂïÅ»Ä»ÇR¾�Ö�û�à1Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?ÖkÖ¬ÅÆþ	��Çò×.ÀæÛRÅÆþ���À?½8ÇÂO�À?½RÜ¬À?Ö o êfDjÏ6Ì�ÔAq�ºÆ 
Ý¬½òÜ�ÅÆÀöê�À���É�Ö�Ü�Ä»Ã¬Ö¬×È=.¾�Ö ýyÅÆþæþ°É�Ç8ÅÑû
Ç8½AÉ�Ö�ÛSÁ�¾�½8ÂïÅÆÀ?½8ÇRÀ?Öá¾�¿¬Ç8Å»ÂôÉ�ÄÆÀ?Ö ÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.Û É�Ã�Á�×�É�Ú�À?ÖzÅÆÛ8Ç

kerA = {0}
É�Ã�Á®×�½8Ã¬Ö�Ü�Ü¬À?½öêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö

Á®Ý¬½PÜ�ÅÆÀ%¿¬½R¾�¿IÀ?½RÀ� �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×�=.¾�ÖkúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àüÃ¬Ö�Ü Ï�ýKû�ÞKßMà T =0×�ÄDºlÕ�É�Ç8åäÔ�ºÎÍ�UZ¾I�¬Ö�À��¬Å»Ö
Ö�¾�Ç�O�À?Ö�Ü�Å»×�º¬ßyÚ�À?½�É�Ã�þ��GÁ�Ý¬½�Ü�ÅÆÀyÖqÃ¬ÂòÀ?½8ÅÆÛRþ���Àd#&Ö�ÇRÀ?×�½AÉ�Ç8ÅÆ¾�ÖöÒ�É�Ö¬Ö%ÂôÉ�ÖöÛ8ÅÆþ	�öÜ�ÅÆÀ�à1Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?ÖäÈtÉ�ÂïÅ»ÄÑû
ÇR¾�Ö�ÛRþ	��À?½p��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö!åæÃ n Ã¬Ç8å°ÀjÂôÉ�þ	��À?Ö�o ÈvÁzë��rq�º
�Æê���� ÷�õ�ì�ô�����ï$õIõ�ïÈð�1Sì(�«�´��254(67,
ÞjÉ�Û�Á�¾�Ä»×.À?Ö�Ü¬ÀËã<À?ÂïÂôÉôÚ�ÀæÛRþ��¬½RÀ?Å»Ú¬ÇtÜ�ÅÆÀËà1ÄÆÀ?ÂòÀ?ÖqÇRÀZÜ¬À?½�Ï3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀËÜ¬À?½�Ï�ýKû�ÞKß�àKº���¾�Ö�Ö�Ã¬Ö3É�Ö3ÛRÀ?Å
x := vecX ∈ Ò nk �0Á®Ý¬½�@SÀæÜ¬ÀæÛ X ∈ L ( Ò n, Ò k

) º
���0ð ð ª ¡*óÆ¡<ó<Y X�eÎiIjH�pcf�x�hls�h�¼`��Âi��he�³ua�`�e/j:�D=I�K`H`��Âi��hez³�~<P � ]�cW�Ij9� ` ü gm�0=r`��^��jµÞ2�Cj·� t ∈ I, X ∈
L
( Ò n, Ò k

)

A0 = BT ⊗BT ∈ L
( Ò n2

, Ò m2
)
, D0 = In ⊗A

T ∈ L
( Ò kn, Ò n2

)
,

G0 = BT ⊗BTAT ∈ L
( Ò nk, Ò m2

)
, D+

0 = In ⊗
(
A+
)T
,

N0 = ker
(
In ⊗A

T
)
,

Q0 =



Q̃∗0 0
 
 

0 Q̃∗0


 , P0 = In ⊗

(
I − Q̃∗0

) g���i

B0 = (P (m,m) + Im2)
((
BT ⊗ CT

)
−
(
BT ⊗BTXTR

))
.

� ��^�hj·Þ�
 ¹�º�êUÀ?½RÀæþ��¬ÖqÃ¬Ö¬×w=.¾�Ö
G0

Ã¬Ö�Ü
B0

G0 (t) =
(
BT ⊗BT

) (
I ⊗AT

)
= BT ⊗BTAT = (B ⊗AB)T .

 
Ý¬½yÜ�ÅÆÀjÁ®¾�Ä»×.À?Ö�Ü¬À?Ö3ßyÃ�ÛSÁ®Ý$�¬½8Ã¬Ö¬×.À?ÖyO�À?½RÜ¬À?Ö3Ü�ÅÆÀÊßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.Û8½RÀ?×.À?Ä»Ö!Á�Ý¬½yÜ¬À?Ö
vec
ûpúM¿�À?½AÉ�ÇR¾�½�É�Ã�Û

ßMÚ�ÛRþ	�¬Ö¬Å»Ç8ÇMßPº âïÚIÀ?Ö���Ç8Å»×�Ç°º

B0 (x, t) =
[(
P (m,m)T + Im2

) (
BT ⊗ CT

)
vecX −

(
BT ⊗BT

)
vec
(
XTRX

)
+ vecW

]
x

= (P (m,m) + Im2) (B ⊗ C)T − (B ⊗B)T vec
([
XT
]
x
RX +XTR [X]x

)

â�Ì
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= (P (m,m) + Im2) (B ⊗ C)T

− (B ⊗B)T
((
XTR⊗ In

) [
vec
(
XT
)]

x
+
(
In ⊗X

TR
)
[vec (X)]x

)

= (P (m,m) + Im2) (B ⊗ C)T

− (B ⊗B)T
((
XTR⊗ In

)
[P (k, n) vec (X)]x +

(
In ⊗X

TR
)
[vec (X)]x

)

= (P (m,m) + Im2) (B ⊗ C)T −
(
BTXTR⊗BT

)
P (k, n)−

(
BT ⊗BTXTR

)

= (P (m,m) + Im2) (B ⊗ C)T

− P (m,m)
(
BT ⊗BTXTR

)
P (k, n)P (n, k)−

(
BT ⊗BTXTR

)

= (P (m,m) + Im2)
((
BT ⊗ CT

)
−
(
BT ⊗BTXTR

))
.

Í�ºKêUÀ?½RÀæþ	�¬Ö�Ã¬Ö¬×Ê=.¾�Ö
N0

Ã¬Ö�Ü
Q0Õ0À?ÅjÖqÃ¬Ö

Q̃T
∗0 = Q̃∗0

¼1½R¾A@8À?Ò0ÇR¾�½!É�Ã�Á
kerBTAT = ker G̃T

0

T Û8ÅÆÀ���À>Ü�É�åæÃ T Í�ºL��U�UeºUßMÃ�ÛäÜ¬À?Ö
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Á�Ý¬½òÜ�ÅÆÀ�¿¬½R¾�¿IÀ?½RÀy �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬× Á®¾�Ä»×�ÇRÀ

kerBT = {0}
Ã¬Ö�Ü�ÛR¾�ÂïÅ»Ç

ker G̃T
0 =

kerBTAT = kerAT º¬ÞjÉ�ÂïÅ»ÇKÅÆÛRÇKÜ�É�Ö¬Ö

Q0 :=



Q̃∗0 0º º º
0 Q̃∗0




¼�½R¾A@SÀ?Ò0ÇR¾�½MÉ�Ã�Á

N0 =kerG0 = ker
(
BT ⊗BTAT

)
.

à�ÛKÅÆÛ8Ç
ker
(
BT ⊗BTAT

)
= ker

(
In ⊗A

T
) ��Ü¬À?Ö¬ÖäÁ®Ý¬½

Z ∈ L
( Ò n, Ò k

) ×�Å»Ä»Ç

vecZ ∈ kerG0 ↔
(
BT ⊗BTAT

)
vecZ = 0

↔ BTATZB = 0

(ker BT ={0}) ↔ ATZB = 0

↔ BT
(
ATZ

)T
= 0

(ker BT ={0}) ↔ ATZ = 0

↔
(
In ⊗A

T
)
vecZ = 0

↔ vecZ ∈ ker
(
In ⊗A

T
)
.

��¾�Ö�Ö�Ã¬Ö3É�Ö?O�Å»½RÜ!Ü�ÅÆÀËÏ3ý�û�ÞyßMà T Ô�º»¹VUU½RÀ?×�Ã¬Ä�Ø�½ T Ú¬åKOÊº"Û8Å»Ö¬×�Ã¬Ä�Ø�½/UUÂïÅ»Ç�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ =

Ì
¾0Ü¬À?½P¹Ë×.À?Ö�É�Ö¬Ö�Ç2�"Á�É�Ä»ÄÆÛ�Ü�ÅÆÀt=.À?ÒqÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀ�Ï3ý�û�ÞKß�à T Ô�ºÎÍ�U�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö T Ú¬åKOÊºIÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�UMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

µ =
Ì�¾0Ü¬À?½Ê¹d��É�Ç°º

#&Â Á�¾�Ä»×.À?Ö�Ü¬À?Ö�DÊÉ�¿¬Å»ÇRÀ?Ä�O,À?½RÜ¬À?ÖuO�Å»½jÏ�ýKû�ÞKß�à�Û�Ã¬Ö�ÇRÀ?½RÛ8Ã�þ	��À?Ö��<Ü�ÅÆÀïÉ�Ã�ÛjúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà�Ûd��À?½Sû
=.¾�½8×.À���À?Ö��<Ü�ÅÆÀ�ÂïÅ»ÇZúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?ÖñÂïÅ»Çj×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��~ÛRÀ?ÂïÅÑû�ÀeÐ0¿¬Ä»Å»åæÅ»ÇRÀ?Ö`ÞyßMà�ÛZÉ�ÛRÛR¾�û
åæÅ»ÅÆÀ?½8ÇÎO,À?½RÜ¬À?Ö<º1à�ÛCO�Å»½RÜ Û8ÅÆþ	� å°À?Å»×.À?Ö��1Ü�É�ÛAÛÊûtÁ®Ý¬½PÜ¬À?ÖÌ �É�Ä»Ä

A
¾0Ü¬À?½

B
Û8Å»Ö¬×�Ã¬Ä�Ø�½PûtÂïÅ»Ç8ÇRÀ?ÄÆÛ�ýyÅÆþæþ°É�Ç8ÅÑû

Ù<½AÉ�Ö�Û8Á®¾�½8ÂôÉ�Ç8ÅÆ¾�Ö À?Å»Ö�À�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀïÏ3ý�û�ÞyßMàáÀ?ÖqÇRÛ8ÇRÀ���Ç°º<Þ�ÅÆÀæÛRÀPÅÆÛ8Ç2��É�Ã�Á®×�½8Ã¬Ö�Ü6Å
�¬½RÀ?½jÇRÀ?Å»Ä
O,À?ÅÆÛRÀïÛXR0ÂïÂòÀeû
Ç8½8ÅÆÛRþ	��À?Ö ÕqÇ8½8Ã¬ÒqÇ8Ã¬½2�*Á®¾�½8ÂôÉ�Ä�Ý¬Ú�À?½8Ú�ÀæÛ8Ç8Å»ÂïÂËÇÊÃ¬Ö�Ü>Ü¬À?Ö¬Ö�¾0þ�� À�=.À?Ö�Ç8Ã�À?Ä»Ä�Äx��ÛRÚ�É�½°º�#�Â ÄÆÀ?Ç8åæÇRÀ?ÖñßyÚ�ÛRþ	�¬Ö¬Å»Ç8Ç

â�¹
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Ü�ÅÆÀæÛRÀæÛpDÊÉ�¿¬Å»ÇRÀ?ÄÆÛdO�Å»½RÜ6Ü�ÅÆÀ�Ï�ýKû�ÞKß�àzÖ�¾qþ	�6À?Å»Ö¬ÂôÉ�Ä1Ú�À?Ç8½AÉ�þ��qÇRÀ?Ç2�<Ü�ÅÆÀæÛ8ÂôÉ�ÄlÂïÅ»ÇjÜ¬À?Â N ÅÆÀ?ÄlÜ�Ã¬½Rþ	�`ßyÃ�Á�û
Û8ÇRÀ?Ä»ÄÆÀ?ÖQ=.¾�Ö�Dy¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö:ã���Û8Ú�É�½8Ò.À?Å»ÇPÛ8ÅÆþ���À?½8åæÃ�Û8ÇRÀ?Ä»ÄÆÀ?Ö Ã¬Ö�Ü`Ü�Ã¬½Rþ	�ñà1ÖqÇSÁ®À?½8Ö�À?Ö�=.¾�Ö`½RÀæÜ0û
Ã¬Ö�Ü�É�Ö�ÇRÀ?ÖÀ��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖáÀ?Å»Ö�À!À?Å»Ö�Ü¬À?Ã¬Ç8Å»× Äx��Û8Ú�É�½RÀ�ÞKßMà ÂïÅ»Çô½RÀ?×�Ã¬Ä�Ø�½RÀ?Â Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐw¹�åæÃ
À?½X��É�Ä»ÇRÀ?Ö<º
N Ã¬Ö�Ø�þ	��Û8ÇÊÛRÀ���À?ÖÄO�Å»½�Ã¬Ö�Û^@8ÀæÜ¬¾qþ	�>Ü¬À?Ö`Õq¿�À?åæÅ�É�ÄÑÁDÉ�Ä»ÄlÀ?Å»Ö�ÀæÛÊúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?ÂòÛÊÂïÅ»ÇjÀ?Å»Ö�À?½

×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö6ßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×!ÂïÅ»ÇM½RÀ?×�Ã¬Ä�Ø�½RÀ?Â
G̃0

É�Ö<º�ÞjÉ�ÂïÅ»Ç�ÅÆÛ8Ç
m = k = n

Ã¬Ö�Ü!Ü�ÅÆÀ
Dy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?Ö

A
Ã¬Ö�Ü

B
ÛRÅ»Ö�Üö½RÀ?×�Ã¬Ä�Ø�½MÉ�Ã�Á

I
º

�ÆêGF¶�yîZõ�ô�ñW÷�ó�ôbõ+%�õ-,[�\2�4(6 ñ�ôbõ�ì�ï�#�òSó�%+ì�ï¼ñ
G̃0

úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�Û2��Ú�À?ÅlÜ¬À?Ö�À?Ö
G̃0 = AB

½RÀ?×�Ã¬Ä�Ø�½tÅÆÛ8Ç2��Ò���Ö¬Ö�À?Ö`Ø�çqÃ¬Å
=�É�ÄÆÀ?ÖqÇ�Å»Ö6ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ��"½RÀ?×�Ã¬Ä�Ø�½RÀ
×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À�Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?ÖkÝ¬Ú�À?½SÁ�Ý$�¬½8ÇCO,À?½RÜ¬À?Ö<ºÆ#&Ö�Û8ÚIÀæÛA¾�Ö�Ü¬À?½RÀ%Ü�É�Ö¬Ö��4O,À?Ö¬Ö:Ü�ÅÆÀÊ#�Ö�=.À?½RÛRÀ
=.¾�Ö

G̃0
Ö¬ÅÆþ���Ç�Ú�À?Ò�É�Ö¬Ö�ÇUÅÆÛ8Ç2�qÅÆÛ8Ç�Ü�ÅÆÀæÛ�@8ÀæÜ¬¾0þ��ä¾�Á�Ç�Ö¬ÅÆþ��qÇ\O�Ý¬Ö�ÛRþ���À?Ö�Û�O,À?½8Ç°º�à1Å»Ö�ÀtÛR¾�ÄÆþ	��Àz��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×�O�Å»½RÜ

Ü�É�Ö¬Ö�O�ÅÆÀ�À?Å»Ö�À�ßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×:ÚIÀ���É�Ö�Ü¬À?Ä»Ç°ºSÁ�Å»½ôÚIÀ?Ç8½AÉ�þ	��ÇRÀ?ÖzÜ�É�ÂïÅ»Ç%É�ÄÆÛR¾>×�ÄÆÀ?ÅÆþ	�¬å°À?ÅÑû
Ç8Å»×�Ü¬À?Ö É�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?Ö� "É�Ä»Ä�À?Å»Ö�ÀæÛZúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÛPÂïÅ»ÇÊÀ?Å»Ö�À?½Ê×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��<Å»Âï¿¬Ä»Å»åæÅ»ÇRÀ?Ö��
½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!×.À�Of�I�¬Ö¬Ä»ÅÆþ���À?Ö6Þ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×�º
Ô ª �°£-¡*ó �Çø8¨,©�ª¬« � ª¬ �®�®���°¯��°±����|²
�.³ ²
� © í�î �5�®ð ª �®���°¯��°±?÷A¶%·%�!û°ó c^Þ?ÞK�hj

G̃0 (t)
ýX�euaI�·�x�

t ∈ Ie��H�Igm�R9Iej
 � a�����jµÞ�`-iIjb��� ü `�j9l�a��þj�`&9�`9Þ�P � ]�c�e��H�Igm�R9�edlCj�`·;$eXaD=r`ba?>�j·� j9`&9�`9Þ/j9��i����n`tgm��i�iIjb�S³�~<P � ]�c�j·Þh`e��H�Igm�R9IeClÎj9`<;$eXaD=r`ba?>�j·� j9`&9�`9Þ/j9��i����C@-

� ��^�hj·Þ�
Mà�ÛUÛRÀ?Å�ÖqÃ¬Ö

G̃0 (t)
½RÀ?×�Ã¬Ä�Ø�½,Á®Ý¬½�É�Ä»ÄÆÀ

t ∈ I
º� 
Ý¬½UÜ�ÅÆÀMà�ÄÆÀ?ÂòÀ?Ö�ÇRÀjÜ¬À?½UÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀMÜ¬À?½�×.ÀæÛ8ÇRÀ?Ã�û

À?½8ÇRÀ?Ö!ÞKß�à T Í�ºL��UU×�Å»Ä»ÇK¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀËÅ»Ö
t ∈ I

G̃0 = AB
½RÀ?×�Ã¬Ä�Ø�½

, Q̃0 = 0, G̃T
0

½RÀ?×�Ã¬Ä�Ø�½ Ã¬Ö�Ü
Q̃∗0 = 0.

ÞjÉ�ÂïÅ»ÇyÛ8Å»Ö�ÜäÜ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T Í�ºL"�É�U�Ã¬Ö�Ü T Í�ºL"�Ú�U��¬Ü*º$�<º¬Ü�ÅÆÀËê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö

ker




G̃0 (t)T

Q̃0 (t)C (t)T

D (t)T


 = 0

Ã¬Ö�Ü
ker




G̃0 (t)

Q̃∗0 (t)C (t)

Q̃0 (t)W (t)


 = 0,

À?½SÁ®Ý¬Ä»Ä»Ç°º
→
Þ�ÅÆÀËúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àW��É�ÇK½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ ¹�º

 
Ý¬½KÜ�ÅÆÀÊà1ÄÆÀ?ÂòÀ?ÖqÇRÀZÜ¬À?½KÏ6É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀÊÜ¬À?½yÏ3ý�û�ÞKß�à T =0×�ÄDº�ßyÚ�ÛAþ��¬Ö¬Å»Ç8ÇMÔ�ºÎÔ�U�×�Å»Ä»ÇMÜ�É�×.À?×.À?Ö

A0 = BT ⊗BT ½RÀ?×�Ã¬Ä�Ø�½ , D0 = In ⊗A
T ½RÀ?×�Ã¬Ä�Ø�½

,

G0 = BT ⊗BTAT ½RÀ?×�Ã¬Ä�Ø�½
, G1 = G0.

→
Þ�ÅÆÀÊÏ3ý�û�ÞKß�à:ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½KÂïÅ»ÇMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ3Ì�º
ÞjÉ�Ûôã���ÛRÀ?Ö�À?Å»Ö�ÀæÛäúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÛäÂïÅ»ÇGÀ?Å»Ö�À?½ô×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��,Å»Âï¿¬Ä»Å»åæÅ»ÇRÀ?Ö��,½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö

×.À�O^�I�¬Ö¬Ä»ÅÆþ	��À?Ö Þ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×3Á�Ý$�¬½8Çtû�Ý¬Ú�À?½ÊÀ?Å»Ö�ÀôúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à ÂïÅ»Çj½RÀ?×�Ã¬Ä�Ø�½RÀ?Â Ù<½AÉ�Òqû
ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐn¹�ûËåæÃ�À?Å»Ö�À?½G½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖzÏ�ýKû�ÞKßMà)ÂïÅ»Ç%Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐKÌ�º�Þ�º��<º�ÀæÛôÅÆÛ8ÇôÖqÃ¬Ö
À?Å»Ö�À�Å»Âï¿¬Ä»Å»åæÅ»ÇRÀ���½RÀ?×�Ã¬Ä�Ø�½RÀ�×.À�O^�I�¬Ö¬Ä»ÅÆþ���ÀZÞ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×%åæÃöÄx��ÛRÀ?Ö<º�Ï!Å»ÇUÈyÅ»ÄÑÁ�Àv=.¾�Ö�Õ�É�Ç8åÊÍ�ºL�ËÃ¬Ö�Ü
ã<À?ÂïÂôÉ%Í�ºÎÔPÄ�Ø�ÛRÛ8ÇKÛ8ÅÆþ	�!Ü�É�Ö¬Ö!Ü�ÅÆÀÊã���ÛRÃ¬Ö¬×ôÜ¬ÀæÛMúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÛ ½ Ö�Ü¬À?Ö<º

â�Í
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�Æê���6Îì?,rõIï¸��ï$õ�ì�÷O�?¹4õ�ò�!�#�ï�! ÷�ó�ó�#�ï¼ñWï¼ô�!Sï�ì´�º�5��254(67,yô"!»��ï�L�ò�#�÷+òSðtô"¹Zì�ï�!
'Íì�÷)�4õ�÷)*^ô¦ó�ôbõ+%�õ-,Iô�!/.Zï0�

Þ�ÅÆÀUÏ�ýKû�ÞKßMàQO�Å»½RÜ�Ö�Ã¬ÖïÖ�¾0þ��òÀ?Å»Ö¬ÂôÉ�Ä¬Å»ÖïÅ
�¬½RÀ?½,úM½8Å»×�Å»Ö�É�ÄÑÁ�¾�½8Â Ã¬Ö�ÇRÀ?½RÛ8Ã�þ	��Ç°º N ÅÆÀ?Ä0ÅÆÛRÇ�ÀæÛ1À?Å»Ö�Ù|À?Å»ÄÆÛXR�Û8ÇRÀ?Â
��À?½AÉ�Ã�Û8åæÃ ½ Ä»ÇRÀ?½8Ö��
Ü�É�Ûj½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖñÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�¹���É�ÇÊÃ¬Ö�Ü>×�ÄÆÀ?ÅÆþ	�¬å°À?Å»Ç8Å»×3Ü�ÅÆÀæÛAÀ?Ä»ÚIÀ?Ö ã���Û8Ã¬Ö¬×.À?Ö
Ú�ÀæÛ8Å»Ç8åæÇSO�ÅÆÀ�Ü�ÅÆÀMÏ3ý�û�ÞyßMàKºqà�Û^O�Å»½RÜôÒ.À?Å»ÖÊ=.¾�Ä»ÄÆÛ8ÇAØ�Ö�Ü�Å»×.À?½�êUÀ�O,À?ÅÆÛ�×.À?Ä»ÅÆÀeÁ®À?½8Ç2�V@8ÀæÜ¬¾qþ	�%Ò�É�Ö¬Ö%Ü�ÅÆÀMÖ�É�þ���Á�¾�ÄÑû
×.À?Ö�Ü¬ÀÊÞ�ÅÆÛ8Ò0Ã�ÛRÛ8ÅÆ¾�Ö�À?Å»Ö�Àt�t½8Ã¬Ö�Ü�Ä�É�×.ÀtÁ�Ý¬½\O�À?Å»ÇRÀ?½RÀËßM½8ÚIÀ?Å»ÇRÀ?Ö�Ü�É�½RÛ8ÇRÀ?Ä»ÄÆÀ?Ö<º
Þ�ÅÆÀjÏ3ý�û�ÞKß�à

−BT
(
ATX

)′
B = BTXTC + CTXB −BTXTRXB +W

T Ô�ºÎé�U
O�Å»½RÜ>Ã¬ÖqÇRÀ?½ËÜ¬À?½d��¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬×

kerBT = {0}
ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ç°º- 
Ý¬½ÊÜ�ÅÆÀPÁ®¾�Ä»×.À?Ö�Ü¬ÀòßMÖ�É�Ä
R�ÛRÀ�ÚIÀ?Ö���Ç8Å»×.À?Ö

O�Å»½yÜ�ÅÆÀjêUÀ?åæÅÆÀ���Ã¬Ö¬×.À?Ö

B+B =
(
B+B

)T

0 = B −BB+B = B
(
I −BB+

)

→ 0 =
(
I −B+B

)
BT ,

→ BT = B+BBT .

ÁÿÅ»½�ÂËÃ¬Ä»Ç8Å»¿¬Ä»Å»åæÅÆÀ?½RÀ?Ö3Ö�Ã¬Ö T Ô�ºÎé�U�=.¾�ÖäÄ»Å»Ö¬Ò0Û�Ã¬Ö�Ü�½RÀæþ���ÇRÛMÂïÅ»Ç
I = (I −B+B) +B+B

Ã¬Ö�Ü�À?½X��É�Ä»ÇRÀ?Ö

−BT
(
ATX

)′
B =−B+BBT

(
ATX

)′
BB+B

Ã¬Ö�Ü

BTXTC + CTXB −BTXTRXB +W

=
(
I −B+B

) (
CTXB +W

)
B+B

+
(
I −B+B

)
W
(
I −B+B

)

+B+B
(
BTXTC +W

) (
I −B+B

)

+B+B
(
BTXTC + CTXB −BTXTRXB +W

)
B+B.

ÞjÉ
B+B

Ã¬Ö�Ü
(I −B+B)

¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö!ÛRÅ»Ö�ÜäÀ?Ö�ÇRÛ8¿¬½8ÅÆþ	��Ç T Ô�ºÎé�U�Ü¬À?ÂÓÁ®¾�Ä»×.À?Ö�Ü¬À?ÖÄ�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.ÛAÛXR0ÛRÇRÀ?Â

−BT
(
ATX

)′
B =B+B

(
BTXTC + CTXB −BTXTRXB +W

)
B+B

=BTXTCB+B +B+BCTXB −BTXTRXB,
T Ô�ºL��É�U

0 =B+B
(
BTXTC +W

) (
I −B+B

)
,

T Ô�ºL��Ú�U
0 =

(
I −B+B

) (
CTXB +W

)
B+B,

T Ô�ºL��þVU
0 =

(
I −B+B

)
W
(
I −B+B

)
.

T Ô�ºL��Ü¼U
ÞjÉ�ÚIÀ?ÅMÅÆÛ8Ç T Ô�ºL��Ü¼UïÃ¬Ö�É�Ú$��Ø�Ö¬×�Å»×�=.¾�Ö

X
Ã¬Ö�ÜkÛR¾�ÂïÅ»ÇöÉ�ÄÆÛwDM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬× åæÃ�=.À?½RÛ8ÇRÀ���À?Ö<º�Þ�ÅÆÀ

Ï3ý�û�ÞKß�à ÅÆÛ8ÇUÖ¬ÅÆþ��qÇKÄx��Û8Ú�É�½2�0ÁDÉ�Ä»ÄÆÛ T Ô�ºL��Ü¼U,Ö¬ÅÆþ	��ÇyÀ?½SÁ®Ý¬Ä»Ä»Ç�ÅÆÛ8Ç°º�ßMÖ�Ü¬À?½RÀ?½RÛRÀ?Å»ÇRÛ�×�Å»Ä»Ç T Ô�ºL��Ú�U
↔

T Ô�ºL��þVU���Ü¬À?Ö¬Ö
ÀæÛ�ÅÆÛ8Ç

W T = W
Ã¬Ö�Ü�Ü�É�ÂïÅ»Ç

T Ô�ºL��Ú�U
↔ 0 =B+B

(
BTXTC +W

) (
I −B+B

)

=BTXTC +B+BW +BTXTCB+B +B+BWB+B

=CTXB +W
(
B+B

)T
+
(
B+B

)T
CTXB +

(
B+B

)T
W
(
B+B

)T

=B+BCTXB +WB+B +CTXB +B+BWB+B

â�Ô
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=
(
I −B+B

) (
CTXB +W

)
B+B ↔

T Ô�ºL��þVU
.

ÞjÉ�ÛMÕ�R�Û8ÇRÀ?Â T Ô�ºL��Uf��É�ÇKÃ¬ÖqÇRÀ?½MÜ¬À?½\��¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬× T Ô�ºL��Ü¼UUÜ�ÅÆÀæÛRÀ?Ä»Ú�ÀÊã���ÛRÃ¬Ö¬×.Û8ÂòÀ?Ö¬×.À!O�ÅÆÀ

−BT
(
ATX

)′
B =BTXTCB+B +B+BCTXB −BTXTRXB,

T Ô�ºM��É�U
0 =

(
I −B+B

) (
CTXB +W

)
B+B.

T Ô�ºM��Ú�U
ÞjÉ�ÚIÀ?Å,ÅÆÛ8Ç T Ô�ºM��É�UÊÜ�ÅÆÀòÅ»Ö$��Ø�½RÀ?Ö�ÇRÀGÞ�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×���O�ØA�¬½RÀ?Ö�Ü Ü�ÅÆÀ%É�Ä»×.À?Ú¬½AÉ�ÅÆÛRþ	��À?Ö n À?Ú�À?Ö�Ú�ÀæÜ�Å»Ö�û
×�Ã¬Ö¬×.À?ÖkÅ»Ö T Ô�ºM��Ú�UïåæÃ ½ Ö�Ü¬À?Ö�Û8Å»Ö�Ü*º�ßyÄÆÛ�Ö�Ø�þ	��Û8ÇRÀæÛ%ÛA¾�Ä»ÄKÜ�ÅÆÀy ¬½AÉ�×.À�×.À?Ò0Ä�Ø�½8ÇÂO�À?½RÜ¬À?Ö���Ã¬Ö�ÇRÀ?½wO,À?ÄÆþ	��À?½
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×%Ü�É�ÛMÕ�R�Û8ÇRÀ?Â T Ô�ºM��U�½RÀ?×�Ã¬Ä�Ø�½MÂïÅ»ÇKÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹tÅÆÛ8Ç°º
ÁÿÅ»½v=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½RÀ?Ö>ÖqÃ¬Ö T Ô�ºM��Uæº"Þ�ÅÆÀæÛ8ÂôÉ�ÄÆO,À?½RÜ¬À?Ö�@8ÀæÜ¬¾0þ�� T Ô�ºM��É�UMÃ¬Ö�Ü T Ô�ºM��Ú�U�À?Å»Ö¬å°À?Ä»Öu=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ç°º

ßMÖ�É�ÄÆ¾�×òåæÃ�Ü¬À?Ö!ßMÃ�ÛSÁ�Ý$�¬½8Ã¬Ö¬×.À?Ö!Å»Ö!ßyÚ�ÛAþ��¬Ö¬Å»Ç8ÇMÔ�º»¹ÊÀ?½X��É�Ä»ÇRÀ?Ö?O�Å»½yÀ?Å»Ö�Àt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×%Ü¬À?½v �¾�½8Â

−
(
BT ⊗BT

) ((
I ⊗AT

)
vecX

)′
=
(
B+BCT ⊗B

)
P (m,m) vecX

+
(
BT ⊗B+BCT

)
vecX −

(
BT ⊗BT

)
vec
(
XTRX

)

vec (0) =
(
BT ⊗

(
I −B+B

)
CT
)
vecX + vec

((
I −B+B

)
WB+B

)
.

ÞjÉ�ÂïÅ»ÇyÀ?½X��É�Ä»ÇRÀ?Ö?O�Å»½

G0 =

(
BT ⊗BTAT

0

) ÅÆÛ8Ç�Ö¬ÅÆþ	��Çy½RÀ?×�Ã¬Ä�Ø�½

N0 =

{
x ∈ Ò m2

∣∣∣∣
(
BT ⊗BTAT

0

)
x = 0

}

=
{
x ∈ Ò m2 ∣∣(BT ⊗BTAT

)
x = 0

}
,

B0 =

(
(P (m,m) + I)

[(
BT ⊗B+BCT

)
−
(
BT ⊗BTXTR

)]

BT ⊗ (I −B+B)CT

)
,

S0 =




x ∈ Ò m2

∣∣∣∣∣∣∣∣

(
(P (m,m) + I)

[(
BT ⊗B+BCT

)
−
(
BT ⊗BTXTR

)]

BT ⊗ (I −B+B)CT

)
x

∈ im

(
BT ⊗BTAT

0

)





=



x ∈ Ò m2

∣∣∣∣∣∣

(P (m,m) + I)
[(
BT ⊗B+BCT

)
−
(
BT ⊗BTXTR

)]
x

∈ im
(
BT ⊗BTAT

)

BT ⊗ (I −B+B)CTx = 0



 .

à�ÛôÅÆÛ8Ç
B+B = P̃0

T =0×�ÄDº�ßyÚ�ÛAþ��¬Ö¬Å»Ç8Ç�¹�ºÎÍ>Ã¬Ö�Ü�Ü�ÅÆÀ�ßMÖ¬ÂòÀ?½8ÒqÃ¬Ö¬×.À?Ö�åæÃ T Í�ºL��U�Ueº�Þ�ÅÆÀ�ÞKß�à T Ô�ºM��UPÅÆÛ8Ç
½RÀ?×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐñ¹t×.À?Ö�É�Ã!Ü�É�Ö¬Ö��$O�À?Ö¬Ö

S0 ∩N0 = {0}
Ã¬Ö�Ü

G0
Ö¬ÅÆþ���ÇM½RÀ?×�Ã¬Ä�Ø�½KÅÆÛ8Ç°º

↔ S0 ∩N0 = {0} =




x ∈ Ò m2

∣∣∣∣∣∣∣∣

(
BT ⊗BTAT

)
x = 0,

(P (m,m) + I)
[(
BT ⊗B+BCT

)

−
(
BT ⊗BTXTR

)]
x ∈ im

(
BT ⊗BTAT

)
,(

BT ⊗ (I −B+B)CT
)
x = 0





⊆

{
x ∈ Ò m2

∣∣∣∣
(
I ⊗AT

)
x = 0,(

I ⊗ (I −B+B)CT
)
x = 0

}

= {0}

â�â
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↔ ker
(
I ⊗AT

)
∩ ker

(
I ⊗

(
I −B+B

)
CT
)

= {0}

↔ im Q̃∗0 ∩ ker Q̃0C
T = {0}

↔ ker

(
G̃T

0

Q̃0C
T

)
= {0}

T Ô�ºL"�U

ßMÖ Ü¬À?Ö�=.¾�½AÉ�Ö¬×.À?×�É�Ö¬×.À?Ö�À?ÖkêUÀ?Ç8½AÉ�þ��qÇ8Ã¬Ö¬×.À?Ö�Ò���Ö¬Ö�À?Ö�O�Å»½ïÀ?Å»Ö�À%×.À�O�ÅÆÛAÛRÀ g �¬Ö¬Ä»ÅÆþ��¬Ò.À?Å»ÇïåKO�ÅÆÛAþ���À?Ö:Ü¬À?Ö
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T Í�ºL"�U1Á®Ý¬½�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖäÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹yÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à Ã¬Ö�Ü T Ô�ºL"�U�À?½8Ò.À?Ö�û
Ö�À?Ö<º<Ù
É�ÇRÛAØ�þ��¬Ä»ÅÆþ	�ñÛ8ÅÆþ	��À?½8Ç T Ô�ºL"�UM½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖñÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐk¹PÁ�Ý¬½ T Ô�ºM��U���ÅÆÛRÇËÉ�ÚIÀ?½ÊÀ�=.À?ÖqÇ8Ã�À?Ä»Ä�åæÃ
½RÀæÛ8Ç8½8Å»Ò0Ç8Å
=Iº¼�jÀ?Ö�É�Ã�À?½RÀËßMÃ�ÛRÛAÉ�×.À?ÖäÒ�É�Ö¬Ö�À�=.À?Ö�Ç8Ã�À?Ä»ÄlÀ?Å»Ö�ÀpO,À?Å»ÇRÀ?½RÀz>MÖ�ÇRÀ?½RÛRÃ�þ���Ã¬Ö¬×öÜ¬À?½yêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

(P (m,m) + I)
[(
BT ⊗B+BCT

)
−
(
BT ⊗BTXTR

)]
x ∈ im

(
BT ⊗BTAT

)

Ä»ÅÆÀeÁ�À?½8Ö<º*à�=.À?Ö�Ç8Ã�À?Ä»Ä�Ä�Ø�ÛAÛ8ÇjÛ8ÅÆþ��`Ü�É�Ö¬Ö`À?Å»Ö>ÀeÐ�É�ÒqÇRÀ?½ N Ã�ÛAÉ�ÂïÂòÀ?Ö$��É�Ö¬×�åKO�ÅÆÛAþ���À?Ö T Í�ºL"�UMÃ¬Ö�Ü>Ü¬À?Ö>êUÀæÜ�Å»Ö�û
×�Ã¬Ö¬×.À?ÖäÁ®Ý¬½K½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹p=.¾�Ö T Ô�ºM��U,Á�ÀæÛ8ÇRÛ8ÇRÀ?Ä»ÄÆÀ?Ö<º

â�é



¼ uwWPHKQ8rjV�Y XPYlFn^`OAaKY1WZV"b�cZHKdeLIY1W_fKgKW V�sGY1�|ORY1QAQRY1W © m o?½-uw^`V

êUÀ?Å�Ü¬À?½<ÖqÃ¬ÖjÁ®¾�Ä»×.À?Ö�Ü¬À?ÖPßyÖ�É�Ä
R�ÛRÀÆ=.¾�ÖÊÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?Ö�ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?ÖÂ=.¾�Â-ýyÅÆþæþ°É�Ç8ÅÑû
ÙZR0¿ÊÒ.¾�Ö¬å°À?ÖqÇ8½8ÅÆÀ?½RÀ?ÖtO�Å»½|Ã¬Ö�Û~É�Ã�Á�À?Å»Ö�À�Û8¿�À?åæÅÆÀ?Ä»ÄÆÀZ �¾�½8Â =.¾�ÖC�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö<ºI#&ÖÊÜ¬À?½���À?½8×�É�Ö¬×.À?Ö$��À?Å»Ç-��É�Ç~ÀæÛ
Û8ÅÆþ	�ïÅ»ÂïÂòÀ?½ZO�ÅÆÀæÜ¬À?½�Ú�À�O�ØA�¬½8Ç�åæÃ¬Ö�Ø�þ	��Û8Ç,ÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀKÞKß�à�Û1åæÃïÚ�À?Ç8½AÉ�þ��qÇRÀ?Ö<ºqßMÃ�Á®×�½8Ã¬Ö�Ü�Å
�¬½RÀ?½�À?Ç�OUÉ�Û
À?Å»Ö�ÁDÉ�þ���À?½RÀ?ÖñÕqÇ8½8Ã¬Ò0Ç8Ã¬½jÅ»Ö�ÇRÀ?½RÀæÛRÛ8ÅÆÀ?½RÀ?Ö>Ã¬Ö�ÛÍ�¬ÅÆÀ?½jÛR¾�ÄÆþ	��ÀPÏ3ý�û�ÞyßMà�ÛV�IÜ�ÅÆÀïÉ�Ã�ÛÊúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�û
Ú¬ÄÆÀ?ÂòÀ?ÖÿÂïÅ»Çô×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��UÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?ÖÿßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö À?Ö�ÇRÛ8ÇRÀ���À?Ö<º N Ã¬Ö�Ø�þ���ÛRÇ
Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö�O�Å»½PÜ�ÅÆÀöà1Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?ÖÌ=.¾�ÖkúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà�Û%Ü�ÅÆÀôåæÃ:Ü�ÅÆÀæÛRÀ?ÖkúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8û
¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?Öä×.À�����½RÀ?Ö<º¬ßMÖ�ÛRþ��¬Ä»ÅÆÀ�Ï.À?Ö�Ü�O�Å»½RÜöÜ�ÅÆÀtýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ®¾�½8ÂïÅÆÀ?½8ÇRÀËÛR¾�ÄÆþ���À?½MúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà�Û
×.À?Ö�É�Ã�À?½KÃ¬ÖqÇRÀ?½RÛ8Ã�þ��qÇ°º
Þ�ÅÆÀKà1Å»×.À?Ö�ÛAþ���É�Á®ÇRÀ?ÖGÜ¬À?½�Ï�ýKû�ÞKßMà�Û2��Ü�ÅÆÀMÉ�Ã�ÛUúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�Û�ÂïÅ»Ç�½RÀ?×�Ã¬Ä�Ø�½RÀ?Â$Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8û

Å»Ö�Ü¬ÀeÐG¹�À?Ö�ÇRÛRÇAÉ�Ö�Ü¬À?ÖòÛ8Å»Ö�Ü���Û8¿¬ÅÆÀ?ÄÆÀ?ÖïÀ?Å»Ö�À�Ú�ÀæÛR¾�Ö�Ü¬À?½RÀUýy¾�Ä»ÄÆÀ�º�ßMÃ�ÛRÛAÉ�×.À?ÖPÝ¬ÚIÀ?½lÅ
�¬½RÀ?ÖïÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
Å»Ö�ÇRÀ?½RÀæÛAÛ8ÅÆÀ?½RÀ?Ö!Ã¬Ö�Û�Ú�ÀæÛR¾�Ö�Ü¬À?½RÛ°º�à�ÛKÛRÀ?ÅÆÀ?ÖJO�ÅÆÀæÜ¬À?½

S (t) = 0, V = 0
Ã¬Ö�Ü

R̃ (t) ∈ L
( Ò l

)
, R̃ (t) > 0,

Á®Ý¬½yÉ�Ä»ÄÆÀ
t ∈ I.

T â�º»¹VU
Þ�ÅÆÀjßyÃ�Û8Á�Ý$�¬½8Ã¬Ö¬×.À?Ö!ÛRÅ»Ö�ÜJ=.¾�Ö�Ö�Ã¬Ö3É�Öä¿¬Ã¬Ö¬ÒqÇ¦O,À?ÅÆÛRÀËÅ»Ö

t ∈ I
åæÃ?=.À?½RÛ8ÇRÀ���À?Ö<º

FZê�éZ�yîZõ�ô�ñW÷�ó�,rõ�ï¼òZï¼ì�ò�!�#o,AîSì�í¾*fóbï¼ñWïÈñ�ôbõC#�ï�,rõ�ï¼òZï�ì�õIï�!B¿·,Aï¼ñ�ô��hï��Æîfó�ô�L�ôHõ�ï�!À2�4(67,
ò�!/.�ô�¹Zì�ïÁ�yîZõ�ô¦ñ�÷�ó¦ôHõK%�õK,[��254(67,

Þ�ÅÆÀPåæÃ¬×�½8Ã¬Ö�Ü¬À�Ä»ÅÆÀ?×.À?Ö�Ü¬Àï×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀïÞKß�àáÛRÀ?ÅÆ=.¾�Ö>ÛRÀ?ÂïÅÑû�ÀeÐ0¿¬Ä»Å»åæÅ»ÇRÀ?½t �¾�½8Â�º*à�ÛjÛRÀ?ÅÆÀ?Ö
m ≥ n

�
k ≥ nÃ¬Ö�Ü

l
ÚIÀ?Ä»ÅÆÀ?Ú¬Å»×GÉ�Ã�Û Ö º A Ã¬Ö�Ü

B
��É�ÚIÀ?Ö�Ü�ÅÆÀz �¾�½8Â

A =

(
In
0

)
∈ L

( Ò n, Ò k
)
, B =

(
In 0

)
∈ L ( Ò m, Ò n)

T â�ºÎÍ�U
Ã¬Ö�Ü�ÀæÛKÛAÀ?ÅÆÀ?Ö

C =

(
C11 C12

C21 C22

)
=
(

n×n n×(m−n)
(k−n)×n (k−n)×(m−n)

)
∈ L

( Ò m, Ò k
)
,

D =

(
D1

D2

)
=
(

n×l
(k−n)×l

)
∈ L

( Ò l, Ò k
)
,

W =

(
W11 W12

W21 W22

)
=
(

n×n n×(m−n)
(m−n)×n (m−n)×(m−n)

)
∈ L ( Ò m)

À?Ö�ÇRÛR¿¬½RÀæþ���À?Ö�Ü�¿�É�½8Ç8Å»Ç8ÅÆ¾�Ö¬ÅÆÀ?½8Ç°º�ÁÿÅ»½KÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö�Ö�Ã¬Ö!Ü�ÅÆÀÊÞyßMà
{
x′1 = C11x1 + C12x2 +D1u

0 = C21x1 + C22x2 +D2u

ÂïÅ»ÇyÜ¬À?ÂÇDM¾�Û8ÇRÀ?Ö�Á®Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�É�Ä T Í�º»¹VU

J (u, x) =
1

2

∫ T

0

〈

x1

x2

u


 ,



W11 W12

W21 W22
0

0 R̃





x1

x2

u



〉
dt

â��



Â èC(+*-, ° 0V3Èä43�5Ì¶�79¹Æ3�(�0r8�)�* �m.+3¼(Ì1�æ4(�0 � 3�6�793�,�,�3�(  �	�	çdèC¶v0

Ã¬Ö�Ü�Ü�ÅÆÀtåæÃ¬×.À�����½8Å»×.À�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T Í�º â�U




x′1 = C11x1 + C12x2 +D1u

0 = C21x1 + C22x2 +D2u

−ψ′
1 = W11x1 +W12x2 + CT

11ψ1 +CT
21ψ2

0 = W21x1 +W22x2 + CT
12ψ1 +CT

22ψ2

0 = DT
1 ψ1 +DT

2 ψ2 + R̃u.

T â�ºÎÔ�U

���0ð ð ªJ� ó §?ø8¨�©�ª¬« � ª¬ ���®���°¯��°±5�®�|²|��³ ²|� ©ïíïî �5�®ð ª �����°¯��°±?÷A¶G·ô�zû°óB� jb�z� ü `�j·lÂaI� j9`&9�`9Þ�P � ]�c T â�ºÎÔ�U
j·Þh`Ze��H�Igm�:9IezlÎj�`<;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ/j9��i��Q�p`C������aIg|i�a����0�$�^�h����iIjb� � �XiIj9���Igm�������

ker

(
CT

22

DT
2

)
= {0}

gm��i
ker

(
C22

W22

)
= {0}

T â�º â�U
�he9ý�Xm�9� `SÞ/j9��i?

� ��^�hj·Þ�
�Á�Å»½
Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö%Ü�ÅÆÀ,êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T Í�ºL"�É�U|Ã¬Ö�Ü T Í�ºL"�Ú�U*Á®Ý¬½l½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖïÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹
Ü�ÅÆÀæÛRÀ?½yÛR¿IÀ?åæÅÆÀ?Ä»ÄÆÀ?Ö�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMàKº N Ã¬Ö�Ø�þ���ÛRÇyÅÆÛ8Ç

G̃0 = AB =

(
In 0
0 0

)
= G̃T

0
Ã¬Ö�Ü

Q̃0 =

(
0 0
0 Im−n

)
= Q̃∗0.

ÞjÉ�ÚIÀ?Å�ÅÆÛ8Ç
Q̃0

¼1½R¾A@8À?ÒqÇR¾�½�É�Ã�Á
ker G̃0

Ã¬Ö�Ü
Q̃∗0

¼�½R¾A@SÀ?Ò0ÇR¾�½PÉ�Ã�Á
ker G̃T

0

º�#�Ö`Ü�ÅÆÀæÛAÀ?ÂB �É�Ä»Ä,×�Å»Ä»Ç T Í�ºL"�É�U
Ã¬Ö�Ü T Í�ºL"�Ú�U

↔ ker




In 0
0 0
0 0
CT

12 CT
22

DT
1 DT

2




= {0} , ker




In 0
0 0
0 0
C21 C22

0 0
W21 W22




= {0}

↔ ker

(
CT

22

DT
2

)
= {0} , ker

(
C22

W22

)
= {0} .

FZê���'Íì�÷)�4õ�÷)*^ô¦ó�ôbõ+%�õ-,Iô�!/.Zï0�À.Zï¼ì�.S÷ÃL�ò�#�ï�¹�Ä�ì�ô&#�ï�!Å�º�5�\2�4(6
Þ�ÅÆÀÊÏ3ý�û�ÞKß�à�Û2�¬Ü�ÅÆÀËÉ�Ã�ÛtúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à�ÛtÜ¬À?½� �¾�½8Â T â�ºÎÔ�UUÀ?Ö�ÇRÛ8ÇRÀ���À?Ö��"Û8Å»Ö�ÜäÅ»ÂïÂòÀ?½M¿¬½R¾�¿IÀ?½�Á�¾�½Sû
ÂËÃ¬Ä»ÅÆÀ?½8Ç°º"à�Û�ÅÆÛ8Ç�Ö�Ø�ÂïÄ»ÅÆþ	�

kerBT = ker

(
In
0

)
= {0}

T =0×�ÄDº�Õ�É�Ç8åZÔ�ºÎÍ�Ueº
N Ã�ÛAØ�Ç8åæÄ»ÅÆþ	�!åæÃ�Ü¬À?Ö!¾�Ú�À?Ö�×.À�OUØA�¬Ä»ÇRÀ?Ö�êUÀ?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×.À?Ö3ÛRÀ?ÅÆÀ?Ö!Ö�Ã¬Ö�É�Ã�þ	�

DR̃−1DT = R =

(
R11 R12

R21 R22

)
=
(

n×n n×(k−n)
(k−n)×n (k−n)×(k−n)

)
∈ L

( Ò k
) Ã¬Ö�Ü

X =

(
X1

X2

)
=
(

n×n
k−n×n

)
∈ L

( Ò n, Ò k
)

â��
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À?Ö�ÇRÛR¿¬½RÀæþ���À?Ö�Ü�¿�É�½8Ç8Å»Ç8ÅÆ¾�Ö¬ÅÆÀ?½8Ç°º�ÁÿÅ»½KÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö3Ü�ÅÆÀjåæÃ¬×.À�����½8Å»×.ÀËÏ3ý�û�ÞKß�àKº¬à�ÛyÅÆÛ8Ç

−

(
I
0

)((
I 0

)(X1

X2

))′ (
I 0

)

=

(
I
0

)(
XT

1 XT
2

)(C11 C12

C21 C22

)
+

(
CT

11 CT
21

CT
12 CT

22

)(
X1

X2

)(
I 0

)

−

(
I
0

)(
XT

1 XT
2

)(D1

D2

)
R̃−1

(
DT

1 DT
2

)(X1

X2

)(
I 0

)

+

(
W11 W12

W21 W22

)

↔

−

(
I
0

)
X ′

1

(
I 0

)
=

(
XT

1 XT
2

0 0

)(
C11 C12

C21 C22

)
+

(
CT

11 CT
21

CT
12 CT

22

)(
X1 0
X2 0

)

−

(
XT

1 XT
2

0 0

)(
D1

D2

)
R̃−1

(
DT

1 DT
2

)(X1 0
X2 0

)

+

(
W11 W12

W21 W22

)

↔

−

(
X ′

1 0
0 0

)
=

(
XT

1 C11 +XT
2 C21 XT

1 C12 +XT
2 C22

0 0

)

+

(
CT

11X1 + CT
21X2 0

CT
12X1 + CT

22X2 0

)

−

(
XT

1 D1 +XT
2 D2

0

)
R̃−1

(
DT

1 X1 +DT
2 X2 0

)

+

(
W11 W12

W21 W22

)

↔

−

(
X ′

1 0
0 0

)
=

(
XT

1 C11 +XT
2 C21 XT

1 C12 +XT
2 C22

0 0

)

+

(
CT

11X1 + CT
21X2 0

CT
12X1 + CT

22X2 0

)

−

((
XT

1 D1 +XT
2 D2

)
R̃−1

(
DT

1 X1 +DT
2 X2

)
0

0 0

)

+

(
W11 W12

W21 W22

)

↔

−X ′
1 =XT

1 C11 +XT
2 C21 + CT

11X1 + CT
21X2

−
(
XT

1 D1 +XT
2 D2

)
R̃−1

(
DT

1 X1 +DT
2 X2

)
+W11

T â�ºÎé�É�U

â�"
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0 =XT
1 C12 +XT

2 C22 +W12
T â�ºÎé�Ú�U

0 =CT
12X1 + CT

22X2 +W21
T â�ºÎé�þVU

0 =W22.
T â�ºÎé�Ü¼U

ßMÃ�Û T â�ºÎé�UÊÃ¬Ö�Ü Ü¬À?Ö êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T â�º â�UjÁ®Ý¬½Ë½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö:Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐÿ¹GÜ¬À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û
ÞKß�àkÀ?½8×�Å»Ú¬ÇyÛRÅÆþ��!Ü�Å»½RÀ?Ò0ÇyÜ¬À?½UÁ�¾�Ä»×.À?Ö�Ü¬À N Ã�ÛAÉ�ÂïÂòÀ?Ö$��É�Ö¬×�º
¢��qð � ©�« �|�|  � ó ì ó
¹�ºKÞ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬× T â�ºÎé�Ü¼U�ÅÆÛ8ÇUÁ®Ý¬½KÜ�ÅÆÀÊã���Û8Ú�É�½8Ò.À?Å»ÇMÜ¬À?½yÏ�ýKû�ÞKß�à T â�ºÎé�U�Ö�¾�Ç¦O,À?Ö�Ü�Å»×�º
Í�ºKÞ�ÅÆÀjúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T â�ºÎÔ�U�ÛAÀ?Å�½RÀ?×�Ã¬Ä�Ø�½�ÂïÅ»Ç�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ6¹KÃ¬Ö�ÜGÜ�ÅÆÀvDM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�Àeû
Ü�Å»Ö¬×�Ã¬Ö¬× T â�ºÎé�Ü¼UUÛRÀ?Å<À?½SÁ®Ý¬Ä»Ä»Ç°º�ÞjÉ�Ö¬Ö�×�Å»Ä»ÇjÆ

kerC22 = {0}
Ã¬Ö�Ü

ker
(

CT
22

DT
2

)
= {0}

º

Ô�ºKà�ÛyÛRÀ?Å
kerCT

22 = {0}
º

•
 
Ý¬½

m = k
×�Å»Ä»ÇjÆ

C22
ÅÆÛ8ÇU½RÀ?×�Ã¬Ä�Ø�½KÃ¬Ö�ÜöÜ�ÅÆÀËúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à���É�Ç�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬ÅÑû

Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ>¹���Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×s=.¾�Ö
D2

Ã¬Ö�Ü
W22

º

•
 
Ý¬½

m 6= k
×�Å»Ä»ÇjÆf �É�Ä»ÄÆÛöÜ�ÅÆÀÄDy¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×

W22 = 0
À?½SÁ�Ý¬Ä»Ä»ÇGÅÆÛ8Ç2��ÛA¾Q��É�ÇöÜ�ÅÆÀ

úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMàÿÖ¬ÅÆÀj½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
â�ºKÞ�ÅÆÀt�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö T â�ºÎé�Ú�U�Ã¬Ö�Ü T â�ºÎé�þVU�Û8Å»Ö�ÜöÅÆÜ¬À?Ö�Ç8ÅÆÛRþ	�<º�à�Ûy×�Å»Ä»Ç�Ö�Ø�ÂïÄ»ÅÆþ��

XT
1 C12 +XT

2 C22 +W12 =
(
CT

12X1 + CT
22X2 +W21

)T
.

>MÖ�ÇRÀ?½MÜ¬À?½�Dy¾�Ö�Û8ÅÆÛRÇRÀ?Ö¬åæÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×
W22 = 0

��É�ÇyÜ�ÅÆÀjÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À���Ö¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀZÞKß�à

−X ′
1 =XT

1 C11 +XT
2 C21 + CT

11X1 + CT
21X2

−
(
XT

1 D1 +XT
2 D2

)
R̃−1

(
DT

1 X1 +DT
2 X2

)
+W11

T â�ºL��É�U

0 =CT
12X1 + CT

22X2 +W21
T â�ºL��Ú�U

Ü�ÉA��À?½MÜ�ÅÆÀæÛRÀ?Ä»ÚIÀËã���Û8Ã¬Ö¬×.Û8ÂòÀ?Ö¬×.ÀzO�ÅÆÀ T â�ºÎé�U?º
Ô ª �°£ � óÆ¡ ø8¨,©�ª¬« � ª¬ �®�®���°¯��°±5�®�~²
�.³k²
� © �nõô÷A¶%·%� T â�ºÎé�U û°ó
`-
vcfÞÂÞK�hj

kerCT
22 = {0}


 � aI�¼��j·Þh`piIjb�e³�~<P � ]�c T â�ºÎé�UÂÞ/j9���Igm�:9IeslÎj�`h;�e¥a+=r`ba?>hj9�þj�`&9�`9Þhj·��i����a`-

� jb� � ]�c T â�ºL��Ut�ma�`�e��H�Igm�:9IeX���À;�eXaD=r`ba?>hj9� j9`&9�`9Þhj·��i����5`�g���iJjµÞ�`�i�aA�P�hes�hj9��i��hgP`�j
�J�
ÝAÞ�>Xa�e�
 Y aI�9�þÞ
W22 = 0

j·Þh`_�Æ�ma�`SÞ/jb�tiIjH�hÞK�h�G>��dÜ�ÝIÞ/gm���AÞ/ls�h�m������jH� T â�ºÎé�U[

|}
vcfÞzÞK��j

kerCT
22 6= {0}


 � jb� � �XiIj9���Igm�����h�Êý�XmeCeX�H��g��:9Ie��h�Ç;�eXaD=r`ba?>hj9� j9`&9�`9Þhj·��i����5`yi��he�� ü `�j·lÂa+P� j�`&9�`9Þ�P � ]�c T â�º â�UÊÞhj·��iQj·lB]v�9�Å���hls�hj9���h���¼j�_h�m`p��j9��eX��j�_h�$�h��iwý�XmeÊÞ/j9���Igm�R9�eX�h�J;�e¥aD=A`ba?>hj9�þj�`&9�`9Þ�P
j9��i��Q�Á`�i��heC³�~�P � ]vcB
WÈ�g�Þ\9�`µÿK�þjH_h��j·Þh`ZýXme

m = k
i�jH�C³�~<P � ]�cÇ��jH_h��`t�
ÝAÞ�>Xa�eÉ�fý�aI�9�þÞ|iIjH�

� ü `�j9lÂaI� j9`&9�`9ÞP � ]vc¿e��H�Igm�:9IeX���Ê;$eXaD=r`baE>hj·� j�`&9�`9Þ/j9��i����C`��ma�`�

� ��^�hj·Þ�
�Á�Å»½�Ú�À?Ç8½AÉ�þ��qÇRÀ?Ö3Ü¬À?Ö�Ù|À?Å»Ä|Ü¬À?½KÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ��"Ü¬À?½UÁ�Ý¬½MÜ�ÅÆÀjßyÖ�É�Ä
R�ÛRÀjÜ¬ÀæÛKÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö3Ù<½AÉ�Ò0ÇAÉ�û
Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛË¹ÊÜ¬À?½KÏ3ý�û�ÞyßMàkÖ�¾�Ç�O,À?Ö�Ü�Å»×%ÅÆÛ8Ç°º

â�ë
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•
à�ÛyÅÆÛ8Ç

G0 =

(
In
0

)
⊗

((
In
0

)(
In 0

))

=

(
In
0

)
⊗

(
In 0
0 0

)
∈ L

( Ò nk, Ò m2
)

=




(
In 0
0 0

)
0

º º º

0

(
In 0
0 0

)

0(m2−mn)×k . . . 0(m2−mn)×k




.

→ rgG0 = n2.

ÞjÉ�ÂïÅ»Ç�Á�¾�Ä»×�Ç

N0 =

{
z = (z1, . . . , zkn) ∈ Ò kn

∣∣∣∣∣
∀ 1 ≤ j ≤ n, 1 ≤ i ≤ n :

z(j−1)k+i = 0

}

Ã¬Ö�Ü

Q0 = In ⊗

(
0n×n 0

0 Ik−n

)
∈ L

( Ò nk
)

=




(
0n×n 0

0 Ik−n

)

º º º
(

0 0
0 Ik−n

)



.

•
ßMÄÆÛ�Ö�Ø�þ���ÛRÇRÀæÛYO�Å»½RÜ

B0 = (P (m,m) + Im2)
[(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)]

À?½8ÂïÅ»Ç8ÇRÀ?Ä»Ç°º"ÞjÉ�åæÃ�ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö|O�Å»½KåæÃ¬Ö�Ø�þ���Û8Ç
(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)
=

((
In
0

)
⊗ CT

)
−

((
In
0

)
⊗

(
In
0

)
XTR

)

=

((
In
0

)
⊗ CT

)
−

((
In
0

)
⊗

(
XTR

0

))

=

(
In
0

)
⊗

(
CT −

(
XTR

0

))

=




CT −

(
XTR

0

)

º º º

CT −

(
XTR

0

)

0 . . . 0




.

é�Ì
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à�ÛyÛRÀ?Å
T =

(
T1 T2

)
=



t1 1 t1 2ººº ººº
tm 1 tm 2


 ∈ L

( Ò k, Ò m
) º� 
Ý¬½

1 ≤ i ≤ m
ÅÆÛ8Ç

ti 1 ∈ Ò n, ti 2 ∈

Ò k−n Ã¬Ö�Ü ti :=
(
ti 1 ti 2

)
.
ÞjÉ�ÚIÀ?Å�O�Å»½RÜ

T
O�ÅÆÀtÁ�¾�Ä»×�ÇUÁ®ÀæÛ8Ç8×.À?ÄÆÀ?×�Ç

ti 1 :=





(
c1i −

∑m
j=1 xjirj1 , . . . , cni −

∑m
j=1 xjirjn

) �0ÁDÉ�Ä»ÄÆÛ
1 ≤ i ≤ n

(
c1i , . . . , cni

) �0ÁDÉ�Ä»ÄÆÛ
n+ 1 ≤ i ≤ m

Ã¬Ö�Ü

ti 2 :=





(
c(n+1)i −

∑m
j=1 xjirj(n+1) , . . . , cki −

∑m
j=1 xjirjk

) �0Á�É�Ä»ÄÆÛ
1 ≤ i ≤ n

(
c(n+1)i , . . . , cki

) �0Á�É�Ä»ÄÆÛ
n+ 1 ≤ i ≤ m.

ÞjÉ�Ö¬Öö×�Å»Ä»Ç
T = CT −

(
XTR

0

)
,



tn+1 1ººº
tm 1


 = CT

12

Ã¬Ö�Ü


tn+1 2ººº
tm 2


 = CT

22

º0Ï!Å»ÇUÜ�ÅÆÀæÛRÀ?½�ÞtÀ ½ Ö¬ÅÑû
Ç8ÅÆ¾�Ö!Ò���Ö¬Ö�À?ÖyO�Å»½KÖ�Ã¬Ö!Ý¬ÚIÀ?½RÛ8ÅÆþ	��Ç8Ä»ÅÆþ	��À?½ÍO�À?Å»ÇRÀ?½K½RÀæþ��¬Ö�À?Ö<º"à�ÛKÅÆÛRÇ

(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)
=




t1ººº
tm º º º

t1ººº
tm

0(m2−mn)×k . . . 0(m2−mn)×k




Ã¬Ö�Ü�ÂïÅ»Çyã<À?ÂïÂôÉïßPº»¹°ÍPÁ�¾�Ä»×�Ç

B0 = P (m,m)
[(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)]

=




t1 º º º
t1

0(m−n)×k . . . 0(m−n)×k

ººº
tm º º º

tm
0(m−n)×k . . . 0(m−n)×k




.

•
Õ0¾òÀ?½8×�Å»Ú¬ÇMÛ8ÅÆþ��

B0Q0 = (P (m,m) + Im2)
[(
BT ⊗CT

)
−
(
BT ⊗BTXTR

)]
Q0

é�¹
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= (P (m,m) + Im2)



(
In
0

)
⊗


0 CT

21 −X
T

(
R21

R22

)

0 CT
22






=




0 2t1 2ººº º º º
0 tn 2 0 t1 2ººº
0 tm 2

ººº
0 tn 2 0 t1 2º º º ººº

0 2tn 2ººº
0 tm 2

0 tn+1 2 º º º
0 tn+1 2

0(m−n)×k . . . 0(m−n)×kººº

0 tm 2 º º º
0 tm 2

0(m−n)×k . . . 0(m−n)×k




Ã¬Ö�Ü

G1 = G0 +B0Q0 ∈ L
( Ò nk, Ò m2

)

é�Í



Â èC(+*-, ° 0V3Èä43�5Ì¶�79¹Æ3�(�0r8�)�* �m.+3¼(Ì1�æ4(�0 � 3�6�793�,�,�3�(  �	�	çdèC¶v0

=




In

2t1 2ººº
tn 2

º º º
0 t1 2

0ººº
0

tn+1 2ººº
tm 2

ººº

0 tn 2 º º º
In

t1 2ººº
2tn 2

0 tn+1 2ººº
0 tm 2

0 tn+1 2 º º º
0 tn+1 2

0(m−n)×n 0(m−n)×k−n . . . 0(m−n)×n 0(m−n)×k−n

ººº

0 tm 2 º º º
0 tm 2

0(m−n)×n 0(m−n)×k−n . . . 0(m−n)×n 0(m−n)×k−n




=:

(
G1 1

G1 2

)
,
O,¾�Ú�À?Å

G1 1 ∈ L
( Ò kn, Ò mn

)
, G1 2 ∈ L

( Ò kn, Ò m2−mn
)
.

→ rgG1 = rg

(
G1 1

G1 2

)
= rgG1 1

= n2 + n rg
(
CT

22

)
.

à�ÛyÅÆÛ8ÇMÉ�ÄÆÛR¾
kerG1 = {0} ↔ rgG1 = kn↔ rgC22 = k − n↔ kerCT

22 = {0}
º$ÁÿÅ»½KÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö

Ö�Ã¬Ö�Ü�ÅÆÀd=.À?½RÛRþ��¬ÅÆÀæÜ¬À?Ö�À?ÖÄ 1Ø�Ä»ÄÆÀ�º
¹�ºKà�ÛyÛRÀ?Å

kerCT
22 = {0}

º¬ÞtÉ�Ö¬Ö�Á®¾�Ä»×�Ç
N1 = {0}

Ã¬Ö�Ü
Q1 = 0

º

→N0 	 (N0 ∩N1) = N0 ⊆ Ò nk = kerQ1

→D0P0P1D
−
0 = R

Ö�Ã¬½�=.¾�Ö
t
É�Ú$��Ø�Ö¬×�Å»×%Ã¬Ö�Ü�Û8ÇRÀ?Ç8Å»×òÜ�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½

→G0 6= G1 = G2.

é�Ô
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ÞjÉA��À?½Y��É�ÇMÜ�ÅÆÀÊÏ�ýKû�ÞKß�à�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹��0Á�É�Ä»ÄÆÛ
kerCT

22 = {0}
º

ÁÿÅ»½KÚ�À?Ç8½AÉ�þ��qÇRÀ?Ö�Ü�ÅÆÀÊÞKß�à T â�ºL��U

−X ′
1 =XT

1 C11 +XT
2 C21 + CT

11X1 + CT
21X2

−
(
XT

1 D1 +XT
2 D2

)
R̃−1

(
DT

1 X1 +DT
2 X2

)
+W11

0 =CT
12X1 + CT

22X2 +W21.

Ã¬ÖqÇRÀ?½MÜ¬À?½yêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
kerCT

22 = {0}
ºPÁ�Å»½yÄÆÀ?×.À?ÖäÁ®ÀæÛRÇ

f1(X1, X2) := vec
(
XT

1 C11 +XT
2 C21 + CT

11X1 + CT
21X2

)

− vec
((
XT

1 D1 +XT
2 D2

)
R̃−1

(
DT

1 X1 +DT
2 X2

)
+W11

)
,

f2(X1, X2) := vec
(
CT

12X1 + CT
22X2 +W21

)

=
(
In ⊗ C

T
12

)
vecX1 +

(
In ⊗ C

T
22

)
vecX2 + vecW21

ÞjÉ�Ö¬Ö�Ä�Ø�ÛAÛ8ÇKÛ8ÅÆþ�� T â�ºL��U�Å»ÖJ=.À?ÒqÇR¾�½8ÅÆÛRÅÆÀ?½8ÇRÀ?½v �¾�½8ÂÓÃ¬Ö�Ü�¿¬½R¾�¿IÀ?½RÀ?½� �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×GÒ.¾�Âï¿�É�ÒqÇMÉ�ÄÆÛ
(
In2

0

)((
In2 0

)(vecX1

vecX2

))′

=

(
f1 (X1, X2)
f2 (X1, X2)

)

ÛAþ��¬½RÀ?Å»Ú�À?Ö<º�ÁÿÅ»½KÀ?½X��É�Ä»ÇRÀ?Ö?O,À?Å»ÇRÀ?½

G0 =

(
In2 0
0 0

) ÅÆÛ8Ç�Ö¬ÅÆþ	��ÇM½RÀ?×�Ã¬Ä�Ø�½

B0 =

(
[f1(X1, X2)]vec X1

[f1(X1, X2)]vec X2

In ⊗ C
T
12 In ⊗ C

T
22

)

Ã¬Ö�Ü!ÀæÛUÁ®¾�Ä»×�Ç�ÂïÅ»Ç
kerC22 = {0}

N0 ∩ S0 =

{(
x1

x2

)
∈ Ò nk,

x1 ∈ Ò n2

,

x2 ∈ Ò nk−n2

∣∣∣∣∣x1 = 0

}

∩

{(
x1

x2

)
∈ Ò nk,

x1 ∈ Ò n2

,

x2 ∈ Ò nk−n2

∣∣∣∣∣
(
In ⊗ C

T
12

)
x1 +

(
In ⊗ C

T
22

)
x2 = 0

}

=

{(
x1

x2

)
∈ Ò nk,

x1 ∈ Ò n2

,

x2 ∈ Ò nk−n2

∣∣∣∣
x1 = 0,(

In ⊗ C
T
22

)
x2 = 0

}

= {0nk} .

→
ÞtÉ�ÛMÙ~À?Å»ÄÆÛXR�Û8ÇRÀ?Â T â�ºL��UUÅÆÛ8ÇKÃ¬ÖqÇRÀ?½

kerC22 = {0}
½RÀ?×�Ã¬Ä�Ø�½yÂïÅ»ÇMÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐñ¹�º� �É�Ä»ÄÆÛ

W22 = 0
ÅÆÛ8Ç2�¬ÛR¾�ÅÆÛ8Ç T â�ºL��UKØ�ç�Ã¬Å
=�É�ÄÆÀ?Ö�ÇKåæÃ T â�ºÎé�U T =q×�ÄDº¬êUÀ?ÂòÀ?½8Ò0Ã¬Ö¬×ôâ�ºÎÍ�Ueº

Í�ºKà�ÛyÛRÀ?Å*ÖqÃ¬Ö
kerCT

22 6= {0}
º

•
Þ�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T â�º â�U"Á�Ý¬½~½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖZÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐZÜ¬À?½1úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à6Û8Å»Ö�Ü
Å»Â ßyÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö�Ö¬ÅÆþ	��Ç-�¬Å»Ö¬½RÀ?ÅÆþ���À?Ö�ÜZÁ�Ý¬½
Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐG¹,Ü¬À?½|Ï3ý�û�ÞKß�à
T =0×�ÄDº�êUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä~ë� "É�Ä»Ä|ÍPÅ»Ö!ßMÚ�ÛRþ��¬Ö¬Å»Ç8ÇKâ�ºÎÔ�Ueº

é�â
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•
N Ã�ÛAØ�Ç8åæÄ»ÅÆþ	�%ÛRÀ?Å¬ÖqÃ¬Ö

m = k
Ã¬Ö�ÜòÜ�ÅÆÀyúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMà���É�Ú�ÀU½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö%Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛSû

Å»Ö�Ü¬ÀeÐ ¹�º"ßMÃ�Û
ker
(

C22

W22

)
= {0}

É�Ã�Û T â�º â�U�Á®¾�Ä»×�ÇtÜ�É�Ö¬Ö¾Æ
W22 6= 0

º"ßMÖ�Ü¬À?½RÀ?½RÛRÀ?Å»ÇRÛ�ÅÆÛ8Ç�Ü�ÅÆÀ
Ï3ý�û�ÞyßMà�Á�Ý¬½

W22 6= 0
Ö¬ÅÆþ	��ÇMÄx��Û8Ú�É�½ T =0×�ÄDº¬ê�À?ÂòÀ?½8Ò0Ã¬Ö¬×ôâ�ºÎÍ�Ueº

Þ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
W22 = 0

ÅÆÛ8ÇMÉ�ÄÆÛR¾òÀ?Å»Ö�À?½RÛAÀ?Å»ÇRÛKÖ�¾�Ç�O�À?Ö�Ü�Å»×GÁ�Ý¬½yÜ�ÅÆÀZã���Û8Ú�É�½8Ò.À?Å»Ç�Ü¬À?½MÏ3ý�û�ÞKß�àKº�ßMÖ�û
Ü¬À?½RÀ?½RÛRÀ?Å»ÇRÛUÁ�¾�Ä»×�ÇUÂïÅ»Ç

kerCT
22 = {0}

��Ü�É�ÛRÛUÖ�Ã¬½KÜ¬À?½�Ù|À?Å»Ä<Ü¬À?½KßyÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×%Ú�À�O,À?½8ÇRÀ?Ç
O�Å»½RÜ��IÜ¬À?½�ßMÚ¬ÄÆÀ?Å»Ç8Ã¬Ö¬×.À?Ö3À?ÖqÇX��Ø�Ä»Ç°º�ÞtÉA��À?½�ÅÆÛ8Ç�ÀæÛMÜ�Ã¬½Rþ	��É�Ã�ÛjÛ8Å»Ö¬Ö�=.¾�Ä»Ä
Ö�Ã¬½tÜ�ÅÆÀæÛRÀ?Ö6Ù~À?Å»Ä
åæÃ3Û8ÇRÀ?Ã�À?½8Ö�Ã¬Ö�Ü
D =

(
D1

0

) ��É�ÄÆÛR¾
D2 = 0

��åæÃ?O�ØA�¬ÄÆÀ?Ö<º
FZê���6�ô�!Sô�#�ï¡��ï�ô�,Aî^ô�ï¼óbï
¢��q��± î ���q�U¸ ø �t��� « ���q�®�|��±ò¢��q��± î ���q��û°ó Õ0À?ÅÆÀ?Ö�@8À?Ç8åæÇ

m = k = 2, n = 1
º�ÞjÉ�Ö¬Ö�ÅÆÛ8Ç

A =

(
1
0

)
, B =

(
1 0

)
, A0 = BT ⊗BT =




1
0
0
0


 ,

D0 = I1 ⊗A
T =

(
1 0

)
, D−

0 =

(
1
0

)
, R = D0D

−
0 = 1,

G0 =




1 0
0 0
0 0
0 0


 , N0 =

{
z = (z1, z2)

T ∈ Ò 2
∣∣∣ z1 = 0

}
,

Q0 =

(
0 0
0 1

)
.

 
Ý¬½
B0, G1, N1

À?½8×�Å»Ú¬ÇyÛ8ÅÆþ���Ü�É�ÂïÅ»Ç

B0 = (P (m,m) + Im2)
[(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)]

=







1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


+ I4



[(

1
0

)
⊗ CT −

(
1
0

)
⊗

(
1
0

)(
x1 x2

)
R

]

=




2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2










c11 c21
c12 c22
0 0
0 0


−

(
1
0

)
⊗

(
x1 x2

0 0

)
R




=




2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2










c11 c21
c12 c22
0 0
0 0


−




x1r11 + x2r21 x1r12 + x2r22
0 0
0 0
0 0







é�é
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=




2 (c11 − x1r11 − x2r21) 2 (c21 − x1r12 − x2r22)
c12 c22
c12 c22
0 0


 ,

G1 = G0 +B0Q0

=




1 0
0 0
0 0
0 0


+




2 (c11 − x1r11 − x2r21) 2 (c21 − x1r12 − x2r22)
c12 c22
c12 c22
0 0



(

0 0
0 1

)

=




1 2 (c21 − x1r12 − x2r22)
0 c22
0 c22
0 0




Ã¬Ö�Ü

N1 =
{
z ∈ Ò 2

∣∣ z1 = −2 (c21 − x1r12 − x2r22) z2, c22z2 = 0
}
.

¹�º$ �É�Ä»ÄC |Ý¬½KÜ¬À?Ö6Õq¿IÀ?åæÅ�É�ÄÑÁDÉ�Ä»Ä
c22 6= 0

×�Å»Ä»Ç

N1 = {0} , Q1 = 0,

G2 = G1 +B1Q1 = G1, kerQ1 = Ò 2 Ã¬Ö�Ü

D0P0P1D
−
0 = D0D

−
0 D0I2D

−
0 = D0D

−
0 = R = 1,O�¾�ÚIÀ?Å

R
Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×s=.¾�Ö

x
Ã¬Ö�ÜäÛ8ÇRÀ?Ç8Å»×òÖ�É�þ	�

t
Ü�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½�ÅÆÛ8Ç°º

→
 |Ý¬½

c22 6= 0
ÅÆÛ8ÇKÜ�ÅÆÀt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×%ÛRÅ»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇyÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º

Í�º$ �É�Ä»ÄC |Ý¬½�Ü¬À?Ö| �É�Ä»Ä
c22 = 0

Ò�É�Ö¬Ö|#&Ö�Ü¬ÀeÐ ¹ÊÖ¬ÅÆþ	��Ç�×�É�½AÉ�Ö�Ç8ÅÆÀ?½8ÇpO,À?½RÜ¬À?Ö<º+>MÂ Ü�ÅÆÀæÛyåæÃ|=.À?½RÜ¬À?Ã¬Ç8Ä»ÅÆþ���À?Ö
ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö�O�Å»½%Ü¬À?ÖkÁ®¾�Ä»×.À?Ö�Ü¬À?Ö��UÉ�Ò�É�Ü¬À?ÂïÅÆÛAþ���À?Ö� �É�Ä»ÄDº�à�ÛGÛRÀ?Å

c22 = c12 = c21 = 0
Ã¬Ö�Ü

R = I
º¬ÞjÉ�Ö¬Ö�×�Å»Ä»Ç

N1 =
{
z ∈ Ò 2

∣∣ z1 = 2x2z2
}
,

Q1 =

(
1 0
− 1

2x2
0

)
, P1 =

(
0 0
1

2x2
1

)
,

D0P0P1D
−
0 =

(
1 0

)(1 0
0 0

)(
0 0
1

2x2
1

)(
1
0

)

=
(
1 0

)( 0
1

2x2

)

= 0,

B1 =




2 (c11 − x1) 0
0 0
0 0
0 0



Ã¬Ö�Ü

G2 = G1 +B1Q1

é��
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=




1 + 2 (c11 − x1) −2x2

0 0
0 0
0 0




6= G1.

→
 |Ý¬½

c22 = 0
��É�ÇyÜ�ÅÆÀt��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×ôÅ»Â ßyÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö�Ö¬ÅÆþ	��ÇÍ#�Ö�Ü¬ÀeÐ>¹�º

¢��q��± î ���q� § ù ø �t�®�k���	� ª ±ô  © y�ËI� © ��±ô¢P�0��± î ���0�bû°ó à�ÛKÛRÀ?Å»Ö�À?Ö
m = k = 4

Ã¬Ö�Ü
n = 2

º�ÞtÉ�Ö¬Ö!ÅÆÛ8Ç

A =




1 0
0 1
0 0
0 0


 , B =

(
1 0 0 0
0 1 0 0

)
,

C =



c11 · · · c14ººº º º º ººº
c41 · · · c44


 ∈ L

( Ò 4
)
, C22 =

(
c33 c34
c43 c44

)
,

A0 =



BT 04×2

04×2 BT

08×2 08×2


 , D0 =

(
AT 02×4

02×4 AT

)
,

G0 =



BTAT 04×4

04×4 BTAT

08×4 08×4


 , BTAT =




1 0 0
0 1

0
0 0


 ,

Q0 =

(
Q̃∗0 0

0 Q̃∗0

)
, Q̃∗0 =




0 0
0

1
0 1




Ã¬Ö�Ü

N0 =
{
z = (z1, . . . , z8)

T ∈ Ò 8
∣∣∣ z1 = z2 = z5 = z6 = 0

}
.

ßMÄÆÛ�Ö�Ø�þ���ÛRÇRÀæÛKÚ�À?½RÀæþ��¬Ö�À?Ö?O�Å»½
B0
º¬ÞjÉ�åæÃ�Ú�À?Ç8½AÉ�þ��qÇRÀ?Ö?O�Å»½KåæÃ¬Ö�Ø�þ	��Û8Ç

(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)

=




1 0
0 1
0 0
0 0


⊗ C

T −




1 0
0 1
0 0
0 0


⊗




1 0
0 1
0 0
0 0


XTR

=




CT 04×4

04×4 CT

04×4 04×4

04×4 04×4


−




1 0
0 1
0 0
0 0


⊗

(
XTR
02×4

)

é��
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=




CT 04×4

04×4 CT

04×4 04×4

04×4 04×4


−




XTR 02×4

02×4 02×4

02×4 XTR
02×4 02×4

02×4 02×4

02×4 02×4




=




CT −

(
XTR
02×4

)
04×4

04×4 CT −

(
XTR
02×4

)

04×4 04×4

04×4 04×4



.

Õ0À?Å<ÖqÃ¬Ö

T =




t1 1 t1 2

t2 1 t2 2

t3 1 t3 2

t4 1 t4 2


 , ti j ∈ Ò 2, 1 ≤ i ≤ 4, 1 ≤ j ≤ 2,

ti :=
(
ti 1 ti 2

)
,

Á�Ý¬½
1 ≤ i ≤ 4

ÂïÅ»Ç

ti 1 :=





(
c1i −

∑4
j=1 xjirj1 c2i −

∑4
j=1 xjirj2

) �0Á�É�Ä»ÄÆÛ
i ∈ {1, 2}

(
c1i c2i

) �0Á�É�Ä»ÄÆÛ
i ∈ {3, 4}

Ã¬Ö�Ü

ti 2 :=





(
c3i −

∑4
j=1 xjirj3 c4i −

∑4
j=1 xjirj4

) �0Á�É�Ä»ÄÆÛ
i ∈ {1, 2}

(
c3i c4i

) �0Á�É�Ä»ÄÆÛ
i ∈ {3, 4} .

ÞjÉ�Ö¬Ö�ÅÆÛ8Ç

T =

(
CT −

(
XTR
02×4

))

é�"
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Ã¬Ö�Ü

B0 = [P (m,m) + Im2 ]
[(
BT ⊗ CT

)
−
(
BT ⊗BTXTR

)]
=




2t1
t2 t1
t3
t4
t2 t1

2t2
t3
t4

t3
t3

t4
t4




.

à�ÛUÁ�¾�Ä»×�ÇYO�À?Å»ÇRÀ?½

B0Q0 =




0 2t1 2

0 t2 2 0 t1 2

0 t3 2

0 t4 2

0 t2 2 0 t1 2

0 2t2 2

0 t3 2

0 t4 2

0 t3 2

0 t3 2

0 t4 2

0 t4 2




=




0 2t1 2

0 t2 2 0 t1 2

0 CT
22

0 t2 2 0 t1 2

0 2t2 2

0 CT
22

0 t3 2

0 t3 2

0 t4 2

0 t4 2




é�ë
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Ã¬Ö�Ü
G1 Ì



1 0
0 1

2 ( c31−
P

4

j=1
xj1rj3 c41−

P
4

j=1
xj1rj4 )

c32−
P

4

j=1
xj2rj3 c42−

P
4

j=1
xj2rj4

0
c31−

P
4

j=1
xj1rj3 c41−

P
4

j=1
xj1rj4(

c33 c43
c34 c44

)

c32−
P

4

j=1
xj2rj3 c42−

P
4

j=1
xj2rj4

0
1 0
0 1

c31−
P

4

j=1
xj1rj3 c41−

P
4

j=1
xj1rj4

2 ( c32−
P

4

j=1
xj2rj3 c42−

P
4

j=1
xj2rj4 )(

c33 c43
c34 c44

)

(
c33 c43

)
(
c33 c43

)

(
c34 c44

)
(
c34 c44

)




.

ÞjÉA��À?½ôÅÆÛ8Ç
kerG1 = {0}

×.À?Ö�É�Ã�Ü�É�Ö¬Ö��ZO�À?Ö¬Ö
ker ( c33 c43

c34 c44 ) = kerCT
22 = {0}

��É�ÄÆÛR¾
C22

½RÀ?×�Ã¬Ä�Ø�½
ÅÆÛ8Ç°ºUÞjÉ�Ö¬ÖÿÁ®¾�Ä»×�Ç

N0 	 (N0 ∩N1) = N0 ⊆ Ò 8 = kerQ1
Ã¬Ö�ÜáÜ�ÅÆÀ��tÄÆÀ?ÅÆþ���Ã¬Ö¬×���É�Ç�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö

Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
#&ÂÃ �É�Ä»ÄÆÀ

kerC22 6= {0}
ÅÆÛRÇ�Ü�ÅÆÀ���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×ÿÉ�Ã�þ	� �¬ÅÆÀ?½�Å»Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö-Ö¬ÅÆþ��qÇ�Û8Å»Ö¬×�Ã¬Ä�Ø�½äÂïÅ»Ç

Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º

FZêGFÍ6�ô�!»��ío!$�Æì�ï�õIï�,(�yîZõ�ô�ñW÷�ó�,rõ�ï¼òSï�ì�ò�!�#o,AîSì�ío*^óbï�ñ ñ�ôbõyï¼ô�!Sï�ì´#�ï�,Võ�ï¼òSï�ì�õ�ï�!S¿
,Aï¼ñ�ô��hï��Æîfó�ô�L�ôHõ�ï�!À2�4(6

ÞjÉ�ÛKÁ�¾�Ä»×.À?Ö�Ü¬ÀPÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛR¿¬½R¾�Ú¬ÄÆÀ?Â Ã¬Ö�Ü!Ü�ÅÆÀZåæÃ¬×.À�����½8Å»×.À�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�Ã¬Ö�Ü3ýKÅÆþæþ°É�Ç8ÅÑû�ÞKß�àWO�Ã¬½RÜ¬À?Ö
Ú�À?½RÀ?Å»ÇRÛ�Å»ÖyoÅDjÏ6ë��rqIÉ�Ã�Á�Å
�¬½RÀKã���Û8Ú�É�½8Ò.À?Å»Ç,Ã¬Ö�ÜÂ#�Ö�Ü¬ÀeÐ¬À?Å»×.À?Ö�ÛRþ	��É�Á�ÇRÀ?ÖGÃ¬Ö�ÇRÀ?½RÛ8Ã�þ	��Ç°º0Þ�ÅÆÀKßyÖ�É�Ä
R�ÛRÀ�À?½SÁ�¾�Ä»×�ÇRÀ
Ü¬¾�½8Ç4@SÀæÜ¬¾0þ��%Ö¬ÅÆþ���ÇKÉ�Ã�Á-��½8Ã¬Ö�Ü�Ä�É�×.À�Ü¬À?½S�¬ÅÆÀ?½UÀ?Å»Ö¬×.ÀeÁ®Ý$�¬½8ÇRÀ?ÖGÙ���Àæ¾�½8ÅÆÀ�º�Þ�ÅÆÀK¿¬½R¾�¿�À?½RÀ� �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×ïÃ¬Ö�Ü
Ü¬À?½tÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀZÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ6À?½8ÂÂ��×�Ä»ÅÆþ	��À?Ö3ÖqÃ¬Ö>À?Å»Ö�ÀËÖ�À?Ã�ÀPêUÀ?Ç8½AÉ�þ���Ç8Ã¬Ö¬×�Ü¬À?½�ÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?Ö
ÞKß�à

(
1 0
0 0

)(
x′1
x′2

)
=

(
0 c12
c21 c22

)(
x1

x2

)
+

(
0
1

)
u,

x1 (0) = 1

T â�ºM��É�U

ÂïÅ»ÇyÜ¬À?ÂÇDM¾�Û8ÇRÀ?Ö�Á®Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�É�Ä

J (u, x) =
1

2

∫ 1

0

〈

x1

x2

u


 ,



α 0 0
0 β 0
0 0 1





x1

x2

u



〉
dt,

α, β ≥ 0.

T â�ºM��Ú�U

à�ÛKÛRÅ»Ö�Ü�Ü�É�ÚIÀ?Å

n = 1, m = k = 2, l = 1,

��Ì
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A =

(
1
0

)
, B =

(
1 0

)
, C =

(
0 c12
c21 c22

)
,

D =

(
0
1

)
, W =

(
α

β

)
, R̃ = 1,

S = 0, V = 0, R = DR̃−1DT =

(
0 0
0 1

)
.

Þ�ÅÆÀtåæÃ T â�ºM��U�×.À�����½8Å»×.À�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à���É�ÇyÜ�ÅÆÀPÕqÇ8½8Ã¬ÒqÇ8Ã¬½







1 0
0 0
0 1
0 0
0 0







(
1 0 0 0 0
0 0 −1 0 0

)



x1

x2

ψ1

ψ2

u







′

=




0 c12 0 0 0
c21 c22 0 0 1
α 0 0 c21 0
0 β c12 c22 0
0 0 0 1 1







x1

x2

ψ1

ψ2

u




(
1
0

)(
1 0

)(x1 (0)
x2 (0)

)
=

(
1
0

)

(
1
0

)(
1 0

)(ψ1 (T )
ψ2 (T )

)
=

(
0
0

)

←→







x′1
0
−ψ′

1

0
0




=




c12x2

c21x1 + c22x2 + u
αx1 + c21ψ2

βx2 + c12ψ1 + c22ψ2

ψ2 + u




x1 (0) = 1

ψ1 (1) = 0.

T â�ºL"�U

Á`À?Å»ÇRÀ?½X�¬Å»Ö!ÅÆÛRÇ
M0 =



z ∈ Ò 5

∣∣∣∣∣∣

c21z1 + c22z2 + z4 = 0
βz2 + c12z3 + c22z4 = 0

z4 + z5 = 0




º

>MÂ ÂòÀ��¬½ÊÝ¬Ú�À?½ÊÜ�ÅÆÀòêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö åæÃ À?½SÁDÉA�¬½RÀ?Ö��*Ã¬Ö�ÇRÀ?½ZÜ¬À?Ö�À?Ö Ü�ÅÆÀ%úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T â�ºL"�U�½RÀeû
×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐz¹s��É�Ç2�~Ú�À?Ç8½AÉ�þ��qÇRÀ?Ö�O�Å»½PÜ�ÅÆÀGÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀGÜ¬À?½Ë×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö:ÞKß�àKº
à�Û
Û8Å»Ö�Ü

G̃0 =

(
1 0
0 0

)
,

Q̃0 =

(
0 0
0 1

)
= Q̃T

0 = Q̃∗0,

G̃1 =

(
1 0
0 0

)
+

(
0 c12
c21 c22

)(
0 0
0 1

)
=

(
1 c12
0 c22

)
.

ÞjÉ�ÂïÅ»ÇMÄ�É�ÛAÛRÀ?Ö3ÛRÅÆþ��6Ü�ÅÆÀZêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T Í�ºL"�É�U�Ã¬Ö�Ü T Í�ºL"�Ú�UKÁ�Ý¬½M½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö>Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹zO�ÅÆÀ

��¹
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Á�¾�Ä»×�Ç\=.À?½RÀ?Å»Ö�Á�É�þ	��À?Ö<º

T Í�ºL"�É�U
↔ {0} = ker




G̃T
0

Q̃0C
T

DT


 = ker




1 0
0 0
0 0
c12 c22
0 1




Ã¬Ö�Ü

T Í�ºL"�Ú�U
↔ {0} = ker




G̃0

Q̃∗0C

Q̃0W


 = ker




1 0
0 0
0 0
c12 c22
0 0
0 β



.

ÞjÉ
β ≥ 0

ÅÆÛ8Ç2�IÅÆÛ8ÇjÜ�ÅÆÀôúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à T â�ºL"�UM×.À?Ö�É�Ã`Ü�É�Ö¬Ö`½RÀ?×�Ã¬Ä�Ø�½jÂïÅ»ÇÊÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐk¹��
O,À?Ö¬Ö

c222 + β 6= 0
T Ü*ºP�<º

c22 6= 0
¾qÜ¬À?½

β > 0
Ueº¬ÞjÉ�Ö¬Ö�ÅÆÛRÇKÛ8ÅÆÀÊÉ�Ã�þ��3À?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÄx��Û8Ú�É�½°º

Þ�ÅÆÀjÜ�É�½AÉ�Ã�ÛK½RÀæÛRÃ¬Ä»Ç8ÅÆÀ?½RÀ?Ö�Ü¬ÀËÏ3ý�û�ÞKß�à�À?½X��Ø�Ä»ÇyÂïÅ»Ç
X :=

(
ξ1
ξ2

) Ü�ÅÆÀt�tÀæÛ8ÇAÉ�Ä»Ç
(

1
0

)((
1 0

)(ξ1
ξ2

))′ (
1 0

)
=

(
1
0

)(
ξ1 ξ2

)( 0 c21
c12 c22

)
+

(
0 c12
c21 c22

)(
ξ1
ξ2

)(
1 0

)

−

(
1
0

)(
ξ1 ξ2

)(0 0
0 1

)(
ξ1
ξ2

)(
1 0

)
+

(
α 0
0 β

)
,

(
1
0

)(
1 0

)(ξ1 (1)
ξ2 (1)

)(
1 0

)
=

(
0 0
0 0

)

←→
(
ξ′1 0
0 0

)
=

(
ξ2c12 ξ1c21 + ξ2c22

0 0

)
+

(
c12ξ2 0

c21ξ1 + c22ξ2 0

)

−

(
ξ22 0
0 0

)
+

(
α 0
0 β

)
,

ξ1 (1) =0. 
Ý¬½yÜ�ÅÆÀp=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀÊÏ3ý�û�ÞKß�à T Ô�ºÎÍ�UUÀ?½X��Ø�Ä»ÇyÂôÉ�Ö

−




1
0
0
0



((

1 0
)(ξ1

ξ2

))′

=




2c21ξ2
c12ξ1 + c22ξ2
c12ξ1 + c22ξ2

0


−




ξ2ξ2
0
0
0


+




α
0
0
β


 ,

ξ1 (1) = 0

Ã¬Ö�Ü�Ü�É�ÂïÅ»Ç



ξ′1
0
0
0


 =




2c21ξ2 + α− ξ2
2

c12ξ1 + c22ξ2
c12ξ1 + c22ξ2,

β


 ,

T â�ºÎë�U

��Í
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ξ1 (1) = 0.

ÞjÉ

M0 =

{
z ∈ Ò 2

∣∣∣∣
c12z1 + c22z2 = 0

β = 0

}

ÅÆÛ8Ç2��ÅÆÛ8ÇKÜ�ÅÆÀËÏ�ýKû�ÞKßMà:Á�Ý¬½
W22 = β 6= 0

Ö¬ÅÆþ��qÇyÄx��Û8Ú�É�½°º
#&Â  �¾�Ä»×.À?Ö�Ü¬À?ÖñÛR¾�Ä»Ä1Ü¬À?½ÊÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ Ü¬À?½d=.À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8ÇRÀ?Ö Ï3ý�û�ÞyßMàáÃ¬ÖqÇRÀ?½RÛ8Ã�þ��qÇzO�À?½RÜ¬À?Ö<º

ÞjÉ�åæÃ�Ú�À?Ç8½AÉ�þ���ÇRÀ?Ö|O�Å»½yÜ�ÅÆÀjåæÃ¬×.À�����½8Å»×.ÀZÏ3É�Ç8½8ÅÑÐ�Ò.À?Ç8ÇRÀ�º�à�Û�ÅÆÛRÇ

G0 =

(
1
0

)
⊗

(
1
0

)(
1 0

)
=




1 0
0 0
0 0
0 0


 ,

N0 =
{
z =

(
z1 z2

)
∈ Ò 2

∣∣ z1 = 0
}
,

Q0 =

(
0 0
0 1

)
,

B0 =




0 2c21 − 2ξ2
c12 c22
c12 c22
0 0


 ,

G1 = G0 +B0Q0

=




1 0
0 0
0 0
0 0


+




0 2c21 − 2ξ2
c12 c22
c12 c22
0 0



(

0 0
0 1

)

=




1 2c21 − 2ξ2
0 c22
0 c22
0 0


 .

ÁÿÅ»½�ÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ö3Ö�Ã¬Ö!Ü�ÅÆÀd=.À?½RÛAþ��¬ÅÆÀæÜ¬À?Ö�À?Ö| 1Ø�Ä»ÄÆÀj×.À?Ç8½RÀ?Ö¬ÖqÇ°º
¹�ºY "É�Ä»Ä

c22 6= 0
º¬à�ÛK×�Å»Ä»Ç

rgG1 = 2 = konstant,

N0 	 (N0 ∩N1) = N0 	 {0} = N0 ⊆ Ò 2 = kerQ1,

kerG1 = N1 = {0} → Q1 = 0 ∈ C (I, L ( Ò m)) ,

P1 = I2 → D0P0P1D
−
0 = konstant ∈ C1 (I, L ( Ò m)) ,

G2 = G1 6= G0,
Û8Å»Ö¬×�Ã¬Ä�Ø�½

.

→
 
Ý¬½

c22 6= 0
ÅÆÛ8ÇKÜ�ÅÆÀjÏ�ýKû�ÞKß�àkÛ8Å»Ö¬×�Ã¬Ä�Ø�½KÂïÅ»ÇMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹�º

Í�ºY "É�Ä»Ä� 
Ý¬½
c22 = 0

×�Å»Ä»Ç%É�Ã�ÁtÜ¬À?½ôà1Ú�À?Ö�À
ξ2 = c21

�1Ü�É�ÛRÛ
G0 = G1

ÅÆÛ8Ç°º1Þt¾�½8ÇÂ��É�ÇòÜ�ÅÆÀäÞKß�à
ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ì�º

��Ô
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Ô�ºY 
Ý¬½
c22 = 0

Ã¬Ö�Ü�É�Ã$Ï.À?½X��É�Ä»Ú3Ü¬À?½yà1Ú�À?Ö�À
ξ2 = c21

À?½8×�Å»Ú¬ÇyÛRÅÆþ��
rgG1 = 1 = konstant,

G1 6= G0,

N1 =
{
z =

(
z1 z2

)
∈ Ò 2

∣∣ z1 + 2z2 (c21 − ξ2) = 0
}
,

Q1 =

(
1 0
1

2(c21−ξ2)
0

)
,

kerQ1 =
{
z =

(
z1 z2

)
∈ Ò 2

∣∣ z1 = 0
}
⊇ N0,

N0 	 (N0 ∩N1)=N0 	 {0} = N0 ⊆ kerQ1,

B1 = B0P0 =




0 0
c12 0
c12 0
0 0


 ,

B1Q1 = B1 6= 0,

→ G2 6= G1.

→
 
Ý¬½

c22 = 0
��É�ÇÊÜ�ÅÆÀ�ÞKß�à Ü¬¾�½8ÇpO,ÀæÜ¬À?½ÊÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö Ö�¾qþ	�3½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖñÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

Ìö¾0Ü¬À?½ï¹�º*ÞtÀ?½ÊÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ6Á�Ý¬½ÊÜ�ÅÆÀæÛRÀs�tÄÆÀ?ÅÆþ���Ã¬Ö¬×!ÅÆÛ8ÇjÀ?Ö�Ç�O�ÀæÜ¬À?½Z×�½��IÏ.À?½ò¹ï¾0Ü¬À?½jÀ?½jÅÆÛ8Ç
Ö¬ÅÆþ	��Ç�Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º

Õ0þ��¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ	�ÿÛA¾�Ä»ÄKÜ�ÅÆÀ�ã���Û8Ú�É�½8Ò.À?Å»ÇGÜ¬À?½%úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à Ã¬Ö�ÜkÜ¬À?½ôÏ�ýKû�ÞKß�àwÁ�Ý¬½òÜ¬À?ÖzÕq¿IÀ?åæÅ�É�ÄÑÁDÉ�Ä»Ä
c12 = c21 = 0

�
c222 + β 6= 0

Ã¬ÖqÇRÀ?½RÛ8Ã�þ��qÇÍO�À?½RÜ¬À?Ö<º�ÁÿÅ»½KÚ�À?Ç8½AÉ�þ���ÇRÀ?Ö6Ü�ÅÆÀPúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMàÿÃ¬Ö�Ü�Ü�ÅÆÀ
Ï3ý�û�ÞKß�à:Ö�É�þ���À?Å»Ö�É�Ö�Ü¬À?½°º
¹�ºKÞ�ÅÆÀZúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà���É�ÇyÜ�ÅÆÀZÕqÇ8½8Ã¬Ò0Ç8Ã¬½




x′1
0
−ψ′

1

0
0




=




0
c22x2 + u
αx1

βx2 + c22ψ2

ψ2 + u



,

x1 (0) = 1,

ψ1 (1) = 0

ÂïÅ»Ç

M0 =



z ∈ Ò 5

∣∣∣∣∣∣

c22z2 − z4 = 0
βz2 + c22z4 = 0

z4 + z5 = 0



 .

ÕqÅÆÀÊÅÆÛ8ÇKÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÄx��Û8Ú�É�½°º�ÞMÅÆÀjã���Û8Ã¬Ö¬×òÄ�É�Ã¬ÇRÀ?Ç



x1

x2

ψ1

ψ2

u




=




1
0

(1− t)α
0
0



.

��â
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Í�ºKÞ�ÅÆÀÊÏ3ý�û�ÞyßMàÌ��É�ÇMÜ�ÅÆÀËÕqÇ8½8Ã¬ÒqÇ8Ã¬½



ξ′1
0
0
0


 =




α− ξ2
2

c22ξ2
c22ξ2
β


 ,

T â�º»¹°Ì�U

ξ1 (1) = 0

Ã¬Ö�Ü!ÀæÛ�ÅÆÛ8Ç

M0 =

{
z ∈ Ò 2

∣∣∣∣
c22z2 = 0

β = 0

}
.

ÕqÅÆÀÊÅÆÛ8Ç
É�U%Á®Ý¬½

W22 = β 6= 0
Ö¬ÅÆþ���ÇMÄx��Û8Ú�É�½°º

Ú�U%Á®Ý¬½
β = 0

Äx��Û8Ú�É�½MÃ¬Ö�Ü!ÀæÛyÁ®¾�Ä»×�Ç2�IÉ�Ã�Á�×�½8Ã¬Ö�Ü�Ü¬À?½�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�Á�Ý¬½M½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö3Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐä¹�Ü¬À?½UúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àY�qÜ�É�ÛAÛ

c22 6= 0
ÅÆÛ8Ç°º�ÞjÉ�Ö¬ÖòÅÆÛ8Ç�Ü�ÅÆÀKÏ3ý�û�ÞyßMà`ÛRÅ»Ö¬×�Ã¬Ä�Ø�½

ÂïÅ»ÇMÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
ξ1 = 0, ξ2 = 0

ÅÆÛRÇKã���Û8Ã¬Ö¬×ôÜ¬À?½KÏ3ý�û�ÞKß�àKº
 "É�Ä»ÄÆÛjÜ�ÅÆÀPÏ3ý�û�ÞyßMàÿÄx��Û8Ú�É�½tÅÆÛ8Ç T

β = 0
Uh�"Á�¾�Ä»×�ÇMÅ»Ö>Ü�ÅÆÀæÛRÀ?Â  �É�Ä»Ä (

c12 = c21 = 0, c222 + β 6= 0
)

ÛA¾�Á®¾�½8Ç
c22 6= 0

ºqÞjÉA��À?½S��É�Ú�À?Ö%Ü�É�Ö¬ÖöúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û�ÞKßMà Ã¬Ö�Ü%Ï�ýKû�ÞKß�à ×�ÄÆÀ?ÅÆþ	�¬å°À?Å»Ç8Å»×C#&Ö�Ü¬ÀeÐ!¹�º
ßMÄ»ÄÆÀ?½RÜ�Å»Ö¬×.Ûf��É�Ç,Ü�ÅÆÀtúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à ½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖGÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ6¹�Ã¬Ö�ÜGÜ�ÅÆÀyÏ3ý�û�ÞKß�àY�
É�Ã�Á®×�½8Ã¬Ö�Ü�Ü¬À?½KÝ¬Ú�À?½¥»�Ý�ÛRÛ8Å»×.À?Öu��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×��"Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º

N Ã�ÛAÉ�ÂïÂòÀ?Ö�ÁDÉ�ÛRÛRÀ?Ö�ÜäÒ���Ö¬Ö�À?Ö|O�Å»½UÁ�Ý¬½KÜ�ÅÆÀæÛAÀæÛyêUÀ?ÅÆÛ8¿¬ÅÆÀ?Ä�Á�¾�Ä»×.À?Ö�Ü¬ÀæÛ�Á�ÀæÛ8ÇRÛ8ÇRÀ?Ä»ÄÆÀ?Ö<º
•
ßMÃ�Û�À?Å»Ö�À?½ä½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö��KÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×�Äx��Û8Ú�É�½RÀ?ÖnúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à ÂïÅ»Ç�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ)¹
��É�Ú�À?ÖÈO�Å»½t�¬ÅÆÀ?½!=0Å�É�ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�Ö Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ��
À�=.À?Ö�Ç8Ã�À?Ä»Ä�Ö¬ÅÆþ��qÇZÄx��ÛRÚ�É�½RÀôÏ3ý�û�ÞKß�à
À?½X��É�Ä»ÇRÀ?Ö<º

•
 �É�Ä»ÄÆÛ
Ü�ÅÆÀ�ã���Û8Ú�É�½8Ò.À?Å»ÇRÛX=.¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬×

β = 0
À?½SÁ�Ý¬Ä»Ä»Ç|ÅÆÛ8Ç2�æÅÆÛ8Ç|Ü�ÅÆÀ�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�à6½RÀ?×�Ã¬Ä�Ø�½~ÂïÅ»Ç

Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ:¹Z×.À?Ö�É�Ã>Ü�É�Ö¬Ö��¼O�À?Ö¬Ö`Ü�ÅÆÀZÏ3ý�û�ÞyßMàzÛ8Å»Ö¬×�Ã¬Ä�Ø�½tÂïÅ»ÇjÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
¹ÊÅÆÛ8Ç°º

•
ÞjÉ�ÛKÙ|À?Å»ÄÆÛXR0ÛRÇRÀ?Â

ξ′1 = α− ξ2
2

0 = c22ξ2

ξ1 (1) = 0





T â�º»¹�¹VU

��É�ÇËÁ�Ý¬½
β = 0

Ü�ÅÆÀôÛRÀ?Ä»Ú�Àôã���ÛRÃ¬Ö¬×.Û8ÂòÀ?Ö¬×.ÀsO�ÅÆÀ T â�º»¹°Ì�U?º [ ÀæÜ¬¾qþ	�ñÅÆÛ8Ç T â�º»¹�¹VUÊÛA¾�×�É�½Ë½RÀ?×�Ã¬Ä�Ø�½ËÂïÅ»Ç
Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐñ¹��¬Ü¬À?Ö¬Ö!ÀæÛ�×�Å»Ä»Ç

G0 =

(
1 0
0 0

)
, Q0 =

(
0 0
0 1

)
, B0 =

(
0 −2ξ2
0 c22

)
.

→ G1 =

(
1 −2ξ2
0 c22

) ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½MÛR¾�Ú�É�ÄÆÜ
c22 6= 0

ÅÆÛRÇ°º

��é



Î Ï \ h YlF�ORV"bIcPY Ñ Y1V¬L"O h h \ZWPa XZY1V EGF�H�J�L"H�N�ORQRO8L"TUL"V"ORWZXPY
[ÊY1V

#&ÖÿÜ¬À?ÖW=.¾�½AÉ�Ö¬×.À?×�É�Ö¬×.À?Ö�À?ÖÀDÊÉ�¿¬Å»ÇRÀ?Ä»Ö¿O�Ã¬½RÜ¬À6Ü¬À?½GÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�Á®Ý¬½GÛR¿IÀ?åæÅÆÀ?Ä»ÄÆÀ6çqÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀ��
Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ�ÞKß�à�Û,À?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç°ºm��À?½RÛRþ��¬ÅÆÀæÜ¬À?Ö�ÀtêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ�O�Ã¬½RÜ¬À?ÖGÜ�É�åæÃGÚIÀ?Ç8½AÉ�þ	��ÇRÀ?Ç°ºP#&Ö%Ü�ÅÆÀæÛRÀ?Â DÊÉ�¿¬Å»ÇRÀ?Ä
Ú�ÀæÛRþ���Ø�Á®Ç8Å»×.À?Ö�O�Å»½,Ã¬Ö�Û�ÂïÅ»Ç�Ü¬À?½�à�Ö�Ç�O�ÅÆþAÒqÄ»Ã¬Ö¬×GÀ?Å»Ö�ÀæÛUßyÄ»×.¾�½8Å»ÇX�¬ÂZÃ�ÛRÀæÛUåæÃ¬½�ê�ÀæÛRÇ8Å»ÂïÂËÃ¬Ö¬×ïÜ¬ÀæÛUÙ<½AÉ�Ò0ÇAÉ�Ú¬ÅÑû
Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛ�=.¾�Ö!¿¬½R¾�¿IÀ?½�Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8ÇRÀ?Ö��"½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö3Ã¬Ö�Ü�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö6ÞKßMà�ÛKÂïÅ»ÇKÖ¬ÅÆÀæÜ�½8Å»×.À?Â Ù<½AÉ�Ò0ÇAÉ�û
Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ!Ì�Ú¬åKOÊº<¹�º
Þ�ÅÆÀ�ßMÄ»×.¾�½8Å»ÇX�¬ÂòÀ?Ös=.¾�ÖôýZº�ã~É�Âò¾�Ã¬½�o ã~É�ÂôÌ�¹2q¬Á�Ý¬½�Ü�ÅÆÀKêUÀæÛ8Ç8Å»ÂïÂZÃ¬Ö¬×ZÜ¬ÀæÛ�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�ÀæÛ^=.¾�Ö

½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö���Ä»Å»Ö�À°É�½RÀ?ÖPÞKß�à�Û
Ü�ÅÆÀ?Ö�À?ÖPÉ�ÄÆÛ���½8Ã¬Ö�Ü�Ä�É�×.À1Á®Ý¬½|Ü�ÅÆÀ^#�Âï¿¬ÄÆÀ?ÂòÀ?ÖqÇ8ÅÆÀ?½8Ã¬Ö¬×�º�à1ÚIÀ?Ö�ÛA¾YO�ÅÆÀ�Å»Ân½RÀ?×�Ã¬Ä�Ø�û
½RÀ?ÖÂ �É�Ä»Ä�Ò�É�Ö¬ÖôÉ�Ã�þ��òÜ¬À?½Z#&Ö�Ü¬ÀeÐPÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?½2��Ö¬ÅÆþ	��Ç8Ä»Å»Ö�À°É�½RÀ?½,ÞyßMà�Û�Ý¬ÚIÀ?½lÅ
�¬½RÀ�ã*Å»Ö�À°É�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×ËÚIÀæÛ8Ç8Å»ÂïÂZÇ
O,À?½RÜ¬À?Ö<º
êUÀ?Å»Â ��À?½8×�ÄÆÀ?ÅÆþ�� Ü¬À?½ZÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö Ü¬ÀæÛËÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖñÃ¬Ö�Ü>½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÀæÛ
O�Å»½RÜGÒqÄ�É�½2��Ü�É�ÛRÛ�À?Å»Ö¬Å»×.ÀÍO�ÅÆþ	��Ç8Å»×.ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö�É�Ã�ÁlÜ�ÅÆÀMÖ�À?Ã�ÀÊÕqÅ»Ç8Ã�É�Ç8ÅÆ¾�Ö!É�Ö¬×.À?¿�É�ÛRÛRÇ\O,À?½RÜ¬À?ÖäÂËÝ�ÛAÛRÀ?Ö<º
êUÀ?ÅYe��H�Igm�R9�eX�h� � ]�c^ÞGÛ8Å»Ö�Ü`Ü�ÅÆÀòÏ6É�Ç8½8Å»å°À?Ö

G0
Ã¬Ö�Ü

G1
çqÃ�É�Ü�½AÉ�Ç8ÅÆÛRþ��<º- 
Ý¬½ËÜ¬À?Ö Ù~ÀæÛRÇPÉ�Ã�ÁKÙ<½AÉ�Ò0ÇAÉ�û

Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ = 1

ÂËÃ�ÛAÛ8ÇRÀËÄÆÀæÜ�Å»×�Ä»ÅÆþ	�
G1 = G0 + B0Q0

À?½8ÂïÅ»Ç8ÇRÀ?Ä»ÇjÃ¬Ö�Ü3É�Ã�Á,ýMÀ?×�Ã¬Ä�É�½8Å»ÇAØ�Çt×.À?ÇRÀæÛ8ÇRÀ?Ç
O,À?½RÜ¬À?Ö<º¼ |Ý¬½�Ü¬À?Ö�Ù|ÀæÛ8ÇyÉ�Ã�Á4���I��À?½RÀ?Ö��¬½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�Ò.¾�Ö¬Ö�ÇRÀtÁ®Ý¬½�Ü�ÅÆÀÍDM¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�Ö
=.¾�Ö
Q1

Ü�ÅÆÀ n À?ÚIÀ?ÖqÚIÀæÜ�Å»Ö¬×�Ã¬Ö¬×

Q0Q1 = 0,
T é�º»¹VU

×.À?Ö�Ã¬Ç8åæÇsO,À?½RÜ¬À?ÖÀo ã~É�ÂôÌ�¹2q�º�ÕqÅÆÀöÅÆÛ8Ç�Á�Ý¬½
j = 1

Ø�ç�Ã¬Å
=�É�ÄÆÀ?Ö�ÇïåæÃ¬½òêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×ñÍ�Å»ÅyÉ�Ã�ÛôÞ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö ¹�º â
(N0 ⊆ kerQ1)

º
êUÀ?Å�Þ/j9���Igm�R9�eX�h� � ]vc^ÞKÛ8ÇRÀ?Ä»Ä»Ç�Û8ÅÆþ	��Ü�ÅÆÀyÕqÅ»Ç8Ã�É�Ç8ÅÆ¾�ÖôÖ�Ã¬ÖòÀ?Ç�OUÉ�Û,É�Ö�Ü¬À?½RÛ�Ü�É�½°º

G0 = A0D0
ÅÆÛ8Ç1À�=.À?ÖqÇ8Ã�À?Ä»Ä

Ö¬ÅÆþ��qÇ,çqÃ�É�Ü�½AÉ�Ç8ÅÆÛRþ��<º N Ã�ÛAØ�Ç8åæÄ»ÅÆþ��ôÅÆÛ8Ç�Ü�ÅÆÀKêUÀæÜ�Å»Ö¬×�Ã¬Ö¬× T é�º»¹VU
Á�Ý¬½�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀyÞKßMà�Û1Å»Â)ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?ÖòÖ¬ÅÆþ��qÇ
À?½SÁ®Ý¬Ä»Ä»Ú�É�½°º5à�Û~ÂËÃ�ÛRÛ|À?Å»Ö�À�Ö�À?Ã�À�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×tÉ�ÖËÜ¬À?ÖZ¼1½R¾A@8À?Ò0ÇR¾�½

Q1
×.ÀæÛ8ÇRÀ?Ä»Ä»Ç�O�À?½RÜ¬À?Ö���Ü�ÅÆÀ�Ü¬À?½~êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

N0 	 (N0 ∩N1) ⊆ kerQ1
À?ÖqÇRÛ8¿¬½8ÅÆþ��qÇ%Ã¬Ö�ÜkÀ?Å»Ö�À?Dy¾�Ö�ÛRÇ8½8Ã¬ÒqÇ8ÅÆ¾�ÖÿÜ¬ÀæÛô¼1½R¾A@8À?ÒqÇR¾�½RÛ

Q1
À?½8ÂÂ��×�Ä»ÅÆþ���Ç°º

n É�þ���Ü¬À?Â
B1

Ã¬Ö�Ü
Q1

Ú�À?½RÀæþ��¬Ö�À?ÇÊO�Ã¬½RÜ¬À?ÖkÅÆÛRÇòÀ?Å»Ö�Ù~ÀæÛRÇ
G1 = G2

T Ü*ºZ�<º
B1Q1 = 0

UPÂÂ��×�Ä»ÅÆþ��<º
ÞjÉ�É�Ã�þ��!Ü¬À?½KÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀjÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ�Ã¬Ö�É�Ú$��Ø�Ö¬×�Å»×Â=.¾�Ö�Ü¬À?½�Û8¿IÀ?åæÅÆÀ?Ä»ÄÆÀ?ÖJÁ ÉA�¬Ä<Ü¬À?½�åæÃ¬Ä�Ø�ÛAÛ8Å»×.À?Ö
¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö>ÅÆÛRÇ2��Ò�É�Ö¬Ö>À?Å»Ö3Ú�À?Ä»ÅÆÀ?Ú¬Å»×.ÀæÛ

Q1
É�Ã�ÛR×.À�O�ØA�¬Ä»ÇdO,À?½RÜ¬À?Ö���O,À?ÄÆþ���ÀæÛËÜ�ÅÆÀPêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö`À?½SÁ®Ý¬Ä»Ä»Ç2�

¾I�¬Ö�ÀÊÜ�É�ÛRÛyÜ¬À?½yÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�Ú�ÀæÀ?Å»ÖP»�Ã�ÛRÛ8ÇYO�Å»½RÜ*º
êUÀ�=.¾�½zO�Å»½ZÃ¬Ö�Û\@8ÀæÜ¬¾qþ	� ÂïÅ»ÇPÜ¬À?½tDy¾�Ö�ÛRÇ8½8Ã¬ÒqÇ8ÅÆ¾�Ö:Ü¬À?½ËÏ6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ%Ã¬Ö�Ü Ü¬À?Â ßyÄ»×.¾�½8Å»ÇX�¬ÂZÃ�Û�ÛRÀ?Ä»Ú�Û8Ç

Ú�ÀæÛRþ���Ø�Á®Ç8Å»×.À?Ö��+O,À?½RÜ¬À?Ö>åæÃ¬Ö�Ø�þ	��Û8ÇdO�ÅÆþ��qÇ8Å»×.À N Ã�ÛAÉ�ÂïÂòÀ?Ö$��Ø�Ö¬×.À�=.¾�Ö>¼1½R¾A@8À?ÒqÇR¾�½RÀ?Ö��+=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀ?Ö
#&Ö�=.À?½RÛRÀ?Ö�Ã¬Ö�Ü�Ü¬À?½tÕqÅ»Ö¬×�Ã¬Ä�Ø�½XO�À?½8Ç8å°À?½8ÄÆÀ?×�Ã¬Ö¬× T Õ���Þ û,À?Ö¬×�ÄDº�ÕqÅ»Ö¬×�Ã¬Ä�É�½Sûb��É�Ä»Ã�ÀZÞtÀæþæ¾�Âï¿�¾�Û8Å»Ç8ÅÆ¾�Ö�UKÉ�Ã�ÛMÜ¬À?½
À?Ö�ÇRÛR¿¬½RÀæþ���À?Ö�Ü¬À?Ö6ã*Å»ÇRÀ?½AÉ�Ç8Ã¬½yåæÅ»Ç8ÅÆÀ?½8Ç°º
�Æê�éÐ'{¹Sï�í�ì�ï�õ�ô",+�?¹Zï�Ñ�ì�ò�!/.Sób÷)#�ï�!
N Ã¬Ö�Ø�þ���ÛRÇ�Û8ÇRÀ?Ä»ÄÆÀ?ÖÎO�Å»½
Ü¬À?Ö N Ã�ÛAÉ�ÂïÂòÀ?Ö$��É�Ö¬×jåKO�ÅÆÛRþ	��À?ÖòÜ¬À?½�ÕqÅ»Ö¬×�Ã¬Ä�Ø�½XO,À?½8Ç8å°À?½8ÄÆÀ?×�Ã¬Ö¬× T Õ��tÞ!U|À?Å»Ö�À?½lÏ6É�û
Ç8½8ÅÑÐZÃ¬Ö�ÜPÅ
�¬½RÀ?Ö�½RÀh»�ÀeÐ�Å
=.À?ÖÂ#�Ö�=.À?½RÛRÀ?ÖïÜ�É�½°ºA#&ÂüßyÚ�ÛAþ��¬Ö¬Å»Ç8Ç�ßPºÎÔyÛ8Å»Ö�ÜCO�À?Å»ÇRÀ?½RÀ�À?ÄÆÀ?ÂòÀ?Ö�ÇAÉ�½RÀKà1Å»×.À?Ö�ÛAþ���É�Á®ÇRÀ?Ö
=.¾�Ös=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀ?Öö½RÀh»�ÀeÐ�Å
=.À?Öw#&Ö�=.À?½RÛRÀ?Ö%Ã¬Ö�Üò¼1½R¾A@8À?ÒqÇR¾�½RÀ?ÖGåæÃ ½ Ö�Ü¬À?Ö<º�#��¬½RÀYDjÀ?Ö¬ÖqÇ8Ö¬ÅÆÛ�ÅÆÛ8Ç1Á®Ý¬½�Ü�É�Û
��À?½RÛ8ÇAØ�Ö�Ü�Ö¬ÅÆÛ�Ü�ÅÆÀæÛRÀæÛÍDÊÉ�¿¬Å»ÇRÀ?ÄÆÛMÀ?Ú�À?Ö�ÛR¾òÖ�¾�Ç¦O,À?Ö�Ü�Å»×���O�ÅÆÀËÜ�ÅÆÀËÅ»Â ¹�º�DÊÉ�¿¬Å»ÇRÀ?Ä
À?Å»Ö¬×.ÀeÁ®Ý$�¬½8ÇRÀZÙ���Àæ¾�½8ÅÆÀz=.¾�Ö
ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö<º
���0ð ð ª¿� ó §¿ø �M³~��±æ�°�q�|£:²
� © Ô ± ¶Äû°ó�Ò �S��Ójb�ÔCcfÞÂÞK�hj

A ∈ L ( Ò m, Ò n)
lÎj�`

rgA =: r

 � aI���

���Ij·Þh`�jb�he��h��g���j�`&9Ie��h³ua�`�e/jxÿV���
U ∈ L ( Ò n)

gm��i
V ∈ L ( Ò m)

��ÞKk2i�aAÞ/Þ
UTAV = Σ̃ ∈ L ( Ò m, Ò n)

���



Õ»Ö ¸×��3¼5�7·0r8�)�3È×p3�02.�7�����¸�(�¹�ä43�0 à 5�*-á�.�*-â�79,�7·.�ãP.+0r7·(�ä�3På43¼0

lÎj9`

Σ̃ =

(
Σ 0
0 0

)
,

Σ = diag (σ1, . . . , σr) ,

σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

� a?>��hj^Þ/j9��i
σ1, . . . , σr

���heXa�i��Âi�jH�µ�AkI�
0
�A�he/Þ�_h��jb�Xi������h��Þ/j9���Igm�R9Ie��h�Ø���he�`��j


Σ
jµÞ�`�i�a?>��hjY�hj9��i��hgP`�j<�

>��/Þ�`�j·lÎl�`�

Þ�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬×

A = UΣV T ��À?Å
Ï�Ç�ÕqÅ»Ö¬×�Ã¬Ä�Ø�½XO,À?½8Ç8å°À?½8ÄÆÀ?×�Ã¬Ö¬×�=.¾�Ö!ßPº
ÁÿÅ»½|Ò.¾�Ö�ÛRÇ8½8Ã¬ÅÆÀ?½RÀ?ÖïÖ�Ã¬ÖïÂïÅ»ÇlÈyÅ»ÄÑÁ�À,Ü�ÅÆÀæÛAÀ?½ N À?½8ÄÆÀ?×�Ã¬Ö¬×ÊÀ?Å»Ö�À�½RÀh»�ÀeÐ�Å
=.À�#�Ö�=.À?½RÛRÀ�åæÃ�ßPº�ÞtÉ�åæÃÎ=.À?½XO�À?Ö�Ü¬À?Ö

O�Å»½yÜ�É�ÛUÁ�¾�Ä»×.À?Ö�Ü¬ÀÊã<À?ÂïÂôÉ�º
���0ð ð ª�� ó ì óWÒ È�jH�KÙjÓ�Ô!c^ÞzÞ2�hj

A ∈ L ( Ò m, Ò n)
g���i

A = U

(
Σ 0
0 0

)
V T , Σ = diag (σ1, . . . , σr)iIjb�Yÿ�g����/�PÝIe/j
����~¼j9���Igm�R9�e��^�he�`µÿV��e/�x�H�Igm���?
 � aI���yj·Þh`Úi2�Xi��deX���\����j��A���/���I�he	Þ2�
A− ∈ L ( Ò n, Ò m)

�AkI�
A��jb��ýKkI�Å��`fi�aIe	Þ�`��h�9�:>Xa�e

A− = V

(
Σ−1 M2

M1 M1ΣM2

)
UT

= V

(
Σ−1

M1

)(
Ir ΣM2

)
UT .

� a?>��hj�Þhj·��i
M1 ∈ L ( Ò r, Ò m−r)

gm��i
M2 ∈ L ( Ò n−r, Ò r)

ý/e��hj���9A���G>XaIe���³Äa�`�e/jxÿV�h�)

M1

Ã¬Ö�Ü
M2

O,À?½RÜ¬À?Ö Ü�Ã¬½Rþ��ñÜ�ÅÆÀô¼1½R¾A@SÀ?Ò0ÇR¾�½RÀ?Ö
A−A = P

Ã¬Ö�Ü
AA− = R

À?Å»Ö�Ü¬À?Ã¬Ç8Å»×!Ú�ÀæÛ8Ç8Å»ÂïÂZÇ
T =0×�ÄDº¬ã<À?ÂïÂôÉòßPºL��Ueº
 
Ý¬½%Ü�ÅÆÀ!Á�¾�Ä»×.À?Ö�Ü¬À?ÖÿêUÀ?Ç8½AÉ�þ��qÇ8Ã¬Ö¬×.À?Ö¿O,À?½RÜ¬À?ÖáÜ�ÅÆÀ3ê�À?å°À?ÅÆþ	�¬Ö�Ã¬Ö¬×.À?Ö Ü¬À?½GÀ?Å»Ö¬å°À?Ä»Ö�À?Özà�ÄÆÀ?ÂòÀ?Ö�ÇRÀ6Ü¬À?½

Ï6É�Ç8½8ÅÑÐ0Ò.À?Ç8ÇRÀ���Ü�ÅÆÀÊÅ»Ö�ßyÚ�ÛRþ	�¬Ö¬Å»Ç8ÇZ¹�ºÎÍ�À?Å»Ö¬×.ÀeÁ®Ý$�¬½8Ç�O�Ã¬½RÜ¬À?Ö��$=.À?½XO�À?Ö�Ü¬À?Ç°º
�Æê���4Û!Zð¥÷O!$#Ç.Zï¼ì(�Ú÷�õ�ì�ô&����ï$õIõ�ï�ò�!/. îSì�í�î\ï�ì�ïmÜ�í�ì�ñ�òSó�ô�ï�ì�ò/!$#
>MÂ$Ü�ÅÆÀtÏ6É�Ç8½8Å»å°À?Ö

A0
�
D0
�
G0

Ã¬Ö�ÜGÜ¬À?Öö¼�½R¾A@SÀ?Ò0ÇR¾�½
Q0

åæÃGÚIÀæÛ8Ç8Å»ÂïÂòÀ?Ö��mO�Å»½RÜöÜ¬À?½�ßyÄ»×.¾�½8Å»ÇX�¬ÂZÃ�Û�=.¾�Ö
ýËº*ã|É�Âò¾�Ã¬½ËÖ�ÉA��À?åæÃ`Ã¬Ö�=.À?½AØ�Ö�Ü¬À?½8ÇZÝ¬Ú�À?½8Ö�¾�ÂïÂòÀ?Ö<º~ã<ÀæÜ�Å»×�Ä»ÅÆþ	� Ü�Ã¬½Rþ	� Ü�ÅÆÀ�=.À?½AØ�Ö�Ü¬À?½8ÇRÀ?Ö Þ�Å»ÂòÀ?Ö�Û8ÅÆ¾�Ö�À?Ö
Ü¬À?½�Dy¾0Àh¾òåæÅÆÀ?Ö�ÇRÀ?Ö

A0
Ã¬Ö�Ü

D0
O�Ã¬½RÜ¬À?ÖäÀ?Å»Ö¬Å»×.À�ßyÖ¬¿�É�ÛRÛRÃ¬Ö¬×.À?Ö%Ö�¾�Ç¦O,À?Ö�Ü�Å»×�º$ÁÿÅ»½�Á�¾�Ä»×.À?Ö%åæÃ¬Ö�Ø�þ	��Û8Ç�Ü¬À?Ö

ßMÃ�ÛSÁ�Ý$�¬½8Ã¬Ö¬×.À?Ö!Å»ÖQo ã~É�ÂôÌ�¹Kq<Ã¬Ö�Ü�À?½X��É�Ä»ÇRÀ?Ö

A0 = UA0

(
ΣA0

0
0 0

)
V T

A0
∈ L

( Ò n, Ò k
)
,

A−
0 = VA0

(
Σ−1

A0
MA02

MA01 MA01ΣA0
MA01

)
UT

A0
,

D0 = UD0

(
ΣD0

0
0 0

)
V T

D0
∈ L ( Ò m, Ò n) ,

D−
0 = VD0

(
Σ−1

D0
MD02

MD01 MD01ΣD0
MD01

)
UT

D0
.

���
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à�ÛtÛRÀ?Å (H1 H2

H3 H4

)
= H := V T

A0
UD0

Ã¬Ö�Ü
Z := ΣA0

H1ΣD0

�
Z = UZΣG0

V T
Z

Ü�ÅÆÀPåæÃ¬×.À�����½8Å»×.ÀôÕ���Þ�º
ÞjÉ�Ö¬Ö�ÅÆÛ8Ç

G0 = A0D0 ∈ L
( Ò m, Ò k

)

= UA0

(
ΣA0

0
0 0

)
V T

A0
UD0

(
ΣD0

0
0 0

)
V T

D0

= UG0

(
ΣG0

0
0 0

)
V T

G0

Ã¬Ö�ÜzÜ�ÅÆÀ Õ���ÞB=.¾�Ö
G0

Ä�Ø�ÛRÛ8ÇöÛ8ÅÆþ��áÂïÅ»ÇäÈMÅ»ÄÑÁ®À6Ü¬À?½!ÕqÅ»Ö¬×�Ã¬Ä�Ø�½XO,À?½8Ç8å°À?½8ÄÆÀ?×�Ã¬Ö¬×.À?Ö =.¾�Ö
A0, D0

Ã¬Ö�Ü
ZÛRþ	�¬½RÀ?Å»ÚIÀ?Ö<º�à�ÛKÅÆÛ8Ç

UG0
= UA0

(
UZ

I

) Ã¬Ö�Ü
V T

G0
=

(
V T

Z

I

)
V T

D .

[ À?Ç8åæÇUÂËÃ�ÛAÛ�Ü¬À?½�ÈtÉ�Ã¬¿¬Ç8ÇRÀ?½8Â É�Ã�Á~¿¬½R¾�¿�À?½RÀÍ �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×òÝ¬Ú�À?½8¿¬½8Ý�Á�Ç�O�À?½RÜ¬À?Ö<º¬ÞMÅÆÀæÛ�×.ÀæÛRþ	�¬ÅÆÀ���Ç\O�ÅÆÀ�Å»Â
½RÀ?×�Ã¬Ä�Ø�½RÀ?Öu �É�Ä»ÄDº�ÞjÉ�Ú�À?Å<Ò���Ö¬Ö�À?Ö�Ü�ÅÆÀÊÁ�½RÀ?ÅÆÀ?Ö!¼lÉ�½AÉ�ÂòÀ?ÇRÀ?½

MD02
Ã¬Ö�Ü

MA01
Á�Ý¬½

A0
Ã¬Ö�Ü

D0
ÚIÀæÛ8Ç8Å»ÂïÂZÇ

O,À?½RÜ¬À?Ö�o ã~É�ÂôÌ�¹�q�º

MD02 = Σ−1
D0
H−1

1 H2,

MA01 = H3H
−1
1 Σ−1

A0
.

ßMÃ�þ��öÜ�ÅÆÀMêUÀæÛ8Ç8Å»ÂïÂZÃ¬Ö¬×t=.¾�Ö
Q0

À?½SÁ�¾�Ä»×�ÇUÉ�Ö�É�ÄÆ¾�×PåæÃ¬Â ½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö� �É�Ä»ÄDº0ÞjÉ�ÚIÀ?Å�À?½X��É�Ä»ÇRÀ?ÖwO�Å»½,Á®Ý¬½
MD01À?Å»Ö�ÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×ôÅ»Ö�ßMÚ$��Ø�Ö¬×�Å»×�Ò.À?Å»Ç�=.¾�Ö

MG01
º¬à�Û�ÅÆÛRÇ

D−
0 D0 = I −Q0

Ã¬Ö�Ü�Ü�É�ÂïÅ»Ç

I −Q0 =VD0

(
I 0

MG01U
T
ZZ 0

)
VD0
∈ L ( Ò m) ,

MD01 =MG01U
T
Z ΣA0

H1.

ÞjÉ�Ö¬ÖäÁ�¾�Ä»×�Ç!o ã~É�ÂôÌ�¹Kq T =0×�ÄDº�É�Ã�þ��3ã<À?ÂïÂôÉïßPºÎé�U

Q0 = I −G−
0 G0

= VG0

(
0 0

−MG01ΣG0
I

)
V T

G0
.

�Æê���2�ï�ì(!$%O�?¹/,rõIïÝ���?¹Zì�ôHõIõ?ô�!�.Zï¼ì�� ÷�õ�ì�ô&����ï$õIõIï
 
Ý¬½yÜ�ÅÆÀ!�MÚIÀ?½8¿¬½8Ý�Á®Ã¬Ö¬×ôÜ¬ÀæÛKÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛZ¹ÊÃ¬Ö�Ü�Ü�É�ÂïÅ»ÇyÜ¬À?½�DM¾�Ö�Û8Ç8½8Ã¬ÒqÇ8ÅÆ¾�Ö|=.¾�Ö
Q1

Ã¬Ö�Ü
B1

ÂËÃ�ÛRÛ�Ü�ÅÆÀyêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
N0	 (N0 ∩N1) ⊆ kerQ1

ÛRÅÆþ���À?½8×.ÀæÛ8ÇRÀ?Ä»Ä»ÇfO,À?½RÜ¬À?Ö<º n É�þ��|o ã|É�ÂôÌ�¹Kq
Ä�Ø�ÛRÛ8ÇKÛRÅÆþ���@8ÀæÜ¬À?½K¼1½R¾A@8À?ÒqÇR¾�½MÉ�Ã�Á

kerG1
É�ÄÆÛ

Q1 = VG1

(
0 0

−MG11S1 I

)
V T

G1

T é�ºÎÍ�U

Ü�É�½RÛ8ÇRÀ?Ä»ÄÆÀ?Ö<º*ÞjÉ�Ú�À?Å
ÅÆÛRÇ
MG11 ∈ L ( Ò r1 , Ò m−r1)

Ú�À?Ä»ÅÆÀ?Ú¬Å»×�O�ØA�¬Ä»Ú�É�½°º<ÞtÀ?½�Á�¾�Ä»×.À?Ö�Ü¬ÀïÕ�É�Ç8å�Ä»ÅÆÀeÁ�À?½8ÇjÀ?Å»Ö�À
êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×���Ü�ÅÆÀ

N0 	 (N0 ∩N1) ⊆ kerQ1
À?Ö�ÇRÛ8¿¬½8ÅÆþ	��Ç°º

��"
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Ô ª �°£ � ó»¡<ó c^Þ�ÞK��j
G0, G1 ∈ L

( Ò m, Ò k
) �
Q0
�fe¥k�iK��=A`bkIeÄaIghý

kerG0 = N0
�
Q1
�feXkUi2��=r`bkIeÄaIg/ý

kerG1 = N1

 � aI����j·Þh`

Q1
��j·�z�feXkUi2��=r`bkIe\aIghý

kerG1
�+i��he\iIjH� � �XiIj9���Igm���

N0	(N0 ∩N1) ⊆ kerQ1���h��aIg|i�aI�¼���he9ýX��9� `_�/�^�h���

Q0Q1Q0 = Q1Q0
T é�ºÎÔ�U

�he9ý�Xm�9� `^jµÞ�`�

Þ�ÅÆÀjêUÀæÜ�Å»Ö¬×�Ã¬Ö¬× T é�ºÎÔ�UUÅÆÛ8Ç�ÂïÅ»ÇyÜ¬À?½yêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

P0Q1Q0 = 0
Ø�çqÃ¬Å
=�É�ÄÆÀ?Ö�Ç°º

� ��^�hj·Þ�

(−→) Q1

ÛRÀ?Å1À?Å»Ö6¼�½R¾A@SÀ?Ò0ÇR¾�½ËÉ�Ã�Á
kerG1

�IÜ¬À?½ÊÜ�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
N0 	 (N0 ∩N1) ⊆ kerQ1À?½SÁ®Ý¬Ä»Ä»Ç°º�ÞjÉ�Û�ÚIÀæÜ¬À?Ã¬ÇRÀ?Ç

∃X1 ⊆ Ò m ÂïÅ»Ç




X1 ⊕ (N0 ∩N1) = N0,
X1 ⊆ kerQ1,
X1 ⊆ N0 = imQ0.

Á`À?Å»ÇRÀ?½X�¬Å»Ö!×�Å»Ä»Ç
N0 = imQ0 = kerP0

Ã¬Ö�Ü�É�Ã�Á�×�½8Ã¬Ö�Ü�Ü¬À?½Kß�ÛRÛR¾�åæÅ�É�Ç8Å
=0Å»ÇAØ�ÇY=.¾�Ö
⊕
Á�¾�Ä»×�ÇKÜ�ÉA��À?½

Ò m = N0 ⊕ imP0

= ((N0 ∩N1)⊕X1)⊕ imP0

= (N0 ∩N1)⊕ (X1 ⊕ imP0) .

ÞjÉ�Ö¬Ö!ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8ÇKÀ?Å»Ö!¼1½R¾A@8À?ÒqÇR¾�½
Q01

�¬Ü¬À?½MÜ�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬×sO�ÅÆÀ�Á�¾�Ä»×�ÇK½RÀ°É�Ä»ÅÆÛ8ÅÆÀ?½8Ç

kerQ01 = X1 ⊕ imP0,

imQ01 = N0 ∩N1 = ker
(

G0

G1

)
.

à�Û�×.À?Ä»ÇRÀ?Ö!Ö�Ã¬Ö�Á�¾�Ä»×.À?Ö�Ü¬ÀÊêUÀ?åæÅÆÀ���Ã¬Ö¬×.À?Ö

Q0Q01 = Q01, Q1Q01 = Q01,

imQ0 (I −Q01) = X1 ⊆ kerQ1 ⊆ Ò m

→ 0 = Q1Q0 (I −Q01) = Q1Q0 −Q01

→ Q01 = Q1Q0.

Ï�Å»Ç
Q01 = Q1Q0

Á�¾�Ä»×�Ç
Q0Q1Q0 = Q0Q01 = Q01 = Q1Q0

T é�ºÎÔ�U?º
(←−)

à�ÛMÛRÀ?Å
Q0Q1Q0 = Q1Q0

º¬Ï�Å»Ç
Q01 := Q1Q0

ÅÆÛ8Ç
Q01

¼1½R¾A@SÀ?Ò0ÇR¾�½2��Ü¬À?Ö¬Ö

Q2
01 = Q1 (Q0Q1Q0) = Q1Q1Q0 = Q01.

ÁÿÅ»½�ÄÆÀ?×.À?Ö
X1 := imQ0 (I −Q1Q0)

Á�ÀæÛ8Ç°º n É�þ���À?Å»Ö�É�Ö�Ü¬À?½!O�Å»½RÜ6ÖqÃ¬Ö>×.À?å°À?Å»×�Ç2�<Ü�É�ÛRÛjÜ�É�ÂïÅ»ÇÊÜ�ÅÆÀïêUÀeû
Ü�Å»Ö¬×�Ã¬Ö¬×

X1 ⊆ kerQ1 : X1 ⊕ (N0 ∩N1) = N0
À?½SÁ®Ý¬Ä»Ä»ÇKÅÆÛ8Ç°º

•
N À?Å»×.ÀjåæÃ¬Ö�Ø�þ	��Û8Ç2��Ü�É�ÛAÛ

X1 ⊆ kerQ1
×�Å»Ä»Ç°º

Q1Q0 (I −Q01) = Q1Q0 −Q1Q0Q01

= Q1Q0 −Q
2
01

= 0.

��ë
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•
n Ã¬ÖyO�Å»½RÜ

X1 ∩ (N0 ∩N1) = {0}
Ö�É�þ��¬×.À�O�ÅÆÀæÛRÀ?Ö<º

Þ x ∈ N0 ∩N1 ↔ Q1x = x
Ã¬Ö�Ü
Q0x = x

º
Þ Q0 (I −Q01)

ÅÆÛ8ÇKÀ?Å»Ö!¼1½R¾A@8À?ÒqÇR¾�½2��Ü¬À?Ö¬Ö!ÀæÛ�×�Å»Ä»Ç
(Q0 (I −Q01))

2 = Q0 − 2Q0Q01 +Q01

= Q0 − 2Q0Q01 +Q0Q01

= Q0 −Q0Q01

= Q0 (I −Q01) .

ÞjÉA��À?½�Á�¾�Ä»×�Ç
Þ Á®Ý¬½yÉ�Ä»ÄÆÀ x ∈ X1 = imQ0 (I −Q01) : Q0 (I −Q01) x = x

º
Þ Á®Ý¬½yÉ�Ä»ÄÆÀ x ∈ N0 ∩N1

Æ

Q0 (I −Q01) x = Q0x−Q0Q1Q0x

= x− x = 0

→ x ∈ kerQ0 (I −Q01) .

→ X1 ∩ (N0 ∩N1) = {0} .

•
Õ0þ	�¬Ä»ÅÆÀ�Ï�Ä»ÅÆþ��!ÅÆÛRÇ,Ö�¾0þ��öåæÃöå°À?Å»×.À?Ö��¬Ü�É�ÛRÛ

∀x ∈ N0 : ∃w1 ∈ (N0 ∩N1) ,∃w2 ∈ imQ0 (I −Q01) :
x = w1 + w2

×�Å»Ä»Ç°º�à�ÛKÛRÀ?Å
x ∈ N0

º¬ÞjÉ�Ö¬Ö�×�Å»Ä»Ç

x = Q0x = Q0 (Q01 + I −Q01)x

= Q0Q01x+Q0 (I −Q01) x

= Q01x+Q0 (I −Q01)x.

Ï�Å»Ç
w1 := Q01x ∈ N0 ∩ N1

Ã¬Ö�Ü
w2 := Q0 (I −Q01) x ∈ imQ0 (I −Q01) = X1

Á�¾�Ä»×�Ç
x = w1 + w2.

 
Ý¬½ïÞKß�à�Û�ÂïÅ»Ç
N0 ∩ N1 = {0}

�
×�Å»Ä»ÇÎO,À?×.À?Ö
Q1Q0 = 0

É�Ã�þ	�
Q0Q1Q0 = Q1Q0

º|ßMÃ�þ�� Á®Ý¬½
½RÀ?×�Ã¬Ä�Ø�½RÀËÞyßMà�ÛKÄ�Ø�ÛRÛ8ÇKÛ8ÅÆþ	�!ÛR¾�ÂïÅ»ÇKÜ�ÅÆÀÊêUÀæÜ�Å»Ö¬×�Ã¬Ö¬× T é�ºÎÔ�U�Ö�Ã¬Ç8å°À?Ö�Ã¬Â

Q1
åæÃ!Ò.¾�Ö�Û8Ç8½8Ã¬ÅÆÀ?½RÀ?Ö<º

n Ã¬ÖzÚIÀ?½RÀæþ	�¬Ö�À?Ö O�Å»½
Q1

ÂïÅ»Ç�ÈMÅ»ÄÑÁ�À3Ü¬À?½�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬× T é�ºÎÔ�U?º
Q0

Ã¬Ö�Ü
G1 = UG1

(
ΣG1

0
0 0

)
V T

G1O�Ã¬½RÜ¬À?ÖGÚIÀ?½RÀ?Å»ÇRÛ,ÚIÀ?½RÀæþ	�¬Ö�À?Ç°º�à�Û�ÂZÃ�ÛRÛ�Ö�Ã¬½�Ö�¾qþ	�
MG11 ∈ L ( Ò r1 , Ò m−r1)

À?½8ÂïÅ»Ç8ÇRÀ?Ä»ÇfO,À?½RÜ¬À?Ö<º�à�Û,×�Å»Ä»Ç
Q0Q1Q0 = Q1Q0

↔ Q0

(
I − VG1

(
0 0

−MG11S1 I

)
V T

G1

)
Q0 =

(
I − VG1

(
0 0

−MG11S1 I

)
V T

G1

)
Q0

↔ Q0 −Q0VG1

(
0 0

−MG11S1 I

)
V T

G1
Q0 = Q0 − VG1

(
0 0

−MG11S1 I

)
V T

G1
Q0

↔ Q0VG1

(
0 0

−MG11S1 I

)
V T

G1
Q0 = VG1

(
0 0

−MG11S1 I

)
V T

G1
Q0

↔
(
QT

0 VG1
⊗Q0VG1

)
vec

(
0 0

−MG11S1 I

)
=
(
QT

0 VG1
⊗ VG1

)
vec

(
0 0

−MG11S1 I

)

��Ì
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↔
((
QT

0 VG1
⊗Q0VG1

)
−
(
QT

0 VG1
⊗ VG1

))
vec

(
0 0

−MG11S1 I

)
= 0

↔
(
QT

0 VG1
⊗ (Q0VG1

− VG1
)
)
vec

(
0 0

−MG11S1 I

)
= 0

E := QT
0 VG1

⊗ (Q0VG1
− VG1

) ∈ L
( Ò m2

)

↔ ∃G ∈ L
( Ò r1(m−r1), Ò m2

)
,∃H ∈ L

( Ò (m−r1)2 , Ò m2
)

:
(
G H

)
vec
(
−MG11S1 Im−r1

)
= 0

↔
(
G H

)(− vec (MG11S1)
vec (Im−r1

)

)
= 0

↔ G vec (−MG11S1) = −H vec I

↔ G
(
−ST

1 ⊗ I
)
vecMG11 = −H vec I

F := G (−S1 ⊗ I) ∈ L
( Ò r1(m−r1), Ò m2

)

↔ F vecMG11 = −H vec I.

Þ�ÅÆÀtDM¾qÀh¾òåæÅÆÀ?ÖqÇRÀ?Ö¬ÂôÉ�Ç8½8ÅÑÐ
G
O�Å»½RÜ3Ü�É�Ú�À?ÅlÜ�Å»½RÀ?Ò0ÇjÉ�Ã�ÛtÉ�Ã�ÛR×.À�O�ØA�¬Ä»ÇRÀ?ÖñÕq¿�É�Ä»ÇRÀ?Öu=.¾�Ö

E
×.À?Ú¬Å»ÄÆÜ¬À?Ç°º [ ÀæÜ¬À

ã���Û8Ã¬Ö¬×%Ü¬ÀæÛ�Ä»Å»Ö�À°É�½RÀ?Öu��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.ÛRÛ�R0Û8ÇRÀ?ÂòÛ

FmG11 = −H vec I
ÂïÅ»Ç

mG11 := vecMG11
T é�º â�U

À?½8ÂÂ��×�Ä»ÅÆþ��qÇÊÜ�ÅÆÀÎDy¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�Ö>À?Å»Ö�ÀæÛMåæÃ¬Ä�Ø�ÛAÛ8Å»×.À?Ö3¼�½R¾A@SÀ?Ò0ÇR¾�½RÛ
Q1
º�#&Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö6ÅÆÛ8Ç

kerF 6= {0}Ã¬Ö�Ü!Ü�ÉA��À?½
Q1

Ö¬ÅÆþ��qÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×GÚIÀæÛ8Ç8Å»ÂïÂZÇ°º�Þ�Ã¬½Rþ��6Ü�ÅÆÀdÁ ÉA�¬Ä
À?Å»Ö�À?½Mã���Û8Ã¬Ö¬×w=.¾�Ö T é�º â�U\O�Å»½RÜ!À?Å»Ö
Q1ÂïÅ»Ç T é�ºÎÍ�UôÉ�Ã�Û8×.À�O�ØA�¬Ä»Ç°º [ À?Ç8åæÇÊO�Å»½RÜkÜ�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

G1 = G2 (= G1 +B1Q1)
Ú¬åKOÊº

B1Q1 = 0Ý¬Ú�À?½8¿¬½8Ý�Á�Ç°º
êUÀ?Å1Ü¬À?½jã���Û8Ã¬Ö¬×äÜ¬ÀæÛtÄ»Å»Ö�À°É�½RÀ?Ö���ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.ÛRÛXR�Û8ÇRÀ?ÂòÛdO�Ã¬½RÜ¬ÀPåæÃ¬Ö�Ø�þ���ÛRÇÊÀ?Å»Ö�Às{�ý�û N À?½8ÄÆÀ?×�Ã¬Ö¬×J=.¾�Ö

FÚ�À?½RÀæþ��¬Ö�À?Ç°º�ÞjÉ�åæÃÌO�Ã¬½RÜ¬À�Ü�ÅÆÀ�=.¾�Ö�Ï6É�ÇRã~É�Ú:åæÃ¬½���À?½SÁ®Ý¬×�Ã¬Ö¬×`×.ÀæÛ8ÇRÀ?Ä»Ä»ÇRÀJ ¬Ã¬Ö¬Ò0Ç8ÅÆ¾�Ö
[QF,RF,EF ] =

qr (F )
=.À?½XO�À?Ö�Ü¬À?Ç°º~ÞjÉ�ÚIÀ?ÅlÅÆÛ8Ç

EF
À?Å»Ö�Àò¼|À?½8ÂZÃ¬ÇAÉ�Ç8ÅÆ¾�Ö�Û8ÂôÉ�Ç8½8ÅÑÐ��

QF
À?Å»Ö�Àï¾�½8ÇX��¾�×.¾�Ö�É�ÄÆÀ%Ï3É�Ç8½8ÅÑÐ3Ã¬Ö�Ü

RF
À?Å»Ö�À�½RÀæþ��qÇRÀô¾�Ú�À?½RÀïÞ�½RÀ?ÅÆÀæþRÒ�Û8ÂôÉ�Ç8½8ÅÑÐ>ÂïÅ»ÇtÁ�É�Ä»ÄÆÀ?Ö�Ü¬À?Ö à�ÄÆÀ?ÂòÀ?Ö�ÇRÀ?Ö:É�Ã�Á�Ü¬À?½ËÈtÉ�Ã¬¿¬ÇRÜ�Å�É�×.¾�Ö�É�ÄÆÀ T =0×�ÄDº

Ü�É�åæÃ Ü�ÅÆÀôÞt¾�ÒqÃ¬ÂòÀ?ÖqÇAÉ�Ç8ÅÆ¾�ÖÌ=.¾�ÖñÏ6É�ÇRã~É�Ú�UeºlÞ�ÅÆÀæÛRÀôÛ8¿�À?åæÅÆÀ?Ä»ÄÆÀÊ{�ýKû N À?½8ÄÆÀ?×�Ã¬Ö¬×>À?½8ÂÂ��×�Ä»ÅÆþ���ÇòÀæÛËÖ�Ã¬Ö À?Å»Ö
À?Å»Ö�Ü¬À?Ã¬Ç8Å»× Äx��ÛRÚ�É�½RÀæÛôÙ~À?Å»ÄÆÛ�R0Û8ÇRÀ?Â]É�Ã�Û8åæÃ�OUØA�¬ÄÆÀ?Ö<º,Þ�ÅÆÀäÝ¬Ú¬½8Å»×.À?Ö��lÁ®½RÀ?ÅYOUØA�¬Ä»Ú�É�½RÀ?Ö�¼lÉ�½AÉ�ÂòÀ?ÇRÀ?½2�SO�À?½RÜ¬À?Ö
=.¾�½X��À?½KÚ�À?Ä»ÅÆÀ?Ú¬Å»×ïÁ�ÀæÛ8Ç8×.À?ÄÆÀ?×�Ç°º�#&Ö�Ü�ÅÆÀæÛRÀ?ÂÇ �É�Ä»Ä�O�À?½RÜ¬À?Ö�Û8ÅÆÀ�û�Ü¬À?½Mà1Å»Ö�Á�É�þ	�$��À?Å»Ç���É�Ä»Ú�À?½�û n Ã¬Ä»Ä<×.ÀæÛRÀ?Ç8åæÇ°º
Ï�Å»Ç�ÈMÅ»ÄÑÁ�ÀMÜ¬À?½f��À?½8×.À?ÄÆÀ?Å»ÇRÀ?ÇRÀ?ÖyDy¾�Ö�Û8Ç8½8Ã¬Ò0Ç8ÅÆ¾�Ö�À?Å»Ö�ÀæÛU¼1½R¾A@8À?ÒqÇR¾�½RÛ

Q1
ÅÆÛRÇ�ÀæÛ,×.À?Ä»Ã¬Ö¬×.À?Ö�À?Å»ÖG¼�½R¾�×�½AÉ�ÂïÂ

åæÃïÅ»Âï¿¬ÄÆÀ?ÂòÀ?Ö�Ç8ÅÆÀ?½RÀ?Ö���O,À?ÄÆþ	��ÀæÛ,À?½RÛRÇ8ÂôÉ�ÄÆÛ�ßyÄ»×.À?Ú¬½R¾0Ü�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö!É�Ã�ÁIÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖôÃ¬Ö�Üï½RÀ?×�Ã¬Ä�Ø�û
½RÀ?Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

µ =
Ì�Ã¬Ö�Ü`¹jÇRÀæÛRÇRÀ?Ç°º�Þ�ÅÆÀjÖ�À?Ã!À?Ö�Ç¦O�ÅÆþRÒ.À?Ä»ÇRÀ?Ö>Ú¬åKOÊº$=.À?½AØ�Ö�Ü¬À?½8ÇRÀ?ÖQ{MÃ�À?Ä»Ä»ÇRÀeÐ�ÇRÀ

Û8Å»Ö�ÜïÅ»Â$ßyÖ$��É�Ö¬×Pê�É�Ú¬×.ÀæÜ�½8Ã�þRÒ0Ç°ºqßMÄ»ÄÆÀyÉ�Ö�Ü¬À?½RÀ?ÖGÚIÀ?Ö���Ç8Å»×�ÇRÀ?ÖÊ>yÖqÇRÀ?½8¿¬½R¾�×�½AÉ�ÂïÂòÀ�Ò���Ö¬Ö�À?ÖôÃ¬Ö�=.À?½AØ�Ö�Ü¬À?½8Ç
É�Ã�þ���Á�Ý¬½yÜ¬À?ÖäÖ�À?Ã�À?Ö|#�Ö�Ü¬ÀeÐ�ÇRÀæÛ8ÇRÀ?½Y=.À?½XO�À?Ö�Ü¬À?Ç�O,À?½RÜ¬À?Ö<º
à�Û�ÅÆÛ8ÇUåæÃöÚ�À°É�þ���ÇRÀ?Ö��¬Ü�É�ÛAÛ�Ü�ÅÆÀtÞ�Å»ÂòÀ?Ö�Û8ÅÆ¾�Ö�Û8Ú�À?å°À?ÅÆþ��¬ÖqÃ¬Ö¬×.À?Ö!Å»Â ¼1½R¾�×�½AÉ�ÂïÂòþæ¾0Ü¬ÀtûlÃ¬Â�Ü�ÅÆÀpDM¾�Âï¿�É�û

Ç8Å»Ú¬Å»Ä»Å»ÇAØ�ÇjåæÃ>Ü¬À?Ö>¼1½R¾�×�½AÉ�ÂïÂòÀ?ÖÈ=.¾�ÖÌo ã~É�ÂôÌ�¹�q1åæÃuO�ÉA�¬½RÀ?Ö`û�Ö¬ÅÆþ	��ÇÊÂïÅ»ÇjÜ¬À?Ö�À?Ö>Ý¬Ú�À?½RÀ?Å»Ö�Û8Ç8Å»ÂïÂòÀ?Ö��*Ü�ÅÆÀ
�¬ÅÆÀ?½KÅ»Ö�Ü¬À?½yßM½8Ú�À?Å»Ç\=.À?½XO,À?Ö�Ü¬À?ÇÍO�Ã¬½RÜ¬À?Ö<º

�0¹
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�ÆêGFI2�ï¼ñWío!/,Võ�ì�÷�õ�ôbí !».Sï�,CßD!�.Zï��-õ�ï�,rõ�ï�ì?,?÷O!�¹Z÷O!/.�ï¼ô�!Sï�,C��ï¼ô",Aî^ôbï�ó�,
ÞtÀ?½Æ�¬ÅÆÀ?½-=.¾�½8×.ÀæÛRÇRÀ?Ä»Ä»ÇRÀf#&Ö�Ü¬ÀeÐ�ÇRÀæÛ8ÇRÀ?½lÅÆÛ8ÇlÉ�ÄÆÛ1Ï6É�ÇRã~É�ÚïßMÖ�O,À?Ö�Ü�Ã¬Ö¬×Ë¿¬½R¾�×�½AÉ�ÂïÂïÅÆÀ?½8Ç°º�#�Âï¿¬ÄÆÀ?ÂòÀ?ÖqÇ8ÅÆÀ?½8Ç1Ã¬Ö�Ü
×.À?ÇRÀæÛ8ÇRÀ?Ç\O�Ã¬½RÜ¬ÀjÀæÛ�ÂïÅ»Ç�Ï6É�ÇRã~É�Ú|��ºÎéïÉ�Ã�ÁlÀ?Å»Ö�À?ÂÓã*Å»Ö�Ã�Ð�Õ�R�Û8ÇRÀ?Â�º�Ï!Å»ÇKÜ�ÅÆÀæÛRÀ?½KÞ�Å»¿¬ÄÆ¾�ÂôÉ�½8Ú�À?Å»Ç\O�Å»½RÜäÀ?Å»Ö
ÞjÉ�ÇRÀ?Ö�Ç8½AØ�×.À?½G×.À?Ä»ÅÆÀeÁ®À?½8Ç°º�Þ�¾�½8ÇôÚIÀ ½ Ö�Ü¬À?ÖkÛRÅÆþ��kÜ�É�Ûô×.À?¿�É�þRÒ0ÇRÀQ`baIe�û�ßy½Rþ	�¬Å
= � ]BàÎi�kV�hehj9���?
µ`baIe�
_>�ÿ�|�º�Þ�ÅÆÀ
#&Ö�ÇRÀ?×�½8Å»ÇAØ�ÇMÜ¬ÀæÛyßy½Rþ	�¬Å
=0Û�Ò�É�Ö¬Ö�Ã¬ÖqÇRÀ?½yã*Å»Ö�Ã�Ð�ÂïÅ»ÇMÈyÅ»ÄÑÁ�Àp=.¾�Ö

á0â}ãÚä�åKáçæ?è3éEêÚë-â}ì?íKî�ï�ðEñ�ò�óÚôKî/ò&õ}ö}÷$ò�áÚâÚã
Ý¬Ú�À?½8¿¬½8Ý�Á�ÇYO�À?½RÜ¬À?Ö<º�Ï�Å»ÇKÜ¬À?Â êUÀeÁ®À��¬Ä

ó0ô+îÅæjøEù}ú-ûEüÊé?ê0ëKâ}ìEí+î�ï[ðEñ/ò&ó0ô+î/ò�õEöÚ÷O�Å»½RÜ3Ü�É�ÛyßM½Rþ��¬Å
=!À?ÖqÇ8¿�É�þRÒ0Ç°ºIà�Å»Ö?��À?½8å°À?ÅÆþ��¬Ö¬ÅÆÛ � ]BàÎi�kV�hehj9���JO�Å»½RÜ6É�Ö¬×.À?ÄÆÀ?×�Ç°º�#&Ö�Ü�ÅÆÀæÛAÀ?ÂÇ��À?½8å°À?ÅÆþ��¬Ö¬ÅÆÛ
Ú�À ½ Ö�Ü¬À?ÖGÛ8ÅÆþ	�%Ö�À?Ú�À?ÖöÜ�ÅÆÀæÛRÀ?½,ßM½8ÚIÀ?Å»Ç�Å»Â ü Þeû� �¾�½8ÂôÉ�ÇyÉ�Ä»ÄÆÀKÖ�¾�Ç�O�À?Ö�Ü�Å»×.À?Ö!ÞjÉ�ÇRÀ?ÅÆÀ?Ö%Ã¬Â�Ü¬À?Ö�#�Ö�Ü¬ÀeÐ�ÇRÀæÛ8ÇRÀ?½
É�Ö¬åæÃ�O�À?Ö�Ü¬À?Ö<º
#&Â ��À?½8å°À?ÅÆþ��¬Ö¬ÅÆÛzÞ/j9���Igm�<a��he ½ Ö�Ü¬À?Ö�Û8ÅÆþ���É�Ä»ÄÆÀÊÅ»ÂÓýMÉA�¬ÂòÀ?Ö!Ü�ÅÆÀæÛRÀ?½KßM½8Ú�À?Å»ÇKÀ?Ö�ÇRÛ8ÇAÉ�Ö�Ü¬À?Ö�À?ÖÄ>yÖqÇRÀ?½8¿¬½R¾�û

×�½AÉ�ÂïÂòÀ�ºI��À?½RÛRþ	�¬ÅÆÀæÜ¬À?Ö�ÀKêUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ T Ã<º�É�º�Ü�É�ÛlÃ¬ÖqÇRÀ?Ö���¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»ÇRÀVU|Ã¬Ö�ÜïÜ�ÅÆÀf��¾�½8Ä�É�×.À?Ö���Á�Ý¬½1Ü�É�Û1Ù|ÀæÛ8ÇRÀ?Ö
À?Å»×.À?Ö�À?½|ßMÄ»×.À?Ú¬½R¾0Ü�Å<;�À?½RÀ?ÖqÇ8Å�É�Ä»×�ÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?ÖöÉ�Ã�Á�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖZ¾0Ü¬À?½<½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐPÌK¾0Ü¬À?½
¹���ÚIÀ ½ Ö�Ü¬À?ÖïÛ8ÅÆþ	�ZÅ»Â >yÖqÇRÀ?½X=.À?½8å°À?ÅÆþ��¬Ö¬ÅÆÛ�>��hj·Þ ü jb�h�x�?º N Ã�ÛAØ�Ç8åæÄ»ÅÆþ���O�À?½RÜ¬À?Ö�À?Å»Ö¬Å»×.À�>MÖ�ÇRÀ?½8¿¬½R¾�×�½AÉ�ÂïÂòÀ�Ú�À?Ö���û
Ç8Å»×�Ç2�.Ü�ÅÆÀ�Å»Â ýMÉA�¬ÂòÀ?ÖòÜ¬ÀæÛ�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖÊ#�Ö�Ü¬ÀeÐ�ÇRÀæÛ8ÇRÀ?½RÛ T =0×�ÄDº�o ã~É�ÂôÌ�¹Kq9UlÀ?Ö�ÇRÛ8ÇAÉ�Ö�Ü¬À?ÖGÛ8Å»Ö�Ü*º.Þ�ÅÆÀæÛRÀUÚ�À ½ Ö�Ü¬À?Ö
Û8ÅÆþ	��Å»Â ��À?½8å°À?ÅÆþ��¬Ö¬ÅÆÛteX�b�Ig��
a��he?º
 
Ý¬½KÜ�É�Û�Ù~ÀæÛRÇRÀ?Ö�À?Å»Ö�À?½yÞKß�àkÉ�Ã�Á|½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�Ú¬åKOÊº¬ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö!Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�ÌP¾qÜ¬À?½Ê¹�ÂZÝ�ÛSû

ÛRÀ?Ö�åKO,À?ÅjÞjÉ�ÇRÀ?ÅÆÀ?Ö�Ú�À°É�½8ÚIÀ?Å»ÇRÀ?ÇÊO,À?½RÜ¬À?Ö<º�#&Ö�Ü�ÅÆÀæÛRÀ?ÖWO�Å»½RÜÿÜ�ÅÆÀ�ÞKß�à�ÛRÀ?Ä»Ú�Û8Ç%Ã¬Ö�Ü�À?Å»Ö¬Å»×.À3¼
É�½AÉ�ÂòÀ?ÇRÀ?½
Ý¬Ú�À?½8×.À?ÚIÀ?Ö<º$ÁÿÅ»½KÜ¬À?Âò¾�Ö�Û8Ç8½8ÅÆÀ?½RÀ?Ö3Ü�ÅÆÀÊßy½8Ú�À?Å»ÇRÛXO�À?ÅÆÛRÀËÉ�Ö�À?Å»Ö�À?Â êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄDº¬Þ�ÅÆÀÊÞyßMà

x′1 + x4 = q1
x′2 + 3x1 = q2
x′3 = q3
x′4 = q4
x′5 + x′6 = q5
x′6 = q6
x′2 + x7 = q7

x6 + x8 + x9 = q8

T é�ºÎé�U

À?½X��Ø�Ä»ÇyÜ�ÅÆÀ! �¾�½8Â T ¹�º»¹VU�Å»Ö�¿¬½R¾�¿�À?½RÀ?½� �¾�½8ÂZÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×%ÂïÅ»Ç

A0 =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 1
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 0 0 0




, D0 =




1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0



,

bx =




x4

3x1

0
0
0
0
x7

x6 + x7 + x8




.

��Í
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ÞjÉ�ÂïÅ»Ç�Á�¾�Ä»×�Ç

G0 =




1
1

1
1

1 1
1

1




, B0 =




0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 1 1




,

Q0 =

(
06×6 06×3

03×6 I3

)
, N0 =

{
x ∈ Ò 9 | x1 = · · · = x6 = 0

}
,

G1 =




1
1

1
1

1 1
1

1 1
1 1




, Q1 =




0
0

0
0

0
0

0
1
−1




,

N1 =
{
x ∈ Ò 9 | x1 = · · · = x7 = 0, x8 + x9 = 0

}
,

N0 ∩N1 = N1,

B1 = B0P0 =




0 0 0 1 0 0 0 0 0
3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0




.

→ B1Q1 = 0, G2 = G1.

Þ�ÅÆÀæÛRÀæÛMÕ�R�Û8ÇRÀ?Â ÅÆÛ8ÇKÛ8Å»Ö¬×�Ã¬Ä�Ø�½yÂïÅ»ÇyÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
n É�þ���Ü¬À?Â O�Å»½MÜ¬À?Ö!Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ|=.¾�Ö�ÈtÉ�Ö�ÜäÚIÀ?½RÀæþ	�¬Ö�À?Çv��É�Ú�À?Ö��$O�¾�Ä»ÄÆÀ?Ö|O�Å»½KÖqÃ¬Ö�Ü�É�ÛM¼1½R¾�û

×�½AÉ�ÂïÂ Ú�À?Ö�Ã¬Ç8åæÇRÀ?Ö<º�#�Ö�Ü¬À?½yÞjÉ�ÇRÀ?ÅZlÂaIj·�}àCi�a��j
xlÚO,À?½RÜ¬À?Ö6Ü�ÅÆÀZÕqÇAÉ�½8Ç�O�À?½8ÇRÀÊÁ®Ý¬½
x
�
z
Ã¬Ö�Ü

t
Á®ÀæÛ8Ç8×.À?ÄÆÀ?×�Ç°º

#&Â  �Ã¬Ö¬ÒqÇ8ÅÆ¾�Ö�ÛAÉ�Ã�Á®½8Ã�Á"ÂZÃ�ÛRÛ1Ü¬À?½ n É�ÂòÀ�Ü¬À?½1ÞjÉ�ÇRÀ?Å�É�Ö¬×.À?×.À?ÚIÀ?Ö�O�À?½RÜ¬À?Ö��.Ü�ÅÆÀUÜ�ÅÆÀUßyÖ¬×�É�Ú�À?ÖPÁ�Ý¬½1Ü�ÅÆÀUÞKß�à
À?Ö�ÇX��Ø�Ä»Ç°º
ý?ý
ý?ý
ýOý þ�ÿ�����������	�
���
ýOý �����������������²ÿ���� �"!#�%$%!'&�$%$ �

( ý?ýýOý )�ÿ�
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b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb w��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgby$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb´�P b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbw��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb´�( b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b w��Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb w��Qb�b�b[b+� ¿ bIb w��Qb[b�b[b+� ¿ bgb
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× b�a
¼ P b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b À��¦À�À�b�Â��

−

w�Á b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb�b[b�b�� ¿ bIb b��Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb¼ ( b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b À��¦À�À�b�Â��
−

w�Áb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbw��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb w��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb w��Qb[b�b[b+� ¿ bgb(mP Ø 	���B§�r��°fb
∗

× b�aÌw��¦b+b+b�b+b+b�� ¿ bgbØ b��P���2£��+����¢2¢V��� Ø w����A¢%���b£I��¢Ùb
ÖÐwQa

(�( w��Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b w��Qb�b[b�b��
−

bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb�b[b�b�� ¿ bIb b��Qb�b[b�b�� ¿ bIb

���
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b��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb w��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb w��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbÈ�P b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b w��Qb[b�b�b�� ¿ b:b w��Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b
−

z��Úz:z+w�wm�
−

wK³ w��Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b w��Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbw��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb w��Qb�b�b[b+� ¿ bIb w��Qb[b�b[b+� ¿ bgb��©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�QÀ-z[Á-x$�

−

bV² �È�( ��©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�Æx�Â[À�À¼�

−

bV² ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�Æx�Â[À�À¼�

−

bV² ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/wRÑ ¨p£gÒ � ¥ � » § ��±��
�I�d© ���
∗

�� 5µ,¨
∗

¢2���2�I�K��m �¤�*aVÂ$�
−

bIÂ ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÌÂ¼�9³�bm²-x$�

−

bIÂ ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�QÀ-z[Á-x$�

−

bV² �É P ��©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�Æx�Â[À�À¼�

−

bV² ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�Æx�Â[À�À¼�

−

bV² ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/wRÑ ¨p£gÒ � ¥ � » § ��±��
�I�d© ���
∗

�� 5µ,¨
∗

¢2���2�I�K��m �¤�*aVÂ$�
−

bIÂ ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÌÂ¼�9³�bm²-x$�

−

bIÂ ���©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�QÀ-z[Á-x$�

−

bV² �É ( ��©2��·-��VªD�S±��
�:�p©p®Ä�I�s©m � ����2¢ �V���+�P�� ¨©��Ð§�©� H���Ð�X�/b$�QÁ%wI²�b[y7Ñ ¨p£gÒ � ¥ � » § ��±��
�:�p© ���
∗

�� 5µ,¨
∗¢2���2�I�K��m �¤3�6aÓwm�Æx�Â[À�À¼�

−

bV² �
�� 5µt¨ �X�AÛ-b4�K�K�gÛ¼ þ�

−
� �}aÜb �  �aSw

Ê�P °9�Aw
b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb w��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgby$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbÊ�( b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb

�I"
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b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b w��Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbË�P Ø 	���B§�r��°`w
∗

× wIaVbP�¦b+b+b�b+b+b�� ¿ bgb
°`w

∗

× w
Ë�( b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb�QP�P b$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgbb$�Qb[b�b�b+� ¿ b:b b$�Qb�b[b�b+� ¿ bIb b��Qb�b[b�b+� ¿ bIb b��Qb�b�b[b+� ¿ b:b b$�Qb[b�b�b�� ¿ b:b b$�Qb�b[b�b�� ¿ bIbb��Qb�b[b�b�� ¿ bIb b��Qb�b�b[b+� ¿ bIb b$�Qb[b�b[b+� ¿ bgb

Ý �r©�·�¢r©�Þ+�� ¦�b¢r¡�¢V�2�¨��¤�� v ¤$�V�s� Ô%ß ®��V�¨���$�� ¨¡m�A���À¬X��¤P� v w
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#&Â ý�ÉA�¬ÂòÀ?ÖGÜ�ÅÆÀæÛRÀ?½UÞ�Å»¿¬ÄÆ¾�ÂôÉ�½8ÚIÀ?Å»Ç�O�Ã¬½RÜ¬À?ÖäÜ�ÅÆÀ�à1Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?ÖäÃ¬Ö�ÜGÜ¬À?½�Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐÊ=.¾�Ö
ÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.À?Ö-ßMÄ»×.À?Ú¬½R¾qÜ�Å<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö =.¾�ÂvýKÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿áÃ¬Ö�ÇRÀ?½RÛRÃ�þ���Ç°ºyÞMÅÆÀ6à1½8×.À?Ú¬Ö¬ÅÆÛAÛRÀ
O,À?½RÜ¬À?Ö�Å»Ö�Ü¬À?ÖäÁ�¾�Ä»×.À?Ö�Ü¬À?Ö!Ù���ÀæÛRÀ?Ö�åæÃ�ÛAÉ�ÂïÂòÀ?Ö�ÁDÉ�ÛRÛRÀ?Ö�Ü!Ü�É�½8×.ÀæÛ8ÇRÀ?Ä»Ä»Ç°º
¹�ºKêUÀ?Å¬Ü¬À?½�ýKÅÆþæþ°É�Ç8ÅÑû�Ù~½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�ÖÂ=.¾�ÖôúM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÀ?ÖGÂïÅ»Ç
×.ÀæÛRÇRÀ?Ã�À?½8ÇRÀ?ÖôÞKß�à�Û
À?ÖqÇRÛ8ÇRÀ���À?ÖäÖ¬ÅÆþ��qÇ8Ä»Å»Ö�À°É�½RÀ���ÂôÉ�Ç8½8ÅÑÐPO,À?½8Ç8Å»×.ÀÊÞyßMà�Û�=.¾�Â ýyÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿��¬Ü�ÅÆÀMÅ»Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?ÖäÖ¬ÅÆþ��qÇ
½RÀ?×�Ã¬Ä�Ø�½UÛ8Å»Ö�Ü*º0ÞjÉ�Û�Ú�ÀæÛ8ÇRÀ���À?Ö�Ü¬ÀvDM¾�Ö¬å°À?¿¬Ç�Ü¬ÀæÛ,Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛUÒ�É�Ö¬Ö%Ü¬ÀæÛX��É�Ä»ÚäÉ�Ã�Á~Ü¬À?½AÉ�½Sû
Ç8Å»×.ÀC��ÄÆÀ?ÅÆþ��qÃ¬Ö¬×.À?Ö�Ö¬ÅÆþ	��Ç�É�Ö¬×.À�O�À?Ö�Ü¬À?ÇvO�À?½RÜ¬À?Ö<º

Í�ºKÞ�ÅÆÀæÛRÀæÛ-Dy¾�Ö¬å°À?¿¬Ç
Ò�É�Ö¬ÖY@8ÀæÜ¬¾qþ	�PÛR¾yÀ?½8×�Ø�Ö¬åæÇ4O�À?½RÜ¬À?Ö���Ü�É�ÛAÛ|É�Ã�þ���Û8¿�À?åæÅÆÀ?Ä»ÄÆÀ�çqÃ�É�Û8Å»Ä»Å»Ö�À°É�½RÀ���Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ
ÞyßMà�ÛôûZåæÃÿÜ¬À?Ö�À?ÖÿÜ�ÅÆÀ�ýKÅÆþæþ°É�Ç8ÅÑûDÇ8½AÉ�Ö�ÛSÁ�¾�½8ÂïÅÆÀ?½8ÇRÀ?ÖáÞKß�à�Ûô×.À�����½RÀ?Ö�ûPþ	��É�½AÉ�ÒqÇRÀ?½8ÅÆÛRÅÆÀ?½8ÇwO�À?½RÜ¬À?Ö
Ò���Ö¬Ö�À?Ö<º
•
Þ�ÅÆÀ!ÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�ÖzÜ¬À?½%¿¬½R¾�¿�À?½RÀ?Ö� �¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ã¬Ö¬×ÌO�Å»½RÜÿÜ�Å»½RÀ?ÒqÇöÉ�Ã�ÁËÛ8¿IÀ?åæÅÆÀ?Ä»ÄÆÀ�ç�Ã�É�ÛRÅ»Ä»Å»Ö�À°É�½RÀ��
ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀÊÞKß�à�ÛKÝ¬Ú�À?½8Ç8½AÉ�×.À?Ö<º

•
Ï�Å»ÇòÀ?Å»Ö�À?½òà1½XO,À?Å»ÇRÀ?½8Ã¬Ö¬× Ü¬ÀæÛïÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛsO�Å»½RÜ:Ü¬À?½ôÖ�À?Ã�À?Ö�ÕqÅ»Ç8Ã�É�Ç8ÅÆ¾�ÖkýyÀæþ	��û
ÖqÃ¬Ö¬×�×.À?Ç8½AÉ�×.À?Ö<º
Þ�ÅÆÀïÚ�À?½RÀ?Å»ÇRÛËÚ�À?Ò�É�Ö¬ÖqÇRÀ?ÖñÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö Ü¬ÀæÛËÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ¬ÀæÛïÛ8Å»Ö�Ü
@8À�O,À?Å»ÄÆÛGÕq¿IÀ?åæÅ�É�ÄÑÁDØ�Ä»ÄÆÀäÜ¬À?½ïÖ�À?Ã�À?ÖkÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö:Ã¬Ö�Ü Á�Ý¬×.À?Ö�ÛRÅÆþ���ÛR¾�ÂïÅ»Ç���É�½8Âò¾�Ö¬ÅÆÛRþ	��Å»Ö:Ü�ÅÆÀ
à�½XO,À?Å»ÇRÀ?½8Ã¬Ö¬×öÀ?Å»Ö<º

•
 
Ý¬½yÞKß�à�ÛyÂïÅ»ÇyÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Â T Ú¬åKOÊº�½RÀ?×�Ã¬Ä�Ø�½RÀ?ÂwU�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹t×�Å»Ä»ÇjÆ�ßyÄ»ÄÆÀÊã<Å»Ö�À°É�û
½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×.À?Ö%Ä�Ø�Ö¬×.Û�À?Å»Ö�À?½�ÛRÇRÀ?Ç8Å»×ZÜ�Å<;*À?½RÀ?Ö¬åæÅÆÀ?½8Ú�É�½RÀ?Ö� �Ã¬Ö¬ÒqÇ8ÅÆ¾�ÖÊ��É�ÚIÀ?ÖGÀ?ÚIÀ?Ö�ÁDÉ�Ä»ÄÆÛ�Û8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö
T Ú¬åKOÊº�½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö�U�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹ T =0×�ÄDº"Õ�É�Ç8åò¹�º»¹°Ì�Ueº

•
ýMÀ?×�Ã¬Ä�Ø�½RÀ�ÞKß�à�ÛòÂïÅ»ÇôÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ-¹�Û8Å»Ö�Ü:À?Å»Ö�Ü¬À?Ã¬Ç8Å»× Äx��ÛRÚ�É�½ T =q×�ÄDº�Õ�É�Ç8åñ¹�º»¹°Í�Ueº
à1Ð�À?Âï¿¬Ä�É�½8ÅÆÛRþ	�JO�Å»½RÜG×.À?å°À?Å»×�Ç2�0Ü�É�ÛAÛ�ÛA¾�ÄÆþ���Àtã���Û8Ú�É�½8Ò.À?Å»ÇRÛAÉ�Ã�ÛAÛAÉ�×.À?ÖöÁ�Ý¬½UÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀtÞKß�à�ÛUÅ»Â
ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö!Ö¬ÅÆþ	��ÇMÂÂ��×�Ä»ÅÆþ���ÛRÅ»Ö�Ü*º

•
ÞtÀ?½6Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ Ü¬À?½|�¬ÅÆÀ?½3Ã¬Ö�ÇRÀ?½RÛ8Ã�þ	��ÇRÀ?Ö)êUÀ?ÅÆÛ8¿¬ÅÆÀ?ÄÆÀ Ú¬ÄÆÀ?Å»Ú¬Ç>Ü�Ã¬½Rþ��üà1ÖqÇSÁ®À?½8Ö�À?Ö
T Ú¬åKOÊº�ÈyÅ»Ö¬åæÃ�Á®Ý¬×.À?Ö�UC=.¾�ÖkÀ?Å»Ö�À?½Ê�tÄÆÀ?ÅÆþ���Ã¬Ö¬× À?Ö�Ç¦O,ÀæÜ¬À?½GÃ¬Ö�=.À?½AØ�Ö�Ü¬À?½8Ç%¾0Ü¬À?½ôÀ?½X���I�qÇ T Ú¬åKOÊº
=.À?½8½8Å»Ö¬×.À?½8Ç/UKÛ8ÅÆþ��!Ã¬Â ¹�º

ÞjÉ�ÂïÅ»Ç�O�Å»½RÜïÜ�ÅÆÀUê�É�Û8ÅÆÛ
Á®Ý¬½lÜ�ÅÆÀUßMÖ�O�À?Ö�Ü�Ã¬Ö¬×ZÜ¬À?½lÖ�À?Ã�À?Ö{8^��É�½AÉ�ÒqÇRÀ?½8ÅÆÛRÅÆÀ?½8Ã¬Ö¬×!=.¾�Öï½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖïÃ¬Ö�Ü
ÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö�ÞKß�à�Û�×.ÀæÛRþ	��Ér;�À?Ö<º

Ô�º [ ÀæÜ¬ÀKÏ�ýKû�ÞKß�à`ÅÆÛ8Ç1Ã¬ÖqÇRÀ?½,Ü¬À?½�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
kerA = {0}

×.À?Ö�É�ÃôÜ�É�Ö¬Öò¿¬½R¾�¿�À?½1Á�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8Ç2��O,À?Ö¬Ö
Ü�ÅÆÀæÛMÜ�ÅÆÀtåæÃ¬×�½8Ã¬Ö�Ü¬À?Ä»ÅÆÀ?×.À?Ö�Ü¬ÀË×.ÀæÛRÇRÀ?Ã�À?½8ÇRÀËÞKß�à�É�Ã�þ	�yO�É�½°º

â�ºY 
Ý¬½~Ü¬À?ÖïÕq¿IÀ?åæÅ�É�ÄÑÁDÉ�Ä»Ä�À?Å»Ö�ÀæÛ1úM¿¬Ç8Å»ÂôÉ�ÄÆÛ8ÇRÀ?Ã�À?½8Ã¬Ö¬×.Û8¿¬½R¾�Ú¬ÄÆÀ?ÂòÛlÂïÅ»Ç~À?Å»Ö�À?½|×.ÀæÛ8ÇRÀ?Ã�À?½8ÇRÀ?Ö��°½RÀ?×�Ã¬Ä�Ø�½RÀ?ÖZ×.Àeû
Of�I�¬Ö¬Ä»ÅÆþ���À?Ö3ÞMÅ<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×���Á�Ý$�¬½8ÇKÜ�É�Û�ã���ÛRÀ?ÖäÜ¬ÀæÛ�¼1½R¾�Ú¬ÄÆÀ?ÂòÛ�Ý¬Ú�À?½KÀ?Å»Ö�ÀjúM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛ8û
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ÞyßMàÿÂïÅ»Çy½RÀ?×�Ã¬Ä�Ø�½RÀ?Â Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ ¹ÊåæÃ3À?Å»Ö�À?½MÏ3ý�û�ÞKß�àkÂïÅ»Ç�½RÀ?×�Ã¬Ä�Ø�½RÀ?Â Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ>Ì�º*à�ÛjÀ?ÖqÇRÛ8ÇRÀ���ÇPÀ?Å»Ö�À�ÂôÉ�Ç8½8ÅÑÐmO�À?½8Ç8Å»×.À��<½RÀ?×�Ã¬Ä�Ø�½RÀ�×.À�Of�I�¬Ö¬Ä»ÅÆþ���ÀGÞMÅ<;*À?½RÀ?Ö�Ç8Å�É�Ä»×�ÄÆÀ?ÅÆþ	��Ã¬Ö¬×
=.¾�Â ýKÅÆþæþ°É�Ç8ÅÑû�ÙZR0¿<º

é�ºY 
Ý¬½UÏ�ýKû�ÞKß�à�Û2��Ü�ÅÆÀyÚIÀ?ÅIÜ¬À?½,ýyÅÆþæþ°É�Ç8ÅÑû�Ù<½AÉ�Ö�ÛSÁ�¾�½8ÂôÉ�Ç8ÅÆ¾�ÖJ=.¾�ÖäúM¿¬Ç8Å»ÂôÉ�ÄÆÛRÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛAÉ�Ã�Á�×�É�Ú�À?ÖöÂïÅ»Ç
×.ÀæÛRÇRÀ?Ã�À?½8ÇRÀ?Ö���ÛRÀ?ÂïÅÑû�ÀeÐ�¿¬Ä»Å»åæÅ»ÇRÀ?Ö�ÞKß�à�ÛKÀ?ÖqÇRÛ8ÇRÀ���À?Ö���×.À?Ä»ÇRÀ?Ö�Á®¾�Ä»×.À?Ö�Ü¬ÀZà1Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?Ö<º
•
Þ�ÅÆÀ!DM¾�Ö�Û8ÅÆÛ8ÇRÀ?Ö¬åæÚ�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×

W22 = 0
ÅÆÛ8ÇUÁ�Ý¬½KÜ�ÅÆÀËã���Û8Ú�É�½8Ò.À?Å»ÇyÜ¬À?½yÏ3ý�û�ÞyßMàkÖ�¾�Ç�O,À?Ö�Ü�Å»×�º

•
 �É�Ä»ÄÆÛ

kerCT
22 = {0}

ÅÆÛ8Ç2�,ÛA¾ñÀ?ÖqÇRÛ8ÇRÀ���Ç�É�Ã�ÛöÀ?Å»Ö�À?½!úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞKß�àÓÂïÅ»Çö½RÀ?×�Ã¬Ä�Ø�½RÀ?Â
Ù~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐñ¹jÀ?Å»Ö�ÀÊÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀÊÏ3ý�û�ÞyßMàkÂïÅ»ÇKÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹�º
à�ÛUÄ�Ø�ÛRÛ8Ç�Û8ÅÆþ��äÀ?Å»ÖäÙ~À?Å»ÄÆÛ�R0Û8ÇRÀ?ÂÓÜ¬À?½�Ï3ý�û�ÞKß�à�É�Ö¬×.À?Ú�À?Ö��PO,À?ÄÆþ���ÀæÛy½RÀ?×�Ã¬Ä�Ø�½�ÂïÅ»Ç�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»ÅÑû
ÇAØ�ÇRÛRÅ»Ö�Ü¬ÀeÐ ¹tÅÆÛ8ÇKÃ¬Ö�ÜäÃ¬ÖqÇRÀ?½MÜ¬À?½MêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×

W22 = 0
Ü¬À?Ö�ÛAÀ?Ä»ÚIÀ?Ö!ã���Û8Ã¬Ö¬×.Û8½AÉ�Ã¬ÂÇ��É�Ç�O�ÅÆÀ

Ü�ÅÆÀËÏ�ýKû�ÞKßMàyº

•
#&Â� �É�Ä»Ä

kerC22 6= {0}
��É�Ç�Ü�ÅÆÀ�åæÃ¬×.À�����½8Å»×.ÀKÏ3ý�û�ÞKß�à>Å»ÂüßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?ÖÂO,ÀæÜ¬À?½1½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö

Ö�¾0þ��òÛRÅ»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖòÙ<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹�º� �É�Ä»ÄÆÛlåæÃ�ÛAØ�Ç8åæÄ»ÅÆþ��
m = k

ÅÆÛ8Ç2��ÅÆÛ8Ç�@8ÀæÜ¬ÀUÏ�ýKû�ÞKßMà��
Ü�ÅÆÀKÉ�Ã�Û1À?Å»Ö�À?½�úM¿¬Ç8Å»ÂôÉ�Ä»Å»ÇAØ�ÇRÛSû�ÞyßMàñÂïÅ»Çl½RÀ?×�Ã¬Ä�Ø�½RÀ?Â)Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ�¹UÀ?Ö�ÇRÛ8ÇRÀ��qÇ2��Ö¬ÅÆþ��qÇ
Äx��ÛRÚ�É�½°º

��ºKÞjÉ�ÛC�¬ÅÆÀ?½PÅ»Âï¿¬ÄÆÀ?ÂòÀ?Ö�Ç8ÅÆÀ?½8ÇRÀ�¼1½R¾�×�½AÉ�ÂïÂ ¿¬½8Ý�Á®Ç2�|¾�Ú À?Å»Ö�ÀG¿¬½R¾�¿IÀ?½ZÁ�¾�½8ÂËÃ¬Ä»ÅÆÀ?½8ÇRÀöÞKß�àüÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?Ö
¾0Ü¬À?½Ë½RÀ?×�Ã¬Ä�Ø�½RÀ?Ö Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ

µ =
Ì�¾0Ü¬À?½%¹���É�Ç°º4 �É�Ä»ÄÆÛPÀ?Å»Öñ¼1½R¾A@8À?ÒqÇR¾�½

Q1
ÀeÐ�ÅÆÛ8Ç8ÅÆÀ?½8Ç2�

Ü¬À?½PÜ�ÅÆÀôêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×
N0 	 (N0 ∩N1) ⊆ kerQ1

Á�Ý¬½PÛ8Å»Ö¬×�Ã¬Ä�Ø�½RÀ?ÖñÙ~½AÉ�ÒqÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐ
µ ≥ 1ÛRÅÆþ���À?½RÛ8ÇRÀ?Ä»Ä»Ç2��Ò�É�Ö¬Ö�À?Å»Ö!ÛA¾�ÄÆþ���À?½yÀeÐ�¿¬Ä»Å»åæÅ»ÇKÚ�À?½RÀæþ��¬Ö�À?Ç�O�À?½RÜ¬À?Ö<º

�0ºY 
Ý¬½äÏ3ý�û�ÞKß�à�ÛäÉ�Ã�ÛäÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?ÖnÕqÇRÀ?Ã�À?½8Ã¬Ö¬×.ÛAÉ�Ã�Á�×�É�Ú�À?ÖáÒ���Ö¬Ö�À?Öá½RÀæÜ�Ã¬Ö�Ü�É�Ö�ÇRÀÈ�tÄÆÀ?ÅÆþ���Ã¬Ö¬×.À?Ö
À?ÖqÇSÁ®À?½8ÖqÇ\O,À?½RÜ¬À?Ö<ºmÁ`À?Å»ÇRÀ?½RÀtßyÖ�É�Ä
R�ÛRÀ?Ö%Ò���Ö¬Ö�À?ÖöÜ�ÅÆÀ��¬ÅÆÀ?½�=.¾�½8×.ÀæÛ8ÇRÀ?Ä»Ä»ÇRÀ?Öäê�ÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö���Ü�ÅÆÀM½RÀ?×�Ã�û
Ä�Ø�½RÀ?Ö�Ù<½AÉ�Ò0ÇAÉ�Ú¬Å»Ä»Å»ÇAØ�ÇRÛ8Å»Ö�Ü¬ÀeÐñ¹jÜ¬À?½yÀeÐ�Ç8½AÉA�¬ÅÆÀ?½8ÇRÀ?Ö�ÞKß�à�Û8ÅÆþ	��À?½8Ö���Ö�¾0þ��y=.À?½SÁ�À?Å»Ö�À?½8Ö<º

"�¹
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#&Ö!Ü�ÅÆÀæÛRÀ?Â ßMÚ�ÛRþ	�¬Ö¬Å»Ç8ÇvO�À?½RÜ¬À?Ö|O�ÅÆþ	��Ç8Å»×.ÀPÞ�À ½ Ö¬Å»Ç8ÅÆ¾�Ö�À?Ö3Ã¬Ö�Ü!ýMÀæÛ8Ã¬Ä»ÇAÉ�ÇRÀ!=.¾�½8×.ÀæÛRÇRÀ?Ä»Ä»Ç2�"Ü�ÅÆÀÊÁ�Ý¬½yÜ�É�Û���À?½Sû
Û8ÇAØ�Ö�Ü�Ö¬ÅÆÛMÜ¬À?½Kßy½8Ú�À?Å»ÇKÖ�¾�Ç�O�À?Ö�Ü�Å»×%Û8Å»Ö�Ü*º
4�ê�éÐ2Qôbì�ï��4õ�ïÁ�ÆòSñ�ñWï�ò�!�.Å2Èô�æYï�ì�ï�!$LÙç4ío!]èa!4õIï¼ì�ì-%�òSñWï�!
¶ä��Û1�
���5��µI�k·!ó § ó Õ0À?ÅÆÀ?Ö

A,B ⊆ Ò m Ä»Å»Ö�À°É�½RÀ!>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀPÜ¬ÀæÛ Ò m º

•
ÞjÉ�Ö¬Ö�Ú�À?å°À?ÅÆþ��¬Ö�À?Ç

A+ B : =
⋃

b∈B

{(a+ b) ∈ Ò m | a ∈ A}

= {(a+ b) ∈ Ò m | a ∈ A, b ∈ B}

Ü�ÅÆÀ�~�g�lÎls�òÜ¬À?½!>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ
A
Ã¬Ö�Ü

B
º� 
Ý¬½ÊÀ?Å»Ö

x ∈ A + B
ÅÆÛRÇÊÜ�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬×

x = a + bÂïÅ»Ç
a ∈ A, b ∈ B

Å»Â ßMÄ»Ä»×.À?ÂòÀ?Å»Ö�À?Ö�Ö¬ÅÆþ��qÇMÀ?Å»Ö�Ü¬À?Ã¬Ç8Å»×ôÚ�ÀæÛ8Ç8Å»ÂïÂZÇ°º
•
 �É�Ä»ÄÆÛ

A∩ B = {0}
ÅÆÛ8Ç2�¬ÛR¾�Ú�À?å°À?ÅÆþ��¬Ö�À?Ç

A⊕ B : = A+ B

Ü�ÅÆÀ � j9eX�=r`��´~¼gmlCls�!Ü¬À?½s>MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ
A
Ã¬Ö�Ü

B
ºZ 
Ý¬½ôÀ?Å»Ö

x ∈ A ⊕ B
ÅÆÛRÇòÜ�ÅÆÀ N À?½8ÄÆÀ?×�Ã¬Ö¬×

x = a+ b
ÂïÅ»Ç

a ∈ A, b ∈ B
À?Å»Ö�Ü¬À?Ã¬Ç8Å»×òÚIÀæÛRÇ8Å»ÂïÂËÇ°º

•
à�ÛËÛRÀ?ÅÆÀ?Ö

A,B ⊆ X ⊆ Ò m Ä»Å»Ö�À°É�½RÀÂ>yÖqÇRÀ?½8½AØ�Ã¬ÂòÀ�º�Á`À?Ö¬Ö
A ⊕ B = X

×�Å»Ä»Ç2�<Ü�É�Ö¬Ö ÛRþ	�¬½RÀ?Å»ÚIÀ?Ö
O�Å»½�É�Ã�þ��

A = X 	B
Ã¬Ö�Ü

B = X 	A.

4�ê�� ësì�í9érï��4õ�í�ì�ï�!
¶ä��Û1�
���5��µI�k·!ó ì ó o Ï?ÁáÌ�¹�q

P ∈ L ( Ò m)
��À?Å
Ï�Ç��fe¥k�iK��=A`bkIeh��Á�É�Ä»ÄÆÛ

P2 = P
º

#&Öso Ï|ÁzÌ�¹hqmO�Ã¬½RÜ¬À?ÖzO�ÅÆþ��qÇ8Å»×.ÀUà1Å»×.À?Ö�ÛRþ���É�Á®ÇRÀ?ÖC=.¾�ÖZ¼1½R¾A@8À?ÒqÇR¾�½RÀ?ÖPåæÃ�ÛAÉ�ÂïÂòÀ?Ö¬×.ÀæÛ8ÇRÀ?Ä»Ä»Ç°º�Þ�ÅÆÀ1Á�¾�Ä»×.À?Ö�Ü¬À?Ö
O,À?½RÜ¬À?Ö�Å»Ö�Ü¬À?½Y=.¾�½8Ä»ÅÆÀ?×.À?Ö�Ü¬À?Ö�ßM½8Ú�À?Å»ÇY=.À?½XO,À?Ö�Ü¬À?Ç°º
•
[ ÀæÜ¬À?½U¼1½R¾A@8À?ÒqÇR¾�½

P ∈ L ( Ò m)
å°À?½8ÄÆÀ?×�ÇUÜ¬À?Ö Ò m Å»ÖÊ>yÖqÇRÀ?½8½AØ�Ã¬ÂòÀKÆ Ò m = imP⊕kerP

º�à�Û�×�Å»Ä»Ç
É�ÄÆÛA¾

imPT = (kerP)⊥
º

•
N Ãd@8ÀæÜ¬À?½ N À?½8ÄÆÀ?×�Ã¬Ö¬×t=.¾�Ö Ò m =M⊕L, M, L ⊆ Ò m >MÖ�ÇRÀ?½8½AØ�Ã¬ÂòÀ���×�Å»Ú¬Ç,ÀæÛ�À?Å»Ö�À?Ö%À?Å»Ö�Ü¬À?Ã¬Ç8Å»×
Ú�ÀæÛ8Ç8Å»ÂïÂZÇRÀ?Öö¼�½R¾A@SÀ?Ò0ÇR¾�½

P
ÂïÅ»Ç

imP =M
Ã¬Ö�Ü

kerP = L
º
P
��À?Å
Ï�Ç�Ü�É�Ö¬Öö¼1½R¾A@8À?ÒqÇR¾�½daIghý

M�:9I���IÞ
L
º

•
 �É�Ä»ÄÆÛ

P
À?Å»ÖG¼�½R¾A@SÀ?Ò0ÇR¾�½UÅÆÛ8Ç2��Ü�É�Ö¬ÖGÅÆÛ8Ç�É�Ã�þ��

Q := I −P
À?Å»Öö¼1½R¾A@8À?ÒqÇR¾�½�Ã¬Ö�ÜÊ��À?Å
Ï�ÇS=Ak�l ü �
�hls�h��P`&9�eX�he	�feXkUiK�=r`bkIe�åæÃ

P
º
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•
 �É�Ä»ÄÆÛ

P
¼1½R¾A@8À?ÒqÇR¾�½UÃ¬Ö�Ü

P = PT �qÛR¾zO�Å»½RÜ P ��eh`9�Pk ü eXkUiK�=r`bkIeP×.À?Ö�É�Ö¬Ö�Ç°º�à�Û�×�Å»Ä»Ç�Ü�É�Ö¬Ö imP =
imPT = (kerP)⊥

º
���0ð ð ª ·�óÆ¡*ó ~+�hjb�h�

E,F ∈ L ( Ò m)
�
N := kerE

�
S := {x ∈ Ò m | Fz ∈ imE}

�^i�aI���J�Ij9� `
N ∩ S = {0} ↔ E + FQ

j·Þh`SeX�b�Ig��:9Iefý�Xme�i2�Xi��h�´�feXkUi2��=r`bkIe
Q ∈ L ( Ò m)

aIghý
N.

� ��^�hj·Þ�
to Ï?ÁáÌ�¹hq
(−→)

Õ0À?Å
N ∩ S = {0}

º
à�ÛjÛAÀ?Å

z ∈ Ò m º�ÞtÉ�Ö¬Ö6ÅÆÛ8Ç (E + FQ) z = 0
º�à�Û�Á�¾�Ä»×�Ç

E (−z) = FQz
Ã¬Ö�Ü>Ü�ÉA��À?½tÅÆÛ8Ç

Qz ∈ S.Á`À?Å»ÇRÀ?½X�¬Å»Ö!ÅÆÛRÇ
Qz ∈ N

��É�ÄÆÛR¾
Qz ∈ N ∩ S = {0}

º

→ Qz = 0, Ez = 0

→ z ∈ kerE = N

→ z = Qz = 0

→ E + FQ
ÅÆÛ8Ç�½RÀ?×�Ã¬Ä�Ø�½

.

(←−)
Õ0À?Å

E + FQ
½RÀ?×�Ã¬Ä�Ø�½°º"êUÀ?å°À?ÅÆþ��¬Ö�À

QS := Q (E + FQ)−1 F
º N À?Å»×.À��IÜ�É�ÛRÛ

QS
¼�½R¾A@SÀ?Ò0ÇR¾�½tÉ�Ã�Á

N
Ä�Ø�Ö¬×.Û

S
ÅÆÛ8Ç°º¬ÞjÉ�½AÉ�Ã�Û�Á�¾�Ä»×�ÇKÜ�É�Ö¬Ö!Ü�Å»½RÀ?Ò0Ç

N ∩ S = {0}
º

¹�º
QS

ÅÆÛRÇy¼1½R¾A@8À?ÒqÇR¾�½2��ÀæÛK×�Å»Ä»Ç�Ö�Ø�ÂïÄ»ÅÆþ��
Q2

S = Q (E + FQ)−1 FQ (E + FQ)−1 F

= Q (E + FQ)−1 (E + FQ)Q (E + FQ)−1 F

= QQ (E + FQ)−1 F

= QS .

Í�º N À?Å»×.À���Ü�É�ÛRÛ
imQS = N

×�Å»Ä»Ç°º
É�U

imQS ⊆ imQ = N
Á�¾�Ä»×�ÇMÉ�Ã�ÛKÜ¬À?½yÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö<º

Ú�Uöà�ÛK×�Å»Ä»Ç
N ⊆ imQS

�¬Ü¬À?Ö¬ÖäÁ®Ý¬½
z ∈ N

×�Å»Ä»Ç

z = Qz = Q2z

= Q (E + FQ)−1 (E + FQ)Qz

= Q (E + FQ)−1 FQz

= QSQz = QSz.

Ô�º N À?Å»×.ÀÊÖ�Ã¬Ö���Ü�É�ÛAÛ
kerQS = S

×�Å»Ä»Ç°º
É�Uöà�ÛKÅÆÛ8Ç

kerQS ⊆ S
�¬Ü¬À?Ö¬ÖäÁ®Ý¬½

z ∈ kerQS
×�Å»Ä»Ç

0 = Q (E + FQ)−1 Fz

= (I − (I −Q)) (E + FQ)−1Ez

→ (E + FQ)−1 Fz = (I −Q) (E + FQ)−1 Fz

Fz = (E + FQ) (I −Q) (E + FQ)−1 Fz

= E (E + FQ)−1 Fz ∈ imE.

"�Ô
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Ú�Uöà�ÛK×�Å»Ä»Ç
S ⊆ kerQS

�¬Ü¬À?Ö¬ÖäÁ®Ý¬½
z ∈ S

×�Å»Ä»Ç
Fz ∈ imE

º

→ ∃w : Fz = Ew

→ QSz = Q (E + FQ)−1Ez

= Q (E + FQ)−1Ew

= Q (E + FQ)−1 (E + FQ) (I −Q)w

= Q (I −Q)w = 0.

4�ê��Zªsï�ì�÷�ó�ó�#�ï¼ñWï¼ô"!Zï�ì�õ�ïÛßD!Aç4ï�ì?,Aï�!
à�ÛKÛAÀ?Å

A ∈ L ( Ò m, Ò n)
Ã¬Ö�Ü

X ∈ L ( Ò n, Ò m)
º¬Ï�Å»ÇKÈyÅ»ÄÑÁ�ÀjÜ¬À?½<�Y�h�¼e¥kAÞ2�P/���x�hjH_h��gm�����h�

AXA = A,
T ßZº»¹VU

XAX = X,
T ßZºÎÍ�U

(AX)T = AX,
T ßPºÎÔ�U

(XA)T = XA
T ßPº â�U

O,À?½RÜ¬À?Ö�Å»ÂÚ �¾�Ä»×.À?Ö�Ü¬À?ÖÄ=.À?½RÛRþ��¬ÅÆÀæÜ¬À?Ö�Àe�A�heXaI�·�Å���hls�hj9���he�`���³Äa�`�e/j:�Ij9���A�he/ÞK�h�>Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º
¶ä��Û1�
���5��µI�k·!ó � ó o êKúd�0¹�q
Õ0À?Å

A ∈ L ( Ò m, Ò n)
�
X ∈ L ( Ò n, Ò m)

º
¹�ºKà�Å»Ö�À��I�he¥a��·�Å���hls�hj9���he�`����/���A�he/ÞK�ÊÜ¬À?½�Ï6É�Ç8½8ÅÑÐ

A
�qÅÆÛ8ÇUÀ?Å»Ö�ÀtÏ3É�Ç8½8ÅÑÐ

X = Ag �0Ü�ÅÆÀMÜ�ÅÆÀ�êUÀæÜ�Å»Ö¬×�Ã¬Ö¬×T ßPº»¹VUUÀ?½SÁ®Ý¬Ä»Ä»Ç°º
Í�ºKà�Å»Ö�À!e��_�\�Q�Ij��I�S�/���A��e	Þ2��Ü¬À?½�Ï3É�Ç8½8ÅÑÐ

A
��ÅÆÛ8Ç�À?Å»Ö�ÀKÏ6É�Ç8½8ÅÑÐ

X = A− �.Ü�ÅÆÀyÜ�ÅÆÀyêUÀæÜ�Å»Ö¬×�Ã¬Ö¬×.À?Ö T ßPº»¹VU
Ã¬Ö�Ü T ßZºÎÍ�UUÀ?½SÁ®Ý¬Ä»Ä»Ç°º

Ô�ºKà�Å»Ö�Àe³uk2kIe��P��Y����e¥kIÞK�P��/���A�he/ÞK�íì¦kVi��hez�^ÞK��gPi�kKP��/���A��e	Þ2�'îôÜ¬À?½�Ï6É�Ç8½8ÅÑÐ
A
��ÅÆÛ8Ç�À?Å»Ö�À�Ï3É�Ç8½8ÅÑÐ

X =
A+ ��Ü�ÅÆÀjÜ�ÅÆÀÊ¼
À?Ö¬½R¾�ÛRÀeû¨��ÄÆÀ?ÅÆþ	��Ã¬Ö¬×.À?Ö T ßPº»¹VU,Ú¬ÅÆÛ T ßZº â�U�À?½SÁ�Ý¬Ä»Ä»Ç°º

Þ�ÅÆÀyêUÀ?å°À?ÅÆþ	�¬Ö�Ã¬Ö¬×.À?Ö�Ü¬À?½S=.À?½RÛAþ��¬ÅÆÀæÜ¬À?Ö�À?Ö�=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀ?Öy#�Ö�=.À?½RÛRÀ?Ö%ÛRÅ»Ö�ÜòÅ»Ö%Ü¬À?½Uã*Å»ÇRÀ?½AÉ�Ç8Ã¬½�Ö¬ÅÆþ��qÇ
À?Å»Ö�Ü¬À?Ã¬Ç8Å»×�º�#&Ö�Û8Ú�ÀæÛR¾�Ö�Ü¬À?½RÀ

A− O�Å»½RÜò¾�Á®Ç1Á�Ý¬½�=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀp#&Ö�=.À?½RÛRÀ?ÖôÚIÀ?ÖqÃ¬Ç8åæÇ�Ã¬Ö�ÜïÖ¬ÅÆþ	��Ç2��O�ÅÆÀ\�¬ÅÆÀ?½2�
Á®Ý¬½ T =.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀVU�½RÀh»�ÀeÐ0Å
=.Àv#�Ö�=.À?½RÛRÀ?Ö<º�Á`À?Å»ÇRÀ?½RÀ�=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀÍ#&Ö�=.À?½RÛAÀ?ÖòÃ¬Ö�Üôà1Å»×.À?Ö�ÛAþ���É�Á®ÇRÀ?Ö
½ Ö�Ü¬À?ÇKÂôÉ�Ö�åæÃ¬Â ê�À?ÅÆÛR¿¬ÅÆÀ?Ä<Å»ÖQo êKúd�0¹�q<Ã¬Ö�ÜQo N ÅÆÀV��ëAq�º
���0ð ð ª ·!ó � ó ~+��j

A− ��j·���te��_�Y���Ij_�A�µ�/���A�he/ÞK�µ�AkI�
A

 � aI�¼�uÞ/j9��i

AA−, A−A, (I −AA−)
g���i

(I −A−A)
�feXkUi2��=r`bkIe��h��gm��i��/Þv�Ij9� `

imA−A = imA−, kerA−A = kerA,
T ßZºÎé�U

ker
(
I −A−A

)
= imA−, im

(
I −A−A

)
= kerA,

T ßZºL��U
imAA− = imA, kerAA− = kerA−,

T ßPºM��U
ker
(
I −AA−

)
= imA, im

(
I −AA−

)
= kerA−.

T ßPºL"�U

"�â
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� ��^�hj·Þ�
tÕ0À?Å
A ∈ L ( Ò m, Ò n)

Ã¬Ö�Ü
A− ∈ L ( Ò n, Ò m)

À?Å»Ö�ÀU½RÀh»�ÀeÐ�Å
=.À\=.À?½AÉ�Ä»Ä»×.À?ÂòÀ?Å»Ö�À?½8ÇRÀv#&Ö�=.À?½RÛAÀ�=.¾�Ö
A
º¬ÞjÉ�Ö¬Ö�ÅÆÛRÇ

(
AA−

)2
= AA−AA−

¢Úï wÅ}"¦
= AA−,

(
A−A

)2
= A−AA−A

¢Úï wÅ}"¦
= A−A.

(I −AA−)
Ã¬Ö�Ü

(I −A−A)
Û8Å»Ö�ÜäÜ�ÅÆÀ�@8À�O,À?Å»ÄÆÛyÒ.¾�Âï¿¬ÄÆÀ?ÂòÀ?Ö�ÇAØ�½RÀ?Ö6¼1½R¾A@SÀ?Ò0ÇR¾�½RÀ?Ö<º

•
T ßPºÎé�U

imA−A ⊆ imA− = imA−AA− ⊆ imA−A,

kerA−A ⊇ kerA = kerAA−A ⊇ kerA−A.

•
T ßPºL��U
¹�ºMÕ0À?Å

x ∈ imA−

→ ∃w : A−w = x

→ ∃w : A−AA−w = A−Ax

→ ∃w : A−w = A−Ax

→ x = A−Ax

→
(
I −A−A

)
x = 0

→ x ∈ ker
(
I −A−A

)

→ imA− ⊆ ker
(
I −A−A

)
.

Õ0À?Å~Ö�Ã¬Ö
x ∈ ker (I −A−A)

→ x−A−Ax = 0

→ ∃w, (w := Ax) : x = A−w

→ x ∈ imA−

→ ker
(
I −A−A

)
⊆ imA−.

Í�ºMÕ0À?Å
x ∈ kerA

→ x ∈ kerA−A

→ x = x−A−Ax =
(
I −A−A

)
x

→ x ∈ im
(
I −A−A

)

→ kerA ⊆ im
(
I −A−A

)
.

Õ0À?Å~Ö�Ã¬Ö
x ∈ im (I −A−A)

→ ∃w : w −A−Aw = x

→ ∃w : Aw −AA−Aw = Ax

→ ∃w : 0 = Ax

→ x ∈ kerA

→ im
(
I −A−A

)
⊆ kerA.

"�é
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•
êUÀ�O,À?ÅÆÛ�=.¾�Ö T ßPºM��UUÀ?½SÁ®¾�Ä»×�ÇyÉ�Ö�É�ÄÆ¾�×%åæÃ¬Â êUÀ�O,À?ÅÆÛ�=.¾�Ö T ßZºÎé�U?º

•
êUÀ�O,À?ÅÆÛ�=.¾�Ö T ßPºL"�UUÀ?½SÁ®¾�Ä»×�ÇyÉ�Ö�É�ÄÆ¾�×%åæÃ¬Â êUÀ�O,À?ÅÆÛ�=.¾�Ö T ßZºL��U?º

���0ð ð ª ·!ó  ó ~��hjH���
P ∈ L ( Ò m)

g���i
R ∈ L ( Ò n)

�feXkUi2��=r`bkIe��h�0�\i�aI���|jµÞ�`
A− iIgme¥_�� T ßPº»¹VUpgm��i

T ßPºÎÍ�Udgm��iÊiIjH�pÿKg�Þ�9�`µÿ�� j�_��P�h� � ��iIj·�m�Ig��m���h�

A−A = P
g���i

AA− = R

�hj9��i��hgP`�j
�p>	�/Þh`�j9lÎlÎ`�

� ��^�hj·Þ�
to ã~É�ÂôÌ�¹Kq
4�êGFÍðÈì�í !Zï��?��ï�ìÄësì�í�.Sò��-õ
 
Ý¬½yÜ�ÅÆÀd��À?Ò0ÇR¾�½8ÅÆÛ8ÅÆÀ?½8Ã¬Ö¬×öÜ¬À?½yÏ3É�Ç8½8ÅÑÐ0û�ýKÅÆþæþ°É�Ç8ÅÑû¨�tÄÆÀ?ÅÆþ���Ã¬Ö¬×�O�Å»½RÜ�Ü�É�ÛvDt½R¾�Ö�ÀæþRÒ.À?½t¼1½R¾0Ü�Ã¬ÒqÇMÃ¬Ö�Ü�À?Å»Ö¬Å»×.À
O�ÅÆþ��qÇ8Å»×.À�ýMÀæþ���À?Ö¬½RÀ?×.À?Ä»ÖÿÚIÀ?Ö���Ç8Å»×�Ç°ºS |Ý¬½%Þ�À?ÇAÉ�Å»ÄÆÛ%Ã¬Ö�ÜÌO�À?Å»ÇRÀ?½RÀ!ßMÃ�ÛSÁ�Ý$�¬½8Ã¬Ö¬×.À?ÖÿÛRÀ?ÅyÉ�Ã�ÁÂo È [ ë�¹�qKÃ¬Ö�Ü
o Ï n ë�"rq�=.À?½XO�ÅÆÀæÛRÀ?Ö<º
¶ä��Û1�
���5��µI�n·!ó�¦ ø#ñä© µ"�|��¤ « � ©�ùÊ© µ*²
� « �Iû°ó T o È [ ë�¹�q9UÊÕ0À?ÅÆÀ?Ö

A = [aij] ∈ L ( Ò m, Ò n)
Ã¬Ö�Ü

B ∈
L
( Ò s, Ò t

) º¬Þ�ÅÆÀjßyÚ¬Ú¬Å»ÄÆÜ�Ã¬Ö¬×

⊗ : L ( Ò m, Ò n)× L
( Ò s, Ò t

)
→ L

( Ò ms, Ò nt
)

ÅÆÛ8Ç�ÂïÅ»Ç8ÇRÀ?ÄÆÛ

A⊗B :=




a11B a12B · · · a1mBººº º º º ººº
an1B an2B · · · anmB


 ∈ L

( Ò ms, Ò nt
)

Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º
#&ÖZÜ¬À?½lã*Å»ÇRÀ?½AÉ�Ç8Ã¬½�O�Å»½RÜPÜ�É�Û-Dt½R¾�Ö�ÀæþAÒ.À?½1¼1½R¾qÜ�Ã¬Ò0Ç1É�Ã�þ��òÉ�ÄÆÛlÜ�Å»½RÀ?ÒqÇRÀæÛl¼1½R¾0Ü�Ã¬ÒqÇl¾0Ü¬À?½
Ù|À?Ö�ÛR¾�½
¼�½R¾qÜ�Ã¬Ò0Ç

Ú�À?å°À?ÅÆþ��¬Ö�À?Ç°º�ÞjÉ�ÂïÅ»ÇyÀ?Ö¬×s=.À?½8Ú¬Ã¬Ö�Ü¬À?Ö!ÅÆÛ8ÇKÜ�ÅÆÀ�Á�¾�Ä»×.À?Ö�Ü¬ÀËÞtÀ ½ Ö¬Å»Ç8ÅÆ¾�Ö<º
¶ä��Û1�
���5��µI��·!óx&*ó T o È [ ë�¹�q9U
Õ0À?Å

A = (a1|a2|, . . . ,am) ∈ L ( Ò m, Ò n)
À?Å»Ö�À,Ï6É�Ç8½8ÅÑÐËÂïÅ»ÇlÜ¬À?ÖôÕq¿�É�Ä»ÇRÀ?Ö

ai ∈ Ò n, 1 ≤ i ≤ m
º¬Þ�ÅÆÀjßyÚ¬Ú¬Å»ÄÆÜ�Ã¬Ö¬×

vec : L ( Ò m, Ò n)→ Ò mn

ÅÆÛ8Ç�ÂïÅ»Ç8ÇRÀ?ÄÆÛ

vec (A) :=




a1

a2ººº
am


 ∈ Ò mn

Ü¬À ½ Ö¬ÅÆÀ?½8Ç°º

"��



èëêÎ5�¸�(�ä4,�*�¹-3¼(�*�¸�0wä�3�5�,�79(�3P*-5�3�(�èÎ,�¹Æ3�â�5�*

���0ð ð ª ·!óÆ¸ ø õ%�q¤�¥|�q� © �q ��0���Zû°ó
A, B, C

g���i
D
ÞK��jH�h�{³Äa�`�ehjxÿV�h�Ã
 � aI���Î���h�<`��h�pý�kI�Å���h��i��^~��H���h� �

(A⊗B)T = AT ⊗BT ,

vec (ABC) =
(
CT ⊗A

)
vec (B) ,

vec (AB) = vec (ABI) = (I ⊗A) vec (B) ,

vec (AB) = vec (IAB) =
(
BT ⊗ I

)
vec (A) ,

rg (A⊗B) = rgA ∗ rgB.

Y a��·�þÞ
AC

g���i
BD

���Ij·Þh`�jb�he��h�0�ZÞKkt�Ij9�<`

(A⊗B) (C ⊗D) = AC ⊗BD.

Y a��·�þÞ
A+B

gm��i
C +D

���Ij·Þh`�jb�he��h�0�ZÞKkÎ�Ij·�<`

(A+B)⊗ (C +D) = A⊗ C +A⊗D +B ⊗ C +B ⊗D.

Y X�e
A =

(
A11 A12

A21 A22

) ��j·�<`

A⊗B =

(
A11 ⊗B A12 ⊗B
A21 ⊗B A22 ⊗B

)
.

Y a��·�þÞ
A ∈ L ( Ò m) , B ∈ L ( Ò p)

eX�H��g��:9IetÞ/j9��iD�ÆÞ�kC�Ij9� `

(A⊗B)−1 = A−1 ⊗B−1.

� ��^�hj·Þ�
to Ï n ë�"rq
���0ð ð ª ·�ó § ù<ó ~+�hjb�h�

m,n ∈ Ö 
 � aI���
∃!P (m,n) ∈ L ( Ò mn) : vecXT = P (m,n) vecX, ∀X ∈ L ( Ò n, Ò m) .

� jH��³Äa�`�ehjR�
P (m,n)

�}9�����`Si�aE>��hj���gme��rkI�|i���� � j·ls�h�$Þhj�k����h�
m
gm��i

n
a?>dg���i�j·Þh`����H���j>��h�QiIgme¥_��

P (m,n) =

m∑

i=1

n∑

j=1

Eij ⊗E
T
ij =

[
ET

ij

]
i=1,...,m
j=1,...,n

.

� a?>��hjZj·Þh`
Eij ∈ L ( Ò n, Ò m)

g���i

Eij = [δikδjl]1≤k≤m,
1≤l≤n

=




0 0 0
 
 
 



0 0 0

0 · · · 0 1 0 · · · 0
0 0 0


 
 
 


0 0 0




.

���hj9`���e	��j9�ujµÞ�`
P (m,n)

�hj9�����Y�hehlÎgm`ba�`�j�kI��Þ/lÂa�`�ehjR�sg���i��hÞ!jµÞ�`
P (m,n) = P (n,m)T = P (n,m)−1 .

"��
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� ��^�hj·Þ�
to È [ ë�¹�q
���0ð ð ª ·�ó §�§ ó ~+�hjb�h�

A ∈ L ( Ò n, Ò m)
�
B ∈ L ( Ò q, Ò p)

�
m,n, p, q ∈ Ö 
 � a����|j·Þh`

B ⊗A = P (m, p)T (A⊗B)P (n, q) .

� ��^�hj·Þ�
to È [ ë�¹�q

���0ð ð ª ·!ó §�ì ó ~+�hjb�h�
m, k ∈ Ö , A =




a1

a2



am2


 ∈ L

( Ò k, Ò m2

) �z�Sk?>���j
ai ∈ Ò k ìMý�XmeÄa��·�x�

1 ≤ i ≤ m2 îQi�jH� m2 È-�hj9�
���Ê�AkI�Ì] Þhj·��iE
 � aI���¿�h�¼`9Þ ü e/jH_h��`CiIjb�p³?gm�<`�j ü � j�=Aa�`�jHkI�Ý�AkI��� j9�0=2ÞJlÎj9`
P (m,m)

i���eZý�k�� ������i��h�?]	>j>hj9�
iIg��m�
a(s−1)m+t 7→ a(t−1)m+s, 1 ≤ s, t ≤ m.

� ��^�hj·Þ�
MÞ�ÅÆÀd��¾�½AÉ�Ã�ÛRÛRÀ?Ç8åæÃ¬Ö¬×.À?Ö3ÛRÀ?ÅÆÀ?Ö�À?½SÁ�Ý¬Ä»Ä»Ç°º�ÞtÉ�Ö¬Ö!×�Å»Ä»Ç

P (m,m)A =




m∑

i=1

m∑

j=1

(
Eij ⊗E

T
ij

)






a1ººº
am2




=
m∑

i=1

m∑

j=1


(Eij ⊗Eji)




a1ººº
am2







=
m∑

i=1

m∑

j=1


E(j−1)m+i (i−1)m+j




a1ººº
am2







=

m∑

i=1

m∑

j=1




0(j−1)+i−1

a(i−1)+j

0(j−1)i+1


 =




a1

am+1ººº
a(m−1)m+1

a2

am+2ººº
a(m−1)m+2ººº

am

am+mººº
am2




.

ÞjÉ�Û*Ú�ÀæÜ¬À?Ã¬ÇRÀ?ÇjÆ5Þ�ÅÆÀ�Ï�Ã¬Ä»Ç8Å»¿¬Ä»Å»Ò�É�Ç8ÅÆ¾�Öt=.¾�ÖËÄ»Å»Ö¬Ò�Û*ÂïÅ»Ç
P (m,m)

À?Ö�ÇRÛR¿¬½8ÅÆþ���ÇlÜ¬À?½~¼
À?½8ÂËÃ¬ÇAÉ�Ç8ÅÆ¾�Ö�ÛAÉ�Ú¬Ú¬Å»ÄÆÜ�Ã¬Ö¬×
a(s−1)m+t 7→ a(t−1)m+s, 1 ≤ s, t ≤ m.

"�"
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���0ð ð ª ·�ó § ¡<ó c^ÞpÞK��j
U (Y )

�hj9����³Äa�`�ehjR�¥ýhgm�0=r`�jHkI�|gm��i
X ∈ L

( Ò n, Ò k
) 
 � aI�¼���Ij9�<`

[vecU(Y )](vec Y ) = vec
(
[U ](vec Y )

)
,

[vecX](vec X) = Ink,
[
vecXT

]
(vec X)

= [P (k, n) vecX](vec X)

= P (k, n) .

� ��^�hj·Þ�
to Ï n ë�"rq

"�ë
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N*@�g�S�V�D&L�S*P�J F*d+Qbd#E�S�P7Q�V�[`Tbd#E�S�PUQXS�[*[`o
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(�( ó-ó�a%÷ ú�� û+õ%ö+ö:õ]"&�>ö:õ+û ���+ü+ý��:\IüO-lü�÷*?=m1
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È�P ó-ó]�-*�:�%1u�0.�û�3�*4�9��#�#�
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@#A�B&C5D:E�F�B�v8N*@�D�S�V�D�|%L�N#@#DRQ�S	T,VRT,DUTEB&C�Y�A N*Ptf:I�J*Ie&P#D P#J�[`o
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É ( ó-ó�û 9%
�3*�5�%� 3-ÿ[û��[õ	.X�*4ó-ó]�1���.�
54u9��#�#�ó%óM�*���ó-ó]�1��h.�ÿ[û��[õR.��*4 4�9��#�#�
Ê�P ó-ó�a%÷ ú�� û+õ%ö+ö:õ]"&�>ö:õ+û ���+ü+ý��:\Iü!��ü�÷*?=��
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Ê�( P�J�J F%JRQ�rzN*I�P#@:E�Y#P/n�B:F5D�g�P%DMJ*P�I*Y E5S*P#N�r�[�o
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o ê�DjÏ3Ì�ÔrqPêUÉ�Ä»Ä�ÉP��Dïº
�\DtÃ¬½8Å»Ö�ÉP�v��ºUßZºUÃ¬Ö�ÜáÏ6Ø�½8å���ýËºº�/��i��Q��_�ehj�`��he/jHaJýKkIe�iIj �v�heX���¼`�j�a��zaI� ���j>heXaIj�_
��f�g$a�`�j�k��$ÞzaIe/j·Þ/j9���Yý/eXkIl � j·����aIe�PUf�g$a�iIeXa�`�j�_Îk ü `�j·lÂaI��_�kI��`�e¥kI� ü e¥k?>��
�hlCÞ.º1¼1½RÀ?¿¬½8Å»ÖqÇMÍ�Ì�Ì�Ô�ûA¹?â��
ÈyÃ¬ÂZÚI¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�Ç�åæÃ�ê�À?½8Ä»Å»Ö��"Í�Ì�Ì�Ô�º

o êUÏ3Ì�Írq êUÉ�Ä»Ä�ÉP��Dïº¬Ã¬Ö�Ü�Ï6Ø�½8å���ýËº�]�â���j ^f�Xi�] ü�ü eXk2a�_h�?`bk�ÜÆj9���Xa�e � j �v�he��h�¼`�jHaI�+]v�Å���j>�e¥aIjH_zc·fKgPa+P`�j�kI��ÞwaI��iÄ`9�P�hj9eÎ]�iUi�k�j·�¼`9Þ.º N À?Å»ÇRÛAþ��¬½8ÅÑÁ®ÇËÁ®Ý¬½ZßMÖ�É�Ä
R0ÛRÅÆÛÊÃ¬Ö�ÜñÅ
�¬½RÀôßMÖ�O,À?Ö�Ü�Ã¬Ö¬×.À?Ö���Í�¹ T Ô�UÆ
�I"�Ô
	m"�Ì�ÍP��Í�Ì�Ì�Í�ºÈ>M½RÛ8¿¬½8Ý¬Ö¬×�Ä»ÅÆþ���=.À?½��A;�À?ÖqÇ8Ä»ÅÆþ���ÇjÆ^>yÖqÇRÀ?½òÜ¬À?Â ×�ÄÆÀ?ÅÆþ���À?Ö n É�ÂòÀ?Ö<º1¼1½RÀ?¿¬½8Å»ÖqÇ
Í�Ì�Ì�Ì�ûA¹2"P��ÈMÃ¬ÂËÚ�¾�ÄÆÜ�ÇSû�>yÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇMåæÃ!êUÀ?½8Ä»Å»Ö���Í�Ì�Ì�Ì�º

o êKúd�0¹hq ê�¾�Ã¬Ä»Ä»ÅÆ¾�Ö��¬Ùjº0ã�º0Ã¬Ö�Ü�ú�Ü¬À?Ä»Äb��¼|º�ã�ºÍ���h���heXaI� j
ÿr�Xih�/���A�he/ÞK��³Äa�`�ehj�_	�hÞ�º [ ¾I�¬Ö�ÁÿÅ»ÄÆÀ�R��üÕ0¾�Ö�Û2�
#�Ö�þ�º
�<¹°ë��0¹�º

o êKÕP"��Vq ê,½R¾�Ö�ÛRÇRÀ?Å»Ö��Z# º n ºlÃ¬Ö�ÜkÕ0À?ÂòÀ?Ö�ÜA@RÉr@SÀ�O!�^Dïº1ßZºJ;�aAÞ�_h�$�h�Ã>hg$_h��i��hep³Äa�`9�P�hlÂa�`�j�="º���À?½8Ä�É�×
È�É�½8½8Å~ÞtÀ?Ã¬ÇRÛRþ	����Í�Ô�º�ßMÃ�ÁRÄ�É�×.À��*¹°ë�"��0º

oM�tÏu"��rq ��½8ÅÆÀ?¿IÀ?ÖqÇ8½R¾�×��<àKºIÃ¬Ö�Ü>Ï6Ø�½8å��IýZº � j �v�he��h�¼`�jHaI�¤P�]v�Å���j>heXaIjH_Âc·f�g$a�`�j�k��$Þ�a���i¡;��P��j·e�pgmls�he�P
j�_�a���;�eX�Xa�`�lÂ���¼`��~ê�É�Ö�ÜÈ"�"J=.¾�ÖÅ;���g0>h�+�he�P�;��Q��`��Âÿ�gme7³Äa�`9�P�hlÂa�`�j�="ºöÙ~À?Ã¬Ú¬Ö�À?½C��À?½8Ä�É�×.Û8×.Àeû
ÛRÀ?Ä»ÄÆÛRþ���É�Á®Ç2��ã<À?Å»¿¬åæÅ»×��|¹�º¬ßyÃ�ÁRÄ�É�×.À��*¹°ë�"���º

o È�À?Ã�ë�érq ÈMÀ?Ã�ÛRÀ?½2�5ÈZº+����SÝA�����þjH_h�P� � j �v�heX���¼`�j�a�� �I�x�hjH_h��gm�����h����cfj·�Vý�X���ehg����vj9�zÜ��/��e��fgm��iÎ���j>heXaIg$_h�*º
Ï3É�ÇX��À?ÂôÉ�Ç8ÅÆÛRþ	��ÀËã<À?Å»ÇSÁDØ�Ü¬À?Ö<º�êtº¼��º¬Ù|À?Ã¬Ú¬Ö�À?½jÕqÇ8Ã¬Ç8Ç8×�É�½8Ç2�"Ô�º�ßyÃ�ÁRÄ�É�×.À��*¹°ë�ë�é�º

o È�È�ë�âIq È�Ø�ÂïÂòÀ?½8Ä»Å»Ö�����ºIÃ¬Ö�Ü6È�¾A;IÂôÉ�Ö¬Ö��+Dïº û�ÈPº��pgmlÂ��e/j·Þ�_h�$�h³Äa�`9�P�hlÂa�`�j�="ºt��½8Ã¬Ö�ÜPO�ÅÆÛRÛAÀ?Ö6Ï6É�û
ÇX��À?ÂôÉ�Ç8Å»Ò��"Õq¿¬½8Å»Ö¬×.À?½Sû�ã~À��¬½8Ú¬Ã�þ��<º~Õq¿¬½8Å»Ö¬×.À?½Sûb��À?½8Ä�É�×��"â�º¬ßyÃ�ÁRÄ�É�×.À��*¹°ë�ë�â�º

o È [ ë�¹hq ÈM¾�½8Ö��"ýËº�ßPº¬Ã¬Ö�Ü [ ¾I�¬Ö�ÛR¾�Ö��O8�º�ýZºe;¼k ü j�_hÞ!j9��lÂa�`�ehjR��aI��a����AÞ/j·Þ.ºS8UÉ�ÂËÚ¬½8ÅÆÜ�×.ÀÎ>MÖ¬Å
=.À?½RÛ8Å»Ç�R
¼1½RÀæÛRÛ2�<¹°ë�ë�¹�º

o È�Ï3Ì�Ìrq ÈyÅ»×�Ã�À?½AÉ�Û2�f#eº�Ã¬Ö�ÜÿÏ3Ø�½8å���ýËº Y kIehlCgm�
a�`�j·�m�ÌiIj �v��eX�h��`�j�aI�daI�Å���j>heXaIjH_���fKgPa�`�jHkI�$Þ ü e¥k ü �heh���Iº
¼1½RÀ?¿¬½8Å»Ö�ÇjÍ�Ì�Ì�Ì�û&Í�ÌP��ÈMÃ¬ÂËÚ�¾�ÄÆÜ�ÇSû�>yÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇMåæÃ!êUÀ?½8Ä»Å»Ö���Í�Ì�Ì�Ì�º

o ÈvÁzë��rq È�É�Å»½RÀ?½2�làKºlÃ¬Ö�Ü�Á É�Ö¬Ö�À?½2�S��º3~�k�� �2j9���Á�feXiIj9��aIe�� � j �v�he��h�¼`�jHaI�Sc·f�g$a�`�j�k��$Þ7���É�W~�`�j �Ça���i
� j �v�he��h�¼`�jHaI� PH]v� ���j>heXaIj�_3�feXk?>h�x�hlCÞ���ê�É�Ö�Ü)¹?â�=.¾�Öç~ ü e/j9�����he(~��he/jb�/ÞQj9����kIl ü gP`ba�`�jHkI��aI�
³Äa�`9�P�hlÂa�`�jH_hÞ.º,Õq¿¬½8Å»Ö¬×.À?½Sûb��À?½8Ä�É�×���Í�º�ßMÃ�ÁRÄ�É�×.À��*¹°ë�ë���º

oÅDjÏ6ë�Ìrq DtÃ¬Ö¬Ò.À?Äb��¼|º�Ã¬Ö�Ü!Ï�À��¬½8ÂôÉ�Ö¬Ö��P��º��pgmlÂ��e/jH_�aI�O~+kI�þgP`�jHkI�ukXý � j �v�heX���¼`�j�a���]v� ���j>heXaIj�_d~�jH_�_�a�`�j
c·f�g$a�`�j�k��$Þ.º�ã*Å»Ö�À°É�½MßMÄ»×.À?Ú¬½AÉòÉ�Ö�ÜäÅ»ÇRÛyßy¿¬¿¬Ä»ÅÆþ°É�Ç8ÅÆ¾�Ö�Û2�~¹°Ô��K�0¹°Ô�"ÚÆ"Ô�ë
	m���P�<¹°ë�ë�Ì�º

¹°Ì�é
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oÅDjÏ6ë��Vq DtÃ¬Ö¬Ò.À?Äb��¼|º�Ã¬Ö�Ü:Ï�À��¬½8ÂôÉ�Ö¬Ö��S�PºJ;��P�J�þj9���Xa�e´f�gPa�iIe¥a�`�j�_uk ü `�j9lÂaI�Y_�kI�¼`�eXkI� ü eXk?>h�x�hl ý�kIe
�þj9���XaIeÂi��hÞ�_�ehj ü `bkIeCÞ��AÞh`��hlCÞµ��j9`9�C�ra�e/jHa?>h�x�s_	kV����_�jb�h�¼`9Þ.ºËÏ6É�ÇX�<ºO8�¾�Ö�Ç8½R¾�Ä�ÕqÅ»×�Ö�É�ÄÆÛ2�l¹°Ì T Ô�UÆ
Í�â���	0Í���â��~¹°ë�ë��0º

oÅDjÏ6Ì�Ìrq DtÃ¬½8Å»Ö�ÉP�$�ïºqßPº�Ã¬Ö�ÜöÏ6Ø�½8å��qýZº·���y� j·����aIe�PUf�g$a�iIeXa�`�j�_Îk ü `�j·lÂaI��_�kI�¼`�eXkI� ü eXk?>h�x�hlCÞ�ý�kIep`�j9lÂ�\P
�raIe��Aj9���di��hÞ�_�ehj ü `bkIeZÞ��rÞ�`��hlCÞ.º�¼�½RÀ?¿¬½8Å»Ö�Ç
Í�Ì�Ì�Ì�ûA¹°ÌP��ÈyÃ¬ÂZÚI¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�Ç|åæÃËêUÀ?½8Ä»Å»Ö��5Í�Ì�Ì�Ì�º

oÅDtÃ¬½Aë�Ôrq DtÃ¬½8Å»Ö�ÉP�4��º�ßZºe~¼j9���Igm�<a�e��Y�he�`�g�ej>Xa�`�jHkI�$Þsk¥ý���kI�¼`�eXkI�o�feXk?>h�x�hlCÞn��j9`9�yc·f�g$a�`�jHkI��kXý�~�`ba�`��
�!k�`)~+kI� �I�XiZýKkIe\`9�P� � �hehj_�ra�`�j_�A��ì9]Ê~�g�e�A����î�º [ ¾�Ã¬½8Ö�É�Ä�¾�Á)8�¾�Âï¿¬Ã¬ÇRÀ?½�É�Ö�ÜòÕ�R�Û8ÇRÀ?Â Õ0þ?ÅÆÀ?Ö�þæÀæÛ
#�ÖqÇRÀ?½8Ö�É�Ç8ÅÆ¾�Ö�É�Äb�IÔ�¹ T ��UÆ<¹V��	�â�éP�~¹°ë�ë�Ô�º

oÅDtÃ¬½AÌ�Ìrq DtÃ¬½8Å»Ö�ÉP�Í��ºKßPº Y �	�Xi+PU>�a�_=�_	kI�¼`�eXkI�ZýKkIe�`�j·ls�P"�raIe��Aj9���Wi��/ÞK_�e/j ü `bkIeuÞ��AÞh`��hlCÞ.º Õ�R�Û8ÇRÀ?ÂòÛ
Õ0þ?ÅÆÀ?Ö�þæÀ��"Í�� T Ô�UÆ¬â���	0é�ëP��Í�Ì�Ì�Ì�º

o ã~É�ÂôÌ�¹hq ã~É�Âò¾�Ã¬½2��ýZº-�/��i����di��K`��he/lÎj9��a�`�jHkI��ý�k�e � ]vc^Þ.º�¼1½RÀ?¿¬½8Å»Ö�Ç1Í�Ì�Ì�¹eûA¹°ëP�5ÈMÃ¬ÂËÚ�¾�ÄÆÜ�ÇSû�>yÖ¬Å
=.À?½RÛRÅ»ÇAØ�Ç
åæÃ!êUÀ?½8Ä»Å»Ö���Í�Ì�Ì�¹�º

o Ï n ë�"rq Ï3É�×�ÖqÃ�Û2� [ º�ýËºqÃ¬Ö�Ü n À?Ã�Ü¬ÀæþAÒ.À?½2�¬ÈZº�³Äa�`�ehjR� � j �v�he��h�¼`�jHaI����aI�
_�g�� g�Þ���j�`9��] ü�ü � j�_	a�`�j�k��$ÞÍj9�
~�`ba�`�j·Þh`�jH_hÞÍaI��idc\_	kI��kIls��`�ehj�_�Þ�º�Á�Å»ÄÆÀ�RôÕ0À?½8ÅÆÀæÛ,Å»Ö%¼
¾�½8Ú�É�Ú¬Å»Ä»Å»Ç�RäÉ�Ö�ÜGÕqÇAÉ�Ç8ÅÆÛ8Ç8ÅÆþæÛ5º [ ¾I�¬ÖÊÁ�Å»ÄÆÀ�R
�)Õ0¾�Ö�ÛW8^�¬ÅÆþ���ÀæÛRÇRÀ?½2�~¹°ë�ë�"�º

o Ï|ÁzÌ�¹hq Ï3Ø�½8å���ýËº�Ã¬Ö�ÜzÁÿÅ»Ö¬Ò0ÄÆÀ?½2��ýZºP]v��a����AÞ/j·ÞSgm��i��dg�ls�hehj�=W�rkI��]v� ���j>heXk2iIj �v�heX���¼`�j�a�� �I�x�hjH_h��gm�����h�Æ�
Í�Ì�Ì�¹�º n É�þ	�!À?Å»Ö�À?½Y��¾�½8ÄÆÀæÛ8Ã¬Ö¬×ôÅ»ÂÚÁáÕ�ë��K��ë�"ïÃ¬Ö�Ü�Õ¬Õ�Ì�ÌÎ=.¾�Ö!¼1½R¾�Á8º¬ýËº¬Ï6Ø�½8å.º

o Ï6Ø�½AÌ�¹°Érq!Ï3Ø�½8å���ýZºZ]YiUiKkIj9�¼`-c·fKgPa�`�jHkI�$Þzk¥ý � j �v�heX���¼`�j�a�� PH]v� ���[>he¥a�j�_7~��AÞh`��hlCÞ!aI��i´� ü `�j·lÂaI����kI��`�e¥kI�
�fe¥kE>h�
��ltÞ.ºöÙ<½8Ã�Ü�Ã¬Åf#�Ö�ÛRÇ8Å»Ç8Ã¬ÇAÉäÏ3É�ÇRÀ?ÂôÉ�Ç8Å»Ò0Åb�-�}Æ4"�"
	0ë��m�|Í�Ì�Ì�¹�º n É�Ç8ÅÆ¾�Ö�É�Ä»Ö�Ér@RÉ�ßMÒ�É�Ü¬À?ÂïÅ @RÉ
n É�Ã¬Òöê4@SÀ?Ä�É�½8Ã�Û°º

o Ï6Ø�½AÌ�¹?ÚPqôÏ3Ø�½8å��lýËºØ;��$�Êj·��i����Qk¥ýÊ� j·����aIeyiIj �v��eX�h��`�j�aI�YaI�Å���j>�e¥aIjH_u��f�g$a�`�j�k��$Þ���j�`9� ü eXk ü ��e/���uÞh`ba�`���i�
�Xa�iIj·�m�w`���e/lCÞ.º�¼1½RÀ?¿¬½8Å»ÖqÇtÍ�Ì�Ì�¹eû¨�m��ÈMÃ¬ÂËÚ�¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇyåæÃ!êUÀ?½8Ä»Å»Ö���Í�Ì�Ì�¹�º
o Ï6Ø�½AÌ�¹æþhq Ï3Ø�½8å��PýËº �dj�_���`��þj9���Xa�eX�Ì]v�Å���j>heXk+P � j �v�he��h�¼`�jHaI� ���
�hjH_h��gm������� lÎj�` ü eXk ü ��e|ýKkIehlCgm� jH�he�`��hl

�!aIg ü `H`��hehl!º�¼1½RÀ?¿¬½8Å»ÖqÇ�Í�Ì�Ì�¹eû&ÔP�"ÈyÃ¬ÂZÚI¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇyåæÃ�ê�À?½8Ä»Å»Ö��"Í�Ì�Ì�¹�º
o Ï6Ø�½AÌ�Í�Érq!Ï3Ø�½8å���ýZº � j �v�he��h�¼`�jHaI�f]v�Å���j>�e¥aIjH_´~��AÞh`��hlCÞp��j9`9�N�feXk ü �heh���a~�`ba�`���iuÜ4�Xa�iIj9��� ;���e/l a���i

³���] c·f�g$a�`�jHkI�$Þ.º�¼1½RÀ?¿¬½8Å»ÖqÇtÍ�Ì�Ì�Í�ûA¹°ÔP��ÈyÃ¬ÂZÚI¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�Ç�åæÃ�ê�À?½8Ä»Å»Ö��"Í�Ì�Ì�Í�º
o Ï6Ø�½AÌ�Í�ÚPqôÏ3Ø�½8å��lýËºØ;��$�Êj·��i����Qk¥ýÊ� j·����aIeyiIj �v��eX�h��`�j�aI�YaI�Å���j>�e¥aIjH_u��f�g$a�`�j�k��$Þ���j�`9� ü eXk ü ��e/���uÞh`ba�`���i�
�Xa�iIj·�m��`��hehlCÞ.º$ýMÀæÛ8Ã¬Ä»ÇRÛöÅ»Ö Ï6É�ÇX��À?ÂôÉ�Ç8ÅÆþæÛ2��â�ÍÚÆKÔ�Ì�"
	0Ô�Ô�"P�yÍ�Ì�Ì�Í�º ê�Å»½8Òm��Ø�Ã�ÛRÀ?½J��À?½8Ä�É�×��

êUÉ�ÛAÀ?ÄDº
o Ï6Ø�½AÌ�Í�þhq Ï3Ø�½8å���ýËºJ~�kI�¤�ra?>hj9�þj�`���kXý?� j·����aIeÄiIj �v�he��h�¼`�jHaI�Ía�� ���[>he¥a�j�_���f�g$a�`�j·��Þ5��j�`9� ü e¥k ü �he/����Þh`ba�`���i�
�Xa�iIj·�m�w`���e/lCÞ.º�¼1½RÀ?¿¬½8Å»ÖqÇtÍ�Ì�Ì�Í�ûA¹°ÍP��ÈMÃ¬ÂËÚ�¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇMåæÃ�êUÀ?½8Ä»Å»Ö���Í�Ì�Ì�Í�º
o Ï6Ø�½AÌ�âIq Ï3Ø�½8å��lýËº(�feXkUiK��_K`bkIe/ÞpýKkIewl�a�`�e/j:� ü �h��_Kj·�þÞ���Í�Ì�Ì�â�º3à�½RÛRþ���À?Å»ÖqÇòÜ¬À?ÂïÖ�Ø�þ���Û8ÇôÉ�ÄÆÛ�¼1½RÀ?¿¬½8Å»ÖqÇ2�

ÈyÃ¬ÂZÚI¾�ÄÆÜ�ÇSû�>MÖ¬Å
=.À?½RÛ8Å»ÇAØ�Ç�åæÃ�ê�À?½8Ä»Å»Ö<º
o ¼
À?ÇAë�"rq ¼|À?Ç8½XR��ÊÙjºË~Y�XaI� j·Þ/jb�he/gm���Éi��/Þ��t��Z`bkI��P��CaI�¼`bkIeXk+�2jH_h�?P����he·ýKaA��e��h�$ÞJýX�e���jH_h��`�� j·�+�XaIe��È]v�¤P

���j>heXk+P � j �v�heX���¼`�j�a�� �I�x�hjH_h��gm�����h� lÎj�`H`��h�MÞs]	>heXaIlÂk+�jP�;$eXaI�$Þ9ýK�he�ºÿÞMÅÆÛAÛRÀ?½8ÇAÉ�Ç8ÅÆ¾�Ö���ÈMÃ¬Âò¾�Ú¬ÄÆÜ�ÇSû
>yÖ¬Å
=.À?½RÛ8Å»ÇAØ�ÇyåæÃ!êUÀ?½8Ä»Å»Ö��<¹°ë�ë�"�º

o ýyÀ?Å·��Írq ýyÀ?ÅÆÜ��+Áwº*Ùjºs~YjH_�_�a�`�j � j �v�he��h�¼`�jHaI�-c·fKgPa�`�jHkI�$Þ��<ê�É�Ö�ÜQ"���=.¾�Ö¸³ua�`9�P�hlÂa�`�jH_hÞ�j·�¡~�_�jb�h��_/�
aI��iÎcf���Ij9�����hehj9���Iº�ß�þ°É�Ü¬À?ÂïÅÆþÊ¼1½RÀæÛAÛ n À�O! �¾�½8ÒöÉ�Ö�Ü�ã~¾�Ö�Ü¬¾�Ö��~¹°ë���Í�º

¹°Ì��
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o =�ã�"��Vq =�É�ÖËã~¾q¾�Ö���¼|º�Ïñº"��kI�¼`�j9��g$kIg�Þ � ��_�kIg ü �þj9����;$eXaI�$Þ9ý�kIehlÂa�`�jHkI�$Þ$ý�k�eÆÜÆj9���Xa�e � k�g���i�aIe����$aI� g��
�fe¥kE>h�
��ltÞ.º,ÞMÅÆÛAÛRÀ?½8ÇAÉ�Ç8ÅÆ¾�Ö���Ù~Àæþ	�¬Ö¬ÅÆÛRþ���ÀC>MÖ¬Å
=.À?½RÛ8Å»ÇRÀ?Å»ÇMà1Å»Ö�ÜP��¾V=.À?Ö��~¹°ë�"��0º

o N À?Ä�Ì�Ìrq N À?Ä»Å»ÒqÅ»Ö��lÏ º-#eº#��kI�¼`�eXkI��;��P�XkIe��QaI��i¸� ü `�j9lÎj
ÿVa�`�j�k��a���lê�É�Ö�ÜÌ"��y=.¾�Ö�cf��_$��_K�<k ü �XiIjHa�k¥ý
³Äa�`9�P�hlÂa�`�jH_�aI�¾~�_�jb�h��_	�/Þ.ºUÕq¿¬½8Å»Ö¬×.À?½Sûb��À?½8Ä�É�×GêUÀ?½8Ä»Å»Ö!È�À?ÅÆÜ¬À?Ä»ÚIÀ?½8×��"Í�Ì�Ì�Ì�º

o N ÅÆÀV��ërq N ÅÆÀ?Ä»Ò.À��$�ïº�³Äk�`�j_�ra�`�jHkI�ygm��i � aIe�`9Þh`��h�9� g����n�rkI�5�A�heXaI�·�Å���hls�hj9���he�`��h�5³Äa�`�ehjR��j·���I�he	Þ2�h�lº|êUÀ?ÅÑû
Ç8½AØ�×.ÀZåæÃ¬½ n Ã¬ÂòÀ?½8ÅÆÛRþ���À?Ö`Ï6É�ÇX��À?ÂôÉ�Ç8Å»Ò+���}Æ|¹V����	0Í�¹2"P�1¹°ë���ë�ºd�tà�ênÞ�À?Ã¬ÇRÛAþ���À?½d��À?½8Ä�É�×äÜ¬À?½
Á�ÅÆÛRÛAÀ?Ö�ÛRþ���É�Á®ÇRÀ?Ö<º
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#pþ��6À?½8ÒqÄ�Ø�½RÀ��"Ü�É�ÛRÛyÅÆþ	�3Ü�ÅÆÀt=.¾�½8Ä»ÅÆÀ?×.À?Ö�Ü¬À�ßy½8Ú�À?Å»ÇMÛAÀ?Ä»Ú�Û8ÇAØ�Ö�Ü�Å»×%Ã¬Ö�Ü!Ö�Ã¬½�Ã¬Ö�ÇRÀ?½p��À?½XO,À?Ö�Ü�Ã¬Ö¬×�Ü¬À?½tÉ�Ö¬×.Àeû
×.À?Ú�À?Ö�À?Ö!ÈyÅ»ÄÑÁ�Û8ÂïÅ»Ç8ÇRÀ?Ä|É�Ö¬×.ÀeÁ�À?½8Ç8Å»×�ÇY��É�Ú�À�º

È�À?Ä»Ä�É�Þp��½8Å»Ö¬×
êUÀ?½8Ä»Å»Ö���Ü¬À?Ö�Í���º�úMÒ0ÇR¾�Ú�À?½MÍ�Ì�Ì�â
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